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1 Introduction

Throughout w, ¥ and A denote the classes of all, gai and
analytic scalar valued single sequences, respectively. We
write w? for the set of all complex double sequences (X, ),
where m,n € N, the set of positive integers. Then, w?isa
linear space under the coordinate wise addition and scalar
multiplication.

Some initial works on double sequence spaces is
found in Bromwich[1]. Later on it was investigated by
Hardy [2], Moricz [3], Moricz and Rhoades [4], Basarir
and Solankan [5], Tripathy et al., [6,7,8,9,10,11,12,13,
14,15,16,17], Turkmenoglu [18], Raj [19,20,21,22,23,
24,25] and many others.

Let (xm) be a double sequence of real or complex
numbers. Then the series ) _, X, is called a double
series. The double series 2;7,,:71 Xmn give one space is said
to be convergent if and only if the double sequence (S,,)
is convergent, where

m,n

Son =Y, xij(mn=1,2,3..)
i.j=1

A double sequence x = (x;, ) is said to be double analytic
if

SUPmn |xmn | mL“‘ < oo

The vector space of all double analytic sequences are
usually denoted by A%. A sequence x = (x,,,) is called
double entire sequence if

|xmn|%ﬂ — 0 as m,n — oo.

The vector space of all double entire sequences are
usually denoted by I'2. Let the set of sequences with this
property be denoted by A% and I'? is a metric space with
the metric

e
d(x,y) = supmaf{ | Xmn — Ymn| "t :m,n:1,2.3,..,}, (1)

for all x = {xm} and y = {ym} in % Let
¢ = { finite sequences}.

Consider a double sequence x = (x,,). The (m,n)
section xI"" of the sequence is defined by

xlmnl — ZT}ioxijsij for all m,n € N,

th

00...00...
00...00...
8mn: :
00...10...
00...00...

with 1 in the (m,n)"™ position and zero otherwise. A
double sequence x = (x,,) is called double gai sequence
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i ((m+n)![Xm|) ™7 — 0. as m,n — co. The double gai
sequences will be denoted by y2.

2 Definition and Preliminaries

Definition 1./26] An Orlicz function is a function
M :[0,00) — [0,00) which is continuous, non-decreasing
and convex with M(0) = 0,M(x) > 0, for x > 0 and
M(x) — o0 as x — oo. If convexity of Orlicz function M is
replaced by M(x+y) < M(x) +M(y), then this function is
called modulus function. An Orlicz function M is said to
satisfy Ay —condition for all values u, if there exists K > 0
such that M(2u) < KM (u),u > 0.

Lemma 1. Let M be an Orlicz function which satisfies
Ay— condition and let 0 < 8 < 1. Then for eacht > §, we
have M(t) < K&~'M(2) for some constant K > 0.

Definition 2. A sequence space E is said to be solid or
normal if (QunXmn) € E whenever (x,) € E and for all
sequences of scalars (O, ) with |Qun| < 1, for allm,n € N.

Definition 3. A sequence space E is said to be monotone if
it contains the canonical per-images of all its step spaces.

Definition 4. For a subspace ¥ of a linear space is said
to be sequence algebra if x,y € W implies that
x.y = (XpnYmn) € ¥, see Kamptan and Gupta [28)].

Definition 5./27] Let n € N and X be a real vector space
of dimension m, where n < m. A real valued function
dp(x1,..xn) = ||(d1(x1,0), ...,dn(x0,0)) ||, on X satisfying
the following four conditions:

(1)]|(d1(x1,0),...,dn(x,,0))||, = O if and only if
dy(x1,0),...,dy(xn,0) are linearly dependent,
(ii)||(d1(x1,0),...,dn(x4,0))||, is  invariant

permutation,
(iii)|| (ad; (x1,0), ..., 0tdy (x,,0))|| »
= |al||(di(x1,0),...,dn(x4,0))|| p, X € R,
(xm)’n))

(iv)dp((xlayl)a (XZayZ)a ceey

1
= (dx (x1,x2, ..., %0)P +dy (y1,y2, -, yn)P) 7
for 1 < p < oo; (0r)
(V)d((XI ayl)a (x27)’2)7 sy (xnayn))

i= sup{dx (x1,%2,....Xn), dy (y1,¥2, -, Yn },

fOl" (.X'] y X2, "'7-le) € X7ylay25 <y ¥n cY
is called the p product metric of the Cartesian product of
n metric spaces is the p norm of the n-vector of the norms
of the n subspaces.

