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1 Introduction multivalued mappings and prove some weak and strong
convergence theorems for such mappings in uniformly

Many authors have studied the fixed-point theorems forcOnvex Banach spaces. They employed the following
finite family of single valued mappings (se@8,10,13] iterative process: LeE be a Banach spac&k be a
). The study of fixed points for multivalued contractions NPnémpty convex subset & and Ti : K — CB(K)
and nonexpansive mappings using the Hausdorff metri¢i = 1,2,-...,m) be finitely many given mappings. Then,
was initiated by Markin 5] and Nadler §]. Later, an for Xp € K, we consider the following iterative process:
interesting and. rich fixed poir_1t theory for such maps wasy,,, ; = 8n.0% + 8n1Zn1 +@n2Zn2 + -+ 8nmzam, NEN,
developed which has applications in control theory, (1.1)
convex optimization, differential inclusion and '
economics. lterative methods for approximating fixed  where z,; € Ti(x,) and {a,x} are sequences of
points of multivalued mappings in Banach spaces havenumbersin0, 1] such that for every natural numbee N
been studied by Sastry and Babal] proved the 4.4 %‘ ank—=1
. . ) Kk .

convergence of Mann and Ishikawa iteration process for Zo
multivalued mapping with a fixed pointp converge to a In this paper, we introduce a new three-step iterative
fixed pointq of T under certain conditions. They also process to approximate the common fixed points of four
claimed that the fixed poing may be different fromp. finite families of multivalued nonexpansive mappings in a
Panyanak §] extended result of Sastry and Babu to uniformly convex real Banach space and establish strong
uniformly convex Banach spaces but the domainTof convergence theorems for the proposed process. Our
remains compact. Song and Wang2[ modified the  results extend and improve the recent results.
iteration scheme used irf] and improved the results
presented therein. They further revised the gap and also
gave the affirmative answer to Panyanaks open question.2 Preliminaries

Recently, M. Abbas et all] introduced a new one-step
iterative process to compute common fixed points of twolLet E be Banach space with di& > 2, the modulus of
multivalued nonexpansive mappings. convexity of E is the functionde : (0,2] — [0,1] defined

Very recently, M. Eslamian, A. Abka@] introduceda by
new one-step iterative process to approximate common 1
fixed points of a finite family of generalized nonexpansive O (€) = inf{1 — [Ix+y[| : x| = 1, lyll = 1, [Ix - y[| = &}.

* Corresponding author e-mait_ rashwan54@yahoo.com, Saeedaltwqgi@yahoo.com

(@© 2014 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.12785/jant/020212

98

R. A. Rashwan, S. M. Altwqi: Strong Convergence of Four Maaltiied...

E is uniformly convex if and only if withdg (£) > O for alll
£€(0,2).

A subseK is called proximinal if for eachk € E, there
exists an elemert € K such that

d(x,k) = inf{||x—y| 1y € K} =d(x,K).

It is known that a weakly compact convex subsets of a
Banach space and closed convex subsets of a uniformly

Lemma 2.1 7] Let X be a uniformly convex Banach space
and let B(0) = {x € X : ||X|| <r},r > 0. Then there exist
a continuous, strictly increasing, and convex functgon
[0,00) — [0,0) with ¢ (0) = O such that

llax+By+yz+nwi? < al[x|? + BlIylI + il + nl|wi* — aBe (Ix i)

forallx,y,zwe B, (0), anda, 3,y,n €[0,1] witha+ 3+
+n=1

convex Banach space are proximinal. We shall denote the

family of nonempty bounded proximinal subsetskoby
P(K) and the family of nonempty compact subsetof
by C(K). Consistent with§], let CB(E) be the class of all
nonempty bounded and closed subset&of et H be a
Hausdorff metric induced by the metidoof E, given by

H(A,B) = max{supd(x,B),supd(y,A)},
XeA yeB

for everyA,B € CB(E). It is obvious thaP(K) € CB(E).

