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Abstract: In this paper, we introduce an extension for the slash distribution, called double slash distribution which, is a heavy tailed
compared to slash distribution. The univariate and multivariate forms for the proposed model are proposed. Moreover, moments and
the invariant property under linear transformations are discussed. A simulation study is performed to investigate asymptotically the bias
properties of the estimators. Finally, a real data application is analyzed to obtain the flexibility of the new model.
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1 Introduction

Heavy-tailed distributions have been the subject of much study in the statistical literature. Heavy-tailed distributions are
the distributions which have more observations in the tails. In several areas, there is a clear need for extended forms of
these distributions to analyze various types of data. See for example, El-Gohary et al. [1, 2], El-Bassiouny et al. [3-5] ,
Alizadeh et al. [6], Jehhan et al. [7], Eliwa et al. [§—11], El-Morshedy et al. [12—-16], El-Morshedy and Eliwa [17], among
others. Unfortunately, the previous distributions are appropriate only for modeling the positive real data sets. Therefore,
it is necessary to propose some distributions which are heavy-tailed in both negative and positive ranges. First heavy-
tailed alternative distributions to the normal distribution are the student and the slash distributions, which have been
very popular in robust statistical analysis (Rogers and Tukey [18], Kafadar [22], Morgenthaler [20], Lange et al. [21],
Kafadar [19], Jamshidian [23], and Kashid and Kulkarni [24]). Both of these distributions can be derived by mixing a
normally distributed random variable with a nonnegative scale random variable. They both belong to the scale mixture of
normal distribution family. It is known that the standard normal distribution has the following density function
1 2

_z
2

f(2) N
The slash random variable is defined as the ratio of two independent random variables: Let the standard normal random
variable Z be independent of the uniform random variable U on (0, 1). Then the random variable S = ZU /4 is said to
have slash normal distribution with the following density:

—00 < z < 00. (D

1
U(s;q) = q/ tif(st)dt, —oo < s< 0. 2)
0

Where g > 0 is the shape parameter. For ¢ = 1, the distribution is called the standard slash normal distribution and it has
the following density:

. ey
W(s;l){W(l_e ), ifs#0 3)
N , if s=0.
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The standard slash normal density has heavier tails than those of the normal. In literature, many authors studied
multivariate and skew multivariate extensions of the slash distribution such as Tan and Peng [25], Wang and Genton [26],
GOmez et al. [27], Arslan [28], Arslan and Genc [29], and EL-Bassiouny and El-Morshedy [30].

The main objective of this paper is to generalize the known family of the slash distributions to be more fitted to the
data.

2 Univariate Double Slash Distribution

Theorem 2.1.: Let X have slash distribution with shape parameter ¢, symbolically we write X ~ SL(q1), and U
has uniform distribution over the interval (0, 1). Assume that X and U are independent random variables. Define a new
random variable Y = p+ o XU 1/ , where q1, q2, 0 > 0 and —oo < p < oo. The random variable Y has the univariate
double slash distribution, symbolically we write D.SL(u, 0, q1, g2). The probability density function (pdf) of Y is given
by

1 1 P

(y—p)

Fyip o a1, q2) = q\l/éi (/ e 2 ”2t2t‘“dt) vPdy —00 <y < o @)
ov2m Jo 0

Proof: Since X and U are independent, then the joint pdf of (X, U) will be

2242

q e 2 (Tdt ,—00 < x < 00.

1
21w Jo

g(:c,u) =

From the transformation z = (£=£) u!/9 | the joint pdf of (Y, U) is given by

1/Q2

w=w)? 1/a2,2
h(y,u):qlu e et gy oo <y < oo, 0<u<l,
ovV2m Jo
where “1:2 is the value of the Jacobean. Then the marginal pdf of Y is given by
1 1 2
(y—n) 1/q242
fly) =24 (/ T T dt) '/ du, )
ovV2m Jo 0
Using the transformation v = «!/% in (5), then the pdf of Y will be found as claimed.
If we put £ = 0 and 0 = 1 in (4), then we get the standard form of the univariate double slash distribution
DSL(Oa 17 q1, q2)
Remarks:

1.The double slash distribution is much more flexible with its shape parameters than the ordinary slash distribution.
Heavy tails and a lower peak of the distribution are associated with smaller ¢; and g2, see Fig (1) and Fig (2).
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Fig (1): Plot of the pdf of D.SL(0, 1, q,, q,) for different values of ¢, ¢s.
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Fig(2): Plot of the pdf of DSL(1, 2, q1, q2) for different values of ¢1, g2.