A trivial example of p product metric of n metric space
is the p norm space is X = R equipped with the following
Euclidean metric in the product space is the p norm:

under

where x; = (X1, ..., Xin) € R" for eachi=1,2,...,n

If every Cauchy sequence in X converges to some L €
X, then X is said to be complete with respect to the p—
metric. Any complete p— metric is said to be p— Banach
metric space.

An interval number X is a closed subset of the real
numbers and denoted as X = [Xpq,Xrs], Where Xpq < X
and Xpq, Xrs both are real numbers. let us denote the set of
all real valued closed intervals by R*(Iy). The set of all
interval numbers R*(I,) is a metric space with the metric

d(%,9) = — sl <1}

Let us define transformation f: N x N — R*(Iy) x R*(Ly)
by (m,n) — f(mn) = (Zn). Then (Xmy) is called the
sequence of interval numbers. The X, is called the
(m,n)" term of sequence (X))

max{inf{ |qu - )’pq| s s

Definition 6. Let M be an sequence of Musielak Orlicz
functions and a sequence (%) of (R*(1y),d) is said to be
convergent to the interval number 0 and we denote it by
writing

= limy, 00
[1(d(x1,0),d(x2,0),...,d(x4—1,0))|p ))}
Thus
= lim, [M(((m+”)!‘fmn:0|)(m>+n
1 ’"’Hw{ +d(xp—1,0 ))Hp)]:()}

H( (x17 )>d(x270)> 1
M (((p+q)![5pq,0) 7,
H(d(xl70)>d(x2>0)7“‘7d(xn7170))”[7))] =0

< limy ;oo

and

im [M((r )1, 0]) (7
»1,1Hw{||< d(x1,0),d(52,0),.,d(x21,0)) )] = }

A four dimensional interval vector is an ordered 4-tuple of
intervals,

X = (%11,%12,%21,%2) = ([X11pg:X12pg], [X21rs: %2215 ) -

If the absolute value of each element of X is zero, then % is
called zero interval vector and is denoted by
6 =(0,0,0,0) = (0,0],[0,0)).

Let R*(1y) be the set of all four dimensional interval
vector. The scalar multiplication and addition of four
vectors in R*(Iy) are defined as follows:

ox = ((Xf] 1, (Xff]z, (sz] (szz)

||dl (xlvo)v"'a (dn70)||E = SMP(|d€l‘(dmn(an70))|) _ {([xllpqaxupq]; [x21rs;x22rs]); ifa>0
dll(-x1170) dlZ(XIZ;O) dln(xlnao) ([x12pqax11pq]a[x22rs;x21rs]); ifoe <0
d ,0) d ,0) ... d ,0 -~ X o~ o~ - o~~~
= sup 2]()6.2] ) dx2(o22:0) 2n(2n,0) X+y= xllaxlz,xm,xzz)-f—(Y11,Y12,YZ1,)’22)
: xllpq+y11pq7x12pq+y12pq]
df’ll(-xf’llvo) an(xrzZaO) dnn(xnnao) lers + Y21rs, X22rs +y22rs]a
© 2021 NSP

Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 15, No. 6, 681-686 (2021) / www.naturalspublishing.com/Journals.asp

Now, we introduce a distance of four vectors in R*(L),

which is defined as
*yIer|a <1
- y22rs| y )

(F11, 512,521, 922) € R*(Iy).

*yllpq|,|x12rs

|x21pq - y21]7q|a |x22rs

d(%5) Zmax{inf{|x”pq

where
X= (5511 ,i127f21,f22),)7 =

Definition 7. Two non-negative sequences of interval
vectors x = (Xyn) and y = (Jmn) are asymptotically
equivalent 0 if

ity = § = (0,0,0,0) = ([0,0],[0,0))

Ymn

and is denoted by X = 0.

3 Main Results

Theorem 1. The set of all four dimensional interval
vectors R*(Iy) x R*(Iy) forms a metric space with respect
to the metric d(%,¥) defined above.

Proof./ Easy to prove. Therefore omit the proof.

Let us define transformation
f:NxN — R*(I) x R*(I3) by (m,n) — f(mn) = (Zn).
Then (%,,) is called the sequence of four dimensional
interval numbers.

Theorem 2./ The space (R*(I3) x R*(Iy),d) is a complete
metric space.

ProofLet (%,) be any Cauchy sequence of
(R?*(I4) x R*(I4),d), then there exists a ko,lp € N such
that

1T g = YT pgls X1 = Y120l
d(%,§ :max{inf{ 4 Pa N e <1
( 5 | lpq yTlnpql |xr2n2nrs_yr2n2nrs-|
< &..x,Ym,n > ko,ly.

