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Abstract: In this work, a new graph is called the Mobius Function Graph is introduced. Three ways of determining the prime-

counting function by using this graph are presented. Also, some properties of this function are proved. Moreover, the domination,

independence, chromatic, and clique number of this graph are determined. Finally, the relationship between the domination number

and the independence number is discussed.

Keywords: Mobius Function Graph M(−1), domination number, independence number, and chromatic number.

1 Introduction

Graph theory G is a modern language to deal with most of
the previous sciences as chemistry, engineering,
medicine, physics, and others,by finding alternative or
new solutions to the problems of the previous sciences[1,
2,3], after transforming the main elements of the problem
into double sets, The first is called the vertex set and
denoted by V (G) and the second is edge set and denoted
by E(G). Also, graph theory deals with multiple subjects
in mathematics as as in general graph [4,5,6,7,8],
topological graph[9,10,11], fuzzy graph[12,13,14],
labeled graph[15,16],and topological indices [17,18,19,
20,21,22],and others. The important concepts that share
to solve some problems in mathematics are the
domination, chromatic, clique, and independence number.
A set D ⊆ V is called dominating if N[D] = V . The
minimum cardinality of all dominating sets is called the
and is domination number and denoted by γ(G)[25].A set
I ⊆ V of order m is called independent if (I)≡ Nm, where
Nm is a null graph of order m. The maximum independent
set is called the independence number and denoted by
β (G) [25]. A vertex-coloring of G is giving any two
adjacent vertices different colors. The smallest number of
colors can be colored all vertices is called the chromatic
number and denoted by X(G)[25]. The order of largest
complete .each vertex in it is adjacent to all other vertices
in it. subgraph of a graph G is called the clique number. In
this paper, the relation between the number theory [26,

28] and graph theory is discussed, especially with Mobius
function (M) which is defined as follows, If
n = p

α1
1 p

α2
2 . . . pαr

r

M(n)=

{

(−1)r, if α1 = α2 = ...αr;
0, otherwise .

The graph that deal

within this work is M((−1)) and construct by this way, the
vertex set is v1,v2, . . . ,vs and the labeled these vertices by
the function f (vi) = i. The vertex vi is adjacent if v j if
M( f (vi) f (v j)) =−1. Al-Asadi, Omran, and Al-Maamori,

study the graph M((1)) where the condition of adjacency is
M( f (vi) f (v j)) = 1,and get important results. function. In
this paper, a new method to calculate the prime-counting
function (which is counting the number of prime numbers
less than or equal to the order of a graph and denoted by
π(n)) is introduced. Additionally, some properties of this
graph are discussed. Also, the domination, chromatic, and
independence number are determined. Finally, the
relationship between the independence with the
domination number is obtained. The reader can be
founded all concepts not founded here in [29,30] and[?].

Theorem 1.. If G is a Mobius function graph M((−1)), then

π(n) = deg(v1)−u : u = ∏k
(i=1) Pj,k is odd; k > 1 where

Pj are distinct primes numbers and labeled of f (vi) = i

If the vertices of a graph G take labeled f (vi) = i, then the
vertex v1 is adjacent to all vertices that have labeled primes
number, since f (v1.vi) = f (vi) = i = Pj, and Pj is prime

number ∀ j, so M(Pj) = −1,. Moreover, M(∏k
( j=1)Pj) =
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−1, where k is odd , so the vertex v1 is adjacent to all
vertices that are labeled with the form ∏k

( j=1)Pj; k is odd.

Thus, ∏(n) = deg(v1)− u : u = ∏k
( j=1) Pj,k is odd ;k > 1

( for example, see Figure 1.1).

Fig. 1: The Mobius function graph M((−1) ) of order 12. .

Theorem 2.The Mobius function graph M((−1)) is a free

triangle

Proof.Let v1,v2,and v3 any three vertices, then two cases
depend on the greater common divisor are discussed as
follows. Case 1. If g.c.d( f (vi), f (v j)) 6= 1, then there is a
prime factor common with labeled of different two
vertices vi and pi, so p2

i is divided f (vi) f (v j). Thus, the
vertex vi is not adjacent to the vertex v j, so there is no
triangle between the three vertices mentioned above.
Case 2. If g.c.d(vi,v j) = 1,∀ i = j, so f (v1) = ∏k

(i=1)

pi, f (v2) = ∏r
( j=1) p j,and f (v3) = ∏s

(w=1) pw. Thus, each

one of k,s or w even, so there are at least two of them that
are odd or even. In each case, the product of these
numbers is even length and the Mobius of this number is
1. Therefore, these vertices are not adjacent and then
there is no triangle. From the two cases above, the
required is obtained.