2.From Fig (3) and Fig (4), one can easily see that, the double slash distribution is heavier in tails than the slash
distribution and the standard normal distribution.
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Fig(4): Plot of the normal distribution, slash distribution and double slash
distribution.
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Special Cases:

1.If ¢ — oo, then the pdf in (4) tends to the pdf of the slash distribution with shape parameter gs.
2.If g2 — oo, then the pdf in (4) tends to the pdf of the slash distribution with shape parameter ;.
3.If ¢; — oo and go — oo, then the pdf in (4) tends to the pdf of standard normal distribution given in (1).

3 Statistical Properties for Univariate Double Slash Distribution

3.1 Moments

The moments of the random variable Y = z + o XU ~'/% are given in the following proposition.

Proposition 3.1. The rth moment of the random variable Y ~ DSL(u,, q1, g2) is given by

T

E(Y") =Y (;) cfrFB(UTR e B(XR), r=1,2, ..., (6)

k=0

where E(X*) and E(U~"/42) are the kth moment of a slash random variable X ~ SL(q;) and a uniform random
variable U ~ U(0, 1) are respectively (see, Wang and Genton [26]) given by

B(x* 0 if k is odd ;
(X%) = [(k_l)((lzl_i)kj"g'l]m if kiseven,q> k, 7
EU™e) =L gk (®)
@ —k
Proof: From the definition of the random variable Y, one can easily get
E(Y" =E ((u + aU—l/‘DX) )
=F i " (JUﬁl/qu)ku’uk
k
k=0
_ (;) wker B (U H e x k).
k=0
Since Y and U are independent, then (6) follows immediately.
3.2 Skewness and kurtosis
The first four moments about the origin of the random variable Y = y + ¢ XU ~'/% are given by
= EY) =, ©)
po = B(Y?) = pi? + G G, g2 > 2 (10)
- - —7 1) 2 b
° (1 —2)(q2 = 2)
MQZE(YS):MB‘FM(A g2 > 2 (11)
(1 —2)(g2—2)""" ’
and 5 o .
, 6 o°q1q2 30%q1q2
17 :EY4):,U/4+ aCIl7(J2>47 (]2)
o @92 @ D9
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respectively. Then the first four moments about the mean of the random variable Y are given by

=y = g, (13)

Var(X) = pa = pip — (11)*
7’q1ge
= 11,02 > 2, (14)
(@1 —2)(q2 - 2)
’ ’ ’ ’ 3
3 = f3 — 3iapty + 2 (Ml)
=0 (15)
and
’ ! ’ ! ! 2 ! 4
fra = prg — 4pizpiy + 6py (Ml) -3 (Ml)

30tqiqs

Zm ,q1,q2 > 4. (16)
Thus the skewness ~y; and kurtosis 2 are given by
7= ﬁ =0 (17)
2
and
Ny = Ha
5 =
(112)?

_ (g —2)%(q2 — 2)°
q1q2(q1 —4)(q2 — 4)

q1, G2 > 4. (18)

3.3 Unimodality
The pdf given in (4) has a unimodal. One can show this by verifying this inequality
w<y1 <y2= f(y1) > f(y2),
and this is as, since
Y1 <y2 = Y1 — < Y2 — e

— t — t
- (y1 — p)v < Yo — [L)U '
ag ag

(y1 — p)° 0?2 < (- 1)° v
202 - 202
2 2
R €1 St D N - el DI
202 - 202
_wi-w? 022  (y2-w)?
=e 2 >e 202

1 _ (w1—m20?e? 1 _ (y2—w)3v24?
= e 202 t4dt > e 2072 tidt.
0 0

1 1 20242 1 1 20242
- 4142 (/ e(yléciztt‘hdt) v2dy > 192 (/ ef%tql dﬁ) vdv.
ovV2m Jo 0 ovV2m Jo 0

= f(y1) > f(y2),

=

2t2

v2t?