A multivalued mappindr : K — P(K) is said to be a
contraction if there exists a constda [0, 1) such that for
anyx,y € K,

H(TxTy) <K/x-yl,
andT is said to be nonexpansive if
H(TXTy) < [x=yl,

for all X,y € K. A pointx € K is called a fixed point o
if X € Tx Throughout the pape¥ denotes the set of all
natural numbers.

Let us recall the following definitions.

Definition 2.1 4] A mapping T: K — K where K a subset
of E, is said to satisfy conditiofiA) if there exists a
nondecreasing function :f[0, o) — [0, ) with f(0) =0,
f(r)y > 0 for all r € (0,o) such that either
d(x,Tx) > f(d(x,F) for all x € K, where
d(x,F) =inf{|x—p]: pe F}.

The following is the multivalued version of conditi¢A);

Definition 2.2The  four multivalued nonexpansive
mappings AT,S R: K — CB(K), where K a subset of E,
are said to satisfy condition(A) if there exists a
nondecreasing function :f[0, «) — [0, ) with f(0) =0,
f(ry > 0 for all r € (0,o) such that either
d(x,Ax) > f(d(x,F) or d(x,Tx) > f(d(x,F) or
d(x,SX > f(d(x,F) ord(x,Rx > f(d(x,F) forall x € K,
where F= F(A)NF(T)NF(SNF(R), the set of all
common fixed points of the mappingdAS and R.

Definition 2.3The mapping T: E — CB(E), is called
hemicompact if, for any sequende&,} in E such that

d(x,, Tx;) — 0 as n— oo, there exists a subsequence

{Xn } Of {Xn} such that . — p € E. We note that if E is

compact, then every finite family of multivalued mapping

T : E — CB(E) is hemicompact.

Next we state the following useful lemma.

3 Main Results

We now introduce the following iteration scheme. IEet
be Banach spacé& be a nonempty subset & and let
A T,SR: K — CB(K) be four multivalued nonexpansive
mappings with common fixed poift. Our process reads
as follows:

X € K,
Xn+1 = (1= an—PBn— Yh)@ + Qnln + BaVn + YaWh,

Yn = (1= Bn—Yh)an + BnVa + YaWhn,

Zy = (1—Yh)an+ YW,

wherean € AX,, Un € Tyn, Vn € Sz, Wn € RX, and{an},
{Bn} and{y} are sequence of numbers[lh1] satisfying
On+PBntm<1.

Remark 3.1 1.If A=S=R=T. The iterative scheme
(3.2 reduce to

X € K,

Xp+1 = (1— On—fBn— Vn)an+ OnUn + BnVin + YW,
Yn = (1= Bn— Yn)an+ BnVn + YaWn, (3.2)
Zy = (1—Yh)an + YW,

where g, Wn € TXy, Uy € TYyand , € Tz,
2.1f A= . The iterative scheme(2) reduce to.

X € K,
Xnt1 = (1= an— Bn— Yh)Xn+ Gnln + BnVn + YaWh,

(3.1)

Yn = (1= Bn— ¥h)%n + BnVn + YaWn, (3.3)
Zn = (1 Yh)%n + YW,
where ¢ € Tyn, Vh € Sz, Wy € Rx,.
3.If yh = 0. The iterative schem@& (1) reduce to
X € K,
Xn+1 = (1— Qn— Bn)an+ Anln+ BnVn,
Yn = (1 Bn)an+ BaVn, (3.4)

where @ € AXy, Uy € Tyn, Vh € Sk

The following is an example of four multivalued
nonexpansive mappings with a common fixed point.

Example 1 Let X [0,1].  Define
AT,SR: X — CB(X) as follows:

2X — 1]

X2

Ax= [0,

X2 —tan(21)x+ 1

Tx=0,
X

I
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1 .
Sx=1[0,=], Lemma 3.2.et E be a uniformly convex Banach space and

q X K be nonempty closed convex subset of E. L&t 8 R:
an n K — CB(K) be four multivalued nonexpansive mappings
Rx=[0 3tar(7)x—x]. and{x,} be the sequence as defined3j. If F £ 0 and

x+1 Ap=Tp=Sp=Rp={p} forany pe F and
Then clearly A, T, S and R are four multivalued
nonexpansive mappings and have a common fixed point*» — Unll < [[an— ], (3.10)
at 1.