From this inequality, we can write that

mn

max{|xrln1npq _yilnlnpq|’ |x12rs _YT2’1m|} <é&

and
mn mn

max{|xr2n1npq yg?pq' |x22rv y22rv|} <é&

Therefore the sequence (x11p4), (X12s5), (¥21p¢) and (x22,5)
are Cauchy sequence in (R?(I4) x R?(I),d). But (R?(I,) x
R(Iy),d) is complete. Hence we can write

mlrlll;r)lm(xmlpq) 7 }rllrl)lm(){l’glpq) = 05
_ ”’ . m o\ _
ml}lrgoo(xmlrs) - 7m}rllrl)lm( 22rs) =0.

where 8 = (0,0,0,0) = ([0,0],[0,0]). If we take the limit
for m,n — e in (x), then we get d(%,¥) for all m,n > ko, l.
This completes the proof.

Some sequence spaces of interval vectors:

Let w?(R*(I;) x R*(I3)) denote the set of all
sequences of four dimensional interval vectors of
(R*(I4) x R*(I;)). Since the set (R*(I) x R*(I3)) is a
quasi vector space, the set w?(R*(I3) x R*(I)) be
regarded as a quasi vector space. Now we define the
following sequence spaces of Musielak Orlicz of gai and
Musielak Orlicz of analytic sequence of four dimensional
interval vectors;

[ﬁwuxmu|K@h%(ﬁﬁ%uﬂM1ﬁm4
M

M(((mWL”)!WmnD(’%H"a

:hmman*ﬂx’ ||( (X[, )a (XZaO)a'-'v 5
dt1,0)l) | =6
/\Z(R2 L) xR2(Iy)) H( (X], ), (XZ,O), ...,d(X”],O))||p:|
M
M ((Fa]) ),
= SUpy, H(d()C],O),d(XQ,O),...,
510l <
Therefore  the space  y2(R(WxR(L)  apq

N2R(12)xR:(14)) are subspaces of w2 (R2(I3) x R2(Iy)).

Theorem 3.

[f“h*“h|ﬁ&hx<mn»ﬁaMlnmq
M
[AW LR, (d(x1,0), <x270>,.4.,d<xn71,0>>\|p}

M

and the inclusion is strict.

Proof. If we take any

= {x (RAL)<R(13)) |1 (d(xy,0),d(x2,0), ... d (xn_1 o))up}
Now, let
X = (frnn)

. m+n . . m+n
- ((m+n)!mn) ) <(m+rz)! + (m+n)!mn)
m—+n m+n
1 1
[ ( (m+n)! ) ( (m+n) !mn) ’

5 m+n 5
< (m+n)!) + ((ern)!mn >:| ’

mneNgz[ 2RI *R* W) ||(d(xy,0),d(x2,0), ...,

dmlnm@M

@© 2021 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

M. R. Bivin et al.: The interval vectors of ¥ sequence space...

Example 1. Let

(7 1 )mn men 2 e
Xmn = |:<(m+n)l) ’ <(m+rz)!)
| m-+n
+ ( (m+n)!mn) :| ’

m+n m+n m+n
_ 1 Y N B _2
|: ( (m+n)! ) ( (m-+n) !mn) ? ( (m+n)! )
| m—+n
+ < (m+rz)!mn> :| ’

mneNe [Azw (B)<R0) |[(d(x1,0),d (x2,0). .

d(xnl,o>>|p}M

but not in

[xz(R214 )X R2(I4)) ) 11(d(x1,0),d(x2,0), ... d(xnlao))|P:|M'

Theorem 4. The spaces

[l (R2(13) < R2(Iy)) ) 1(d(x1,0),d(x2,0), ... d(xnlao))|17:|

M

and

AR, 421,0),d(05,0).

1.0l

M

are complete metric space with the metric

)’11pq|a|x12r5

d(% | 11pg — ylzr&l <1
(X y) max {mf{ )’21pq|a |x22rs y22rs|

|x21pq
where
x= (Fm),
3= ) € [ﬂ’* WX |1(d(x1,0),d(x2,0), -
a1 0l
M
and

[ N2 )R W) (d(x1,0),d (xz,O),...,d(xn1,0))||p]M

Proof. 1t is routine verification. Therefore omit the proof.