Corollary 3The clique number of the Mobius function

graph M((−1)) of order n;n ≥ 2 is 2.

Proof.It is obvious that the Mobius function graph M((−1))

is not isomorphic to the null graph, so the clique number
is greater than or equal to two. According to Theorem 2.2,
this graph is a free triangle. Thus, the clique number is
equal to two.

Proposition 4Assume that a nontrivial G is a Mobius

function graph M((−1)), then X(G) = 2.

Proof.According to Corollary 2.3, the clique number is
equal to 2, so every two adjacent vertices can be two
different colors.

Proposition 5Consider G is a Mobius function graph

M((−1)), then

1.All vertices have labeled not free square prime are

isolated vertices.

2.If G be a Mobius function graph M((−1)) of order n≥ 4,

then graph G is disconnected, otherwise, the graph is

connected.

Proof.Let f (vi) = i, so

1.One can be concluded that each vertex that is labeled
as a square prime is not adjacent to all other vertices
by definition of Mobius function. Thus, the result is
getting.

2.If n = 4, then f (v4) = 4 = 22, thus the vertex v4 is not
adjacent to all other vertices in the Mobius function

graph M((−1)). Thus, the vertex v4 is isolated and so the

Mobius function graph M((−1)) is disconnected. Now,
if n ≤ 3, it is obvious that the Mobius function graph

M((−1)) is connected. Therefore, the result is obtained.

Corollary 6The Mobius function graph M((−1)) of order n

is a tree if and only if n ≤ 3.

Proposition 7Consider G is a Mobius function graph

M((−1)) of order n, then β =











1, if n = 2
⌊ n

2
⌋+ 1,n = 1,3,4 .

⌈ n
2
⌉+ 1if n=5,6

|S∪S1|,∀n ≥ 7.

where

S is the isolated vertices set in G and

S1 = ∏k
(i=1) pi ,k is odd.

Proof.Two cases depend on the order n are classification
as follows. Case 1. One can conclude easily the result
when n = 1,2, . . . ,6.
Case 2. If n ≥ 7, then let vr is an isolated vertex, so this
vertex belongs to all independent set (I) of G, thus
S ⊆ Iso, β (G)≥ |S|.
Now, if a vertex vr is not an isolated vertex, so this vertex
is free square prime. Let S1 = ∏k

(i=1) pi ,kisodd,

let u and v be any two vertices of the set S1, so two
subcases are classification as follows.
Subcase 1. If g.c.d( f (v), f (u)) 6= 1,

M( f (u) f (v)) = p2
r ∏k

(i=1) pi, Therefore, u and v are not

adjacent.
Subcase 1. If g.c.d( f (v), f (u)) = 1,

M( f (u) f (v)) = ∏k
(i=1) pi;k is even, so M( f (u) f (v)) = 1.

Therefore, u and v are not adjacent. Thus, the set S1 is an
independent set depending on the above two subcases.
Note that S∩S1 = Φ , then β (G)≥ S1 ∪S.
Now, if there is a vertex w;w /∈ S1 ∩ S, so
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M( f (w)) = ∏k
(i=1) pi;k is even then

∀z ∈ S1 ∪S;g.c.d( f (w), f (z)) = 1, M( f (u) f (v)) = −1, so
the vertex w is adjacent to the vertex z. Thus, the set S1 ∪S

is the maximum independent and the result is obtained.

Theorem 8.let G be a Mobius function graph M((−1)) of

order n, then

γ(M(−1))=







1, if n = 1,2,3
2,n = 4,5 where S set of isolated vertices.

2+ |S|, i f n ≥ 6

Proof.Depending on the number of vertices four cases are
discussed as bellow.
Case 1. If n = 1,2,3 then it is obvious that
γ(M((−1))) = 1. Case 2. If n = 4,5, then the vertex v1

dominates all other vertices except the vertex v4 since this

vertex is isolated. Thus, γ(M((−1))) = 2.
Case 3. If n ≥ 6, then three subcases depend on the
factorization of the number a ≤ n as follows.
Subcase 1. If there is pα

i ;α > 1 as a factor of a, then the
vertex of labeled a is isolated. Let S be the set of all
isolated vertices. Thus, γ(M((−1))) ≥ S. Subcase 2. If
there is no pα

i ;α > 1 as a factor of a, then a can be written

as the form ∏k
(i=1) piagain there are two subcases as

follows.

1.If k is odd, then all vertices of this form are adjacent to
the vertex v1, since f (v1) f (va)=∏k

(i=1) pi.

2.If k is even, then let ps be the largest prime number
less than or equal n, so all vertices of this form is
adjacent to the vertex of labeled ps , since

f (v) f (va) = ps ∏k
(i=1) pi=∏

(k+1)
(i=1)

pi.