In this section, we prove that the iterative rJrocessthen lim, d(x, Ax) = lim d(xa, Tyn) = lim d(xa, S#) =
defined by 8.1) converges strongly to a common fixed lim d(Xn,RXJ 0.
point.

At first, we shall prove the following lemmas. ProofLet p € F. By Lemma 8.1), r!in % — p|| exists,

Lemma 3.1Let E be a uniformly convex Banach space and %V is bounded and s and

z,} are bounded.
K a nonempty closed convex subset of E. L&, BR: #hngrefore there exci[s)g} ] >{ 0} such  that
K — CB(K) be four multivalued nonexpansive mappings.x, — p, y, — p, z, — p € B;(0) for all n > 0. Applying

Let {x,} be the sequence as defined®y. If F Z0and  |emma @.1) and using 8.1) we have
Ap=Tp=Sp=Rp={p} forany pec F thenr!monxn

p|| exists for all pc F a2~ Pl
’ = H(lfan*Bn*Vn)anﬂanUn‘FBnVn+Van*pHZ
Proof Assume thafF +# 0. Letp € F. Then from 8.1) we = [[(1= a0 =B = o) (@ — P) + An(Un — P) + B (Vo — P) + Yo (Wo — D) |*
havev < (1*(1n*5n*yn)”an*pHZJFUnHUn*pHZJFBnHVn*pH2+VnHWn*pH2
%01 — Pl — op(1—an—Ba—n)¢([lan—unl)
= [|(1— 0ty — Bn — Ya)8n -+ Qnln + BaVn + YaWn — P < (1= an— B — ¥h)d(@n, AP)? + and(Un, T p)* + Bud (v, SP? + yad (Wn, Rp)?
= l(1—an—Ba— ) (@ — P) + An(Un — P) + B (Va — P) + Ya(Wa — P) | = an(1—an—PBn—yn)d(llan—tnll)
< (I—an—PBn—¥)llan—pll+anllun = pll+ Balva — Pl + ¥allwh — pl| < (1= an—Bo— Y H (A%, AD)? + anH (Tyn, T p)® + BaH (S7,Sp?
< (1- = Yh)d(@n,Ap) + and(Un, T p) + Bnd(Vn, SP + yad(Wn, RP) + YaH (R%, RP® = (1 — oy — B — Ya) ¢ (J|8n — tn|))
< (- ﬁn Yo )H (A%, Ap) + anH (Ty, T P) + BaH (S2,SP + hH (R, RP) < (1= an—Ba— )% — Pl + anllyn — PII* + Ballza — pII®
< (L= an—PBn—a) [0 — Pll + anllYn = Pll -+ Ballzn — Pl + a %0 — pll + Yo% = PII% = an(1— &t — B = ¥)$ ([[an — tnl))
= (1= 0= Bu)l% = Pl + nllYn = Pl + Ballza — pIl, (3.5) < (1= an—Bu)l%n — PlI*+ anllyn — PII*+ Ballza — pII®
and — ap(1—an—Br—yn)d([[an—tnll). (3.11)
[lyn =Bl = [[(1=Bn = ¥n)@n + BaVn -+ YaWn — Pl
= (1= Ba— ¥) (@ — P) + Ba(Ve — P) + Yo (Wo — P)| Yo =PI = 1(1= Bn— ¥n)an + Bava + YaWo — P12
< (1= Ba—yn)llan— Pl + Ballva — Il + ValWa — pl| = [|(1=Ba = n) (@ — P) + BalVo = P) + Ya(Wo — D) ||
< (1= Ba—¥h)d(an, Ap) + Bad(Va, SP + Yad (wWn, RP) < (1= Ba—0)l1an = PI> + Ballva — pII* + ya[wa — p)*
< (1= B — Yn)H (A%, Ap) + BaH (Sz,SP + WH (R, Rp) = Ba(1=Ba—yn)d(llan —Vall)
< (L= Ba— o) [[% = Pl + Ballza = Il + ¥al X0 — P < (1—Bn— ¥h)d(@n, AP)® + Bad (v, SP? + Yd (Wn, RP)?
= (1= Bo)lI* = Pl +Bnllza — plI, (3.6) = Ba(1=Ba— )9 ([[an —Val|)
and < (1= B — W)H (A%, AD) + BoH (57, P + vad (R, Rp)*
= Ba(1=Ba— )9 ([[an —Val|)
20— pll = [[(1 = Yh)@an + yaWn — p| < (1B W) %0 =PI + Bollzn — PIP + ¥allxe — I
= ||(1 yn)(an p)+yn(Wn )H - 3’1(1 Bn—¥h) ZHan Vall) )
< (1—y)llan— pH + Vallwa — pl| (1= Bn) 1% = PlI“ + Ballza — pII* = B (1= B — v)d (llan VnH()é,lz)
< (1- yn)d(an,Ap) + ynd(Wn, Rp)
< (1 ya)H (A%, Ap) + yH (R¥, Rp) and
< (=) 1% — Pl + Wall%n — pl| 12— pII* = 1L~ yn)an + yawn — PII?
I
0 = pll- 3.7 llan = pII + YalIWh — pII* = ya(L = ¥n) § ([|an — wall)