Theorem 5. The spaces

_ . , _
XZ(R ()R (14)) H( (xla )’ (XZ’O)"“ad(xnflao))HP :
L M
and
_ o , _
/\Z(R () xR (14)) ||( (X], )7 (XQ,O),...,d(anl,O))”p .
M

are interval vector metric spaces with the metric
d(x,5) = max {inf {|x11pg|, [¥12rs, 521 pg, [X20rs| } < 1},

X= (%11, %12, %21, 822) €R*(I4)

where

X = (xmrz) € X 2R (1a) xR (1a)) H( ()Cl, )’ (xz,O),---,

d(-xnflao))HP
M
and
2(R2 (Is) <R*(1y)) ||( (xl’ ) (XZ,O), d(xnflao))HP :

i Im
Proof. Now consider

12(1?2(14 )xR*(14)) ||( (x1,0),d(x2,0),....d(x4—1,0)) [, | -
_ Im

Other space is proved by same manner. it is obvious that
0 if and only if £ = 6.

()d(%,6) > 0 and d(%,0) =
(2)d(%,9)

_max{mf{|x11”q

|x21pq
< max {in
in

Smax{'
(%,9) =
(3)d(az,0)
:max{lnf{|axl]pq’9| |axl2rs79| } < 1}

|ax2lpq7~0| |ax22,s, 0|
=d(ax,0) = |ald(%,0).
Hence x = ()Emn) is metric on

{X2(R 1)xR(13)) ||(d(x1,0),d(x2,0), .. d(xnfl,O))Hp}M

yllpq|;|x12rs_y12rs|a <1
y2lpq|7 |x22rs - y22rs| -

{'xllpqa 6~|7 |x12rsa é:la} <1 }
|x21pq;9|;|x22rs;9| -

f
f{'yllpqaé| |y12rsaé| } < 1}
d(x

|y21pqa 9| |y22rs; 9|
%,0)+d(,0).

QU

Theorem 6. The spaces
2 2
D, 0 31,0)d 30,1, 0
M
is solid and monotone.

Proof. Let

x= (%) € [xz“* WXR)) 1|(d(x1,0),d(x2,0), ..,

e

M

d(%,0)(ie.,)

max? inf Y11pg: 6] [y12ss, 6], -
2145 01, [¥2255. ]

and y = (i) be such that d(7,0) <

@© 2021 NSP
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. X11pgs 0], *12r5, 0
< max mf | 11pg> ~|7| 12rs5 va Sl )
|x21pq; 9|; |x22rs; 9|
Thus we have obtain
Ylilpg < X11pgrY12rs < X12rs5 Y21 pg < X21pgsY22rs <

X255, (i-€.,)y < x. Therefore
7= Gon) € |20, (01,0, 520). .
1.0
M
Hence

{xzmm XR1) ||(d(x1,0),d(x2,0), ... d(xn1,0))|p}
M

is solid.
A solid sequence space is always monotone.[see [28]]
Hence

|:xz(R2 L) xR%(Iy)) H( (xl, (xz,O), d(xnlvo))llp]
M

1S monotone.

Theorem 7. The space

{%m2 LXR) 11(d(x1,0),d (xz,o),...,d(xn1,0))||p]M

is sequence algebra.

Proof.Let

X = (fmn)v

y@Mehwﬂwﬁu|umm,m»»w
d(nr, 00,
M

then for € > 0, we can find ri,r» € N X N such that
d(Xmn, 0) < €, for all m,n > ry, and d(Fm,, 0) < €, for all
m,n Z r,

max{|x11pq|; |x12rs|7|x21[1q|a |x22rs|} <¢g,forall mn=>ry.

@)

max{|[y11pql: [Vi2ss], V21, [y22rs| } < €, for all m,n>r.
3)

Let r3 = maxry,ry, then for all m,n > r3, we have

d(fmn & Yimns é)

X11pq-Y11pg:X11pg-Y12rs;

=max < inf <1,

X12rs-Y11pgqs X12rs-Y12rs

X22rs-Y1 lpq7x22rs-y12rs|

max{inf{|x21/"7'y1lpq’xz]pq.ylzm} < 1}7

. X . X . ]
max{znf{' 1pg-Y21pgsX11pg y22r57} < 1}7

lers-yZIpqalers-YZer|

max{l-nf{|x2lpq-y2]pq7x2]pq-y22rSa} < 1} < g2

X22rs-Y21pgsX22rs-Y22rs |
by (2) and (3). Hence

(x®Y) = (Fonn @ ) € |:%2(R2(14)><R2(14)),

nw&mmﬂmn»ﬂaMlnm4M-
Hence

[XQ(RZ L)XR) 11(d(x1,0),d (xz,O),...,d(xn1,0))||p]M

is sequence algebra.
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