Thus all vertices in this case are dominated by only
two vertices. Therefore, according to case 1 and case

2, γ(M((−1))) = 2 + |s| (as an example, see Figure
2.2).

Proposition 9Assume that G is a Mobius function graph

M((−1)) and u,v ∈ M((−1)) , g.c.d(u,v) = 1, then M(u.v) =
M(u).M(v).

Proof.Let G be a Mobius function graph M((−1)) and

u,v ∈ M((−1)) , g.c.d(u,v) = 1, then four cases are
appeared as bellow.
Case 1. If M(u) = M(v) = −1 then u = ∏s

(i=1)Pi and

v = ∏r
( j=1)Pi, where r and s are odd number, so

u.v = ∏s
(i=1) Pi ∏r

( j=1)Pi = ∏
(s+r)
(k=1)

Pi and it is obvious that

s + r is even, since g.c.d(u,v) = 1. Thus,
M(u.v) = 1 = M(u).M(v).
Case 2. If M(u) = 1 and M(v) =−1, then u = ∏s

(i=1)Pi; s

is even and v = ∏r
( j=1)Pi; r is odd, then u.v = ∏s

(i=1)Pi

∏r
( j=1) Pi = ∏

(s+r)
(k=1)

Pi and it is obvious that s + r is odd,

since g.c.d(u,v) = 1. Thus, M(u.v) =−1 = M(u).M(v).
Case 3. If M(u) = 1 and M(v) = 1, then u = ∏s

(i=1) Pi;s is

Fig. 2: The domination number of M((−1) ) of order n

even and v = ∏r
( j=1)Pi;r is even , then

u.v = ∏s
(i=1) Pi ∏r

( j=1)Pi = ∏
(s+r)
(k=1)

Pi and it is obvious that

s + r is even, since g.c.d(u,v) = 1. Thus,
M(u.v) = 1 = M(u).M(v).
Case 4. If there is factor prime Pα

i i;αi > 1 is divided the
labeled of at least one vertex from two vertices u and v

say u, then M(u) = 0. Now, the factor prime Pα
i i is

divided the labeled of the product of two vertices u and v.
Thus, M(u.v) = 0 = M(u).M(v). According to cases
above, the proof is done

Theorem 10.Assume that G is a Mobius function graph

M((−1)) and non-trivial, then

1.β (G)+ γ(G)≥ n, ∀n except n = 7.

2.γ(G)≤ β (G).

Proof. 1.Two cases depend on n are classifications as
follows.
Case1 If 1 ≤ n ≤ 6, then one can easily conclude the
result.
Case 2. If n ≥ 7, then according to Theorem 2.7,

γ(M((−1))) = 2 ∪ |S| and by Proposition 2.6,
β (G) = |S∪ S(1)|, where S is the isolated vertices set

in G and S1 = ∏k
(i=1) pi ,k is odd. Thus,

β (G)+ γ(G) = 2+ |S|+ |S∪ S(1)| = 2+ 2|S|+ |S(1)|,

so β (G)+ γ(G)≥ n.
2.One can be concluded easily that the inequality is

correct when n = 1,2, . . . ,6. So, ∀n ≥ 7,
γ(G) = |S|+ 2 < |S ∪ S(1)|=β (G) Thus, the result is
obtained
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Proposition 11let G be a Mobius function graph M((−1) )

and non-trivial, then The

1.The radius, Rad (G(µ−1
n )=

{

1, if n ≤ 3
∞,n > 3,

and the Cent

(G(

mu
(
n(−1)))) is isomorphic to K1 graph, if n ≤ 3

2.The diameter, Diam(G)=

{

n− 1, if n ≤ 3
∞,n ≥ 5,

and the

Per(G) is isomorphic to K2,N2 graph, if n = 2,3
respictivily

Proof. 1.If n ≤ 3 , it is obvious that Rad(G) = 1 and
Cent(G)bis isomorphic to K1.
Now, if n > 3, then graph G contains an isolated
vertex, so graph G is disconnected. Thus,
Rad(G) = ∞.

2.Three cases are classification as follows.
Case 1. If n = 2, then G ≡ K2 and Diam(G) = 1, so
Per(G)≡ K2.
Case 2. If n = 3, then G ≡ P3 and Diam(G) = 2, so
Per(G)≡ N2.
Case 3. if n > 3, then the graph G contains an isolated
vertex, so the graph G is disconnected. Thus,
Daim(G) = ∞.

2 Conclusion

A new graph is constructed in this work, it is called the

Mobius function graph M((−1) ). According to the
obtained result in this work, the domination,
independence, and clique number are determined. Also,
some properties of this graph are calculated. Moreover,
the relation between the independence number and
domination number is discussed.
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