Substituting 8.7) into (3.6) we obtain,

IYn =PIl < (1= Bn)|[Xn =PIl + Bnl[Xn — pl|

= [I%—pl- (3.8)
Substituting 8.7) and @3.8) into (3.5 we have
X2 =PIl < (1= an—Bn) %0 — pll + anllXn = Il + Bnl[Xn — Pl

= [ — p||- (3.9)  In—pI* < (1=Bo)lx— Pl + Balllxa = PII* = Va(1 = y0)$ (a0 — whl)]

. . . = Ba(1=Ba— )9 ([[an —Val|)
Thus lim||x, — p|| exists for eactp € F, hence{xn} is < a1 — B 19 (10— Wall) — Br(L— B — ) 120 —val).

bounded. (3.14)

(20, AP)? + yad(Wn, RP)? — Y (1= ¥h)§ ([|an —Wal|)

(A%, AP)® + yaH (R, RP)? = Yh(1— h) @ ([[an — wall)
1o)X — pHZJrYnHXn*p‘lzf)’n(lfyn)‘p(‘lanfwn”)
Hxn*pHZ*Vn(lfyn)‘p(nan*WnHy (3.13)

From 3.12 and 3.13 we have

(1-v
(1= yn)(@n = p) + Ya (W — P)[I?
1-w)

¥n)d

yn)H

(
(1-
(-
(

A A A IA
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Substituting 8.13 and @.14) into (3.11) we obtain

Hxn+1*pH2
< (1= 0y = Bo)l[¥n = PII? + tn[|IXn — PII? = Ba¥n (1= vi) ¢ (J|an —wal))]
— Ba(1=Ba— )9 (l[an —Vall) + Ball X — PII* = Yol L= ¥0) 9 ([ — Wi })]
— (1 an—Bnr—¥n)d([lan—unl))
< %0 = P2 = Ba(1= B — o) $ (|20 — Vall) = Ba¥n(1— Vo) (A + 1)@ ([|an — Wa)

= n(1=an =B —Yn)d(llan—unl)) (3.15)
From 3.15we obtain,
n(1—an = Ba— vh) 9 ([lan — unll)
< % = Pl = %1 = PII* = Bayh(1 = o) (an -+ 1) ([|an — wnll)
= Ba(1=Bn—yn)¢(llan—Vall) (3.16)

Thus,
An(1= a0 =B = )P (lan—tnll) < % — plI* = [Xne1 = pII,

this implies,

an(1— ot — B — )9 ([|an— nl)) < |2 — pJ|* < co.
> ¢(llan—unll) < fxa— Pl < w.

n=1

Since ¢ is continuous at 0 and is strictly increasing, we
have

lim ||an — un|[ = 0. (3.17)
n—o0
Using (.10 and @.17) it follows then that
l[an = Xal| < [[an— Un]| + [|un — Xa|
< 2||an—Un|| = 0 n— . (3.18)

and using 8.17 and (3.18 we have
[[Un = Xal| < [[un— an| + [|an— X

—0 n— oo, (3.19)

Similarly from (3.16 we obtain that

lim ||an — vn|| = O. (3.20)
N—co
Using 3.18 and @.20 it follows then that
X2 = Vnll < [|an —Xa|[ + [|an — Vil

—0 Nn— oo, (3.21)
Similarly from (3.16 we obtain that
1im [|an — || = 0. (3.22)
Using (3.18 and @.22 it follows then that
(%0 = Wal| < [[Xn— anl| + [[an — wh|

—0 n— oo, (3.23)

Thus from 8.18, (3.19, (3.2) and @.23, we have
lim d(Xn, A%n) [im d(X,, Tyn) = limd(x,,Sz) =
N—co n—oo N—co
Mn d(Xn, R%) = 0.
This completes the proof.

The following result gives a necessary and sufficien
condition for strong convergence of the sequerié) (o

Theorem 3.1 et E be a uniformly convex Banach space
and K, {X,} be as in lemma 32. Let
AT,SR:K — CB(K), be four multivalued nonexpansive
mappings satisfying condition(A). If F # 0 and
Ap=Tp=Sp=Rp={p} for any pe F, then {x,}
converges strongly to a common fixed point of A, T, S and
R.

ProofSinceA, T,SandR, satisfies conditiofiA), we have
rI&n f(d(xh,F)) = 0. Thus there is a subsequeHreg, } of

{xn} and a sequendig, } C F such that
1
Hxnr - pf” < E’
for all r > 0. By lemma 8.1) we obtain that

1
HXnHl —prll < X, — Pl < o

We now show that{p;} is a Cauchy sequence K.
Observe that

1Pr+a—Prll < [[Pr+1—Xn o [l + X0 — Prl

1 1

iy

1
ST

This shows tha{p;} is a Cauchy sequence khand thus
converges t@ € K. Since

d(pr,Ap) < H(Ap,Ap)
<llp—prl,

andp; — p asr — oo, it follows thatd(p, Ap) = 0, which
implies thatp € Ap.

Similarly,
d(pr.,Tp) <H(TP.TH)
<llp—prl,

andp, — p asr — o, it follows thatd(p, T p) = 0, which
implies thatp € T p.

Similarly,
d(pr,Sp < H(SpSp)
< lp—pl,

andp; — p asr — o, it follows thatd(p,Sp = 0, which
implies thatp € Sp

Similarly,
d(pr,Rp <H(RpRp)
<llp—prl,

tandpr — p asr — oo, it follows thatd(p,Rp) = 0, which

implies thatp € Rp. Consequentlyp € F # co. Am [[Xn —

a common fixed point of four mappings on a real Banachp|| exists, we conclude thdix,} converges strongly to a

space.

common fixed poinp.
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Theorem 3.2.et E be a real Banach space and &},
AT,SR, be as in Lemm&2. If F # 0 and
Ap, Tp= Sp= Rp= {p} for any pe F, then {x,}

converges strongly to a common fixed pointof A, T, S an

Riffliminfd(x,,F) = 0.
n—oo

gives thadd(p, T p) = 0, which implies thap € Tip.
Similarly, we obtain

§(p.Sp < d(p,z) +d(zn, %) +d(xn,S7) + H(Sz,Sp

S d(pazn)+d(znaxn)+d(xnavn)+d(znap)
— 0 as n— o,

ProofThe necessity is obvious. Conversely, suppose that

IinmJQf d(xn,F) = 0. As proved in lemma3.1),
X412 = Pl < [[xa— -

This gives

d(xn+17F) S d(xn7F)7

so that nE}md(xn,F) exists. But, by hypothesis,
Iinminfd(xn,F) = 0. Therefore we must have
—>00

A‘L‘Ld(XWF) = 0. Next we show thaf{x,} is a Cauchy

sequence irK. Let € > 0 be arbitrarily chosen. Since

rLim d(xn,F) = 0, there exists a constang such that for
—>00
all n> ng, we have

. €
Amd(X”’F) <7

In particular, inf||xn, — p|| : p€ F} < §. There must exist
ap* € F such that

€
[[Xno — Pl < >

Now for m,n > ng, we have

[[%n-+m = Xnl| < [[Xasm— P*|| + [[%0 — P

< 2[|xnp — Pl
<28 =¢
S)=¢.

Hence{xn} is a Cauchy sequence in a closed suBset a
Banach spack, and therefore it must convergekn Let

lim X, = lim y, = lim z, = pand
n—oo n—oo n—o0

d(Xn,¥n) < d(Xn, p) +d(p,Yn)
— 0 as n— oo,
and

d(¥,zn) < d(¥, p) +d(p,zn)
— 0 as n— oo,

Now for each we obtain,

d(p,Ap) < d(p,Xn) +d(Xn, AX) + H(Ax, Ap)
S d(paxn) +d(xnaan) +d(xn7 p)
— 0 as n— o,

gives thad(p,Ap) =0, implies thaip € Ap. Consequently,
peF #w.
Similarly, we obtain
d(p,Tp) < d(p,Yn) +d(Yn,Xn) +d(Xn, T¥n) +H(Tyn, T p)
< d(p,Yn) +d(Yn,Xn) +d(Xn, Un) +d(yn, p)
— 0 as n— o,

gives thad(p,Sp = 0, which implies thatp € Sp
Similarly, we obtain
d(p,Rp) < d(p,X) +d(X, Rx) +H(Rx,Rp)
S d(p,Xn) +d(Xn7Wn) +d(xna p)
— 0 as n— oo,

givesthat(p,Rp) =0, implies thaip € Rp. Consequently,
peF #w.

Theorem 3.3 et E be a uniformly convex Banach space
and K, {xn} be as in Lemma3(2). Let AT,SR: K —
CB(K), be four multivalued nonexpansive mappings and
A T,S and R are hemicompact and continuous. KR
and Ap=T p= Sp= Rp= {p} for any pe F, then{x,}
converges strongly to a common fixed point of AS and

R.

ProofSince nirgd(xn,Axn) = Amd(X”’Ty”) =
r!@ d(x),Sz) = 0= r!mn d(xn,R%), and AT,S and R

are hemicompact, there is a subsequefice} of {x,}
such thatx, — p asr — o for somep € K. SinceA/T,S
andR are continuous, we have

d(an,Aan) — d(paAp)a
d(anvTan) — d(vap)v

d(xnmsx‘]r) - d(pasp)a

and
d(an,Rer) — d(p7 Rp)
As a result, we have that

d(p,Ap) = d(p,Tp) = d(p,SpP = d(p,Rp = 0 and
p € F. Since niTHX” — p|| exists, it follows that{xn}

converges strongly tp. This completes the proof.

Corollary 3.1Let E be a uniformly convex Banach space
and K a nonempty closed convex subset of E. L&R;

be three multivalued nonexpansive mappings &rgh
(3.3 and T, S and R are hemicompact and continuous. If
F #0and T p= Sp=Rp= {p} for any pe F, then{xy}
converges strongly to a common fixed pointof T, S and R.

Corollary 3.2Let E be a uniformly convex Banach space
and K a nonempty closed convex subset of E. L&t 3,

be three multivalued nonexpansive mappings drgh
(3.4 and A, T and S are hemicompact and continuous. If
F #0and Ap=T p= Sp= {p} for any pe F, then{x,}
converges strongly to a common fixed point gf Ahand

S.
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