_ y=mw%u?e?

since % fol < fol e 202 0 dt) v?%2dy > 0. Thus from the inequality and the symmetry of the distribution, the

pdf given in (4) is a unimodal.
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4 Multivariate Double Slash Distribution

In several scientific practical situations, multivariate lifetime data arise frequently. So, it is very important to consider
various multivariate models that could be used to model such multivariate lifetime data. See for example, El-Bassiouny et
al. [31], El-Morshedy et al. [32,33], El-Gohary et al. [34], Mohamed et al. [35], Eliwa and EI-Morshedy [36-38], among
others. In this section we define a multivariate double slash distribution and derive its pdf. We show that the multivariate
double slash distribution is invariant under linear transformations. Furthermore, the moments and marginal distributions
are discussed. In the sequel, we denote the k— dimensional multivariate normal distribution with mean vector x and
covariance matrix X by Ny (u, X), its pdf by ¢ (x; ¢, ). And the standard uniform distribution on the interval (0, 1) by
U(0,1). Wang and Genton [26] have defined the multivariate slash distribution as the distribution of the random vector

X =p+ 227U, (19)
where Z ~ Ny (0, Ix) is independent of U ~ U(0, 1). The pdf of the random vector X in (19) is
1
Dy (x5 10, 2, q) = q/ tIR =l (xt; pt, X)dt, x € RF. (20)
0

When ;4 = 0 and ¥ = I, X in (19) has a standard form of a multivariate slash distribution, symbolically we write
SLk(07 Ik; q)

Theorem 6.1. Let X ~ SL(0,1;,q1) and U ~ U(0, 1) are independent. A k-dimensional continuous random vector
Y = (Y1,Yo, ... ,Y}) is said to have a multivariate double slash distribution with location vector i € RF | positive
definite scale matrix 3 and tail parameters g1 , g2 > 0, written Y ~ DSL(u, X, q1, g2), if it can be written in the form
Y =y + X'/2XU Y% The pdf of the random vector Y is

1 1
fe(yim 2, q1,q2) = qlqz/ (/ tT R g (yot; Awt,E)dt) v gy gy e RF (1)
0

0

Proof: Since X and U are independent, then the jpdf of (X, U) will be
1
g(x,u) = q1/ tath=lg, (xt;0, I )dt , x € RF,
0

From the transformation x = u!/% (%74 ), the jpdf of (Y, U) is given by

qut/® ! k-1 1/ k
h(y,U)W/O t o (u q2(21/2)t01k)d ,y € RY.
where & ‘2‘1 /2 is the value of the jacobian. Then the marginal pdf of Y is given by
1 1 _
fryim 2, q1,42) = |;|—11/2/ </ t“k*lqﬁk(u”qz(yzl/f)t;0,Ik)dt> w2 du. (22)
0 0

Using the transformation v = /% in (22), and

1
|2|1/2¢k(§;1/2”t 0, L) = ér(yvt; pvt, %),

then the pdf of Y will be found as claimed.

If we put g = 0 and ¥ = Ty in (21), then we get the standard form of a multivariate double slash distribution
DSLk(O; Ik7 q1, q2)

Special Cases:

LIf k = 1in (21), then the pdf in (21) tends to the pdf of the univariate double slash distribution given in (4).
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2.If k = 2in (21), then we obtain the bivariate double slash distribution, and its pdf will be

1 1
fo(yi 1,2, q1,02) = q1q2/ (/ t1 o (yot; puot, E)dt> vt dy |y e R (23)
0 0

3.If ¢; — o0, then the pdf in (21) tends to the pdf of the multivariate slash distribution with shape parameter gz > 0.
4.If g3 — oo, then the pdf in (21) tends to the pdf of the multivariate slash distribution with shape parameter ¢; > 0.
5.If g1 — oo and g2 — o0, then the pdf in (21) tends to the pdf of the multivariate standard normal distribution.

5 Statistical Properties for Multivariate Double Slash Distribution

5.1 Moments

The expectation, variance and the first two moments of the multivariate double slash distribution are given in the following
proposition.

Proposition 7.1. If Y=p + X'/2XU~Y% has DSL.(y; 1, =, 1, qs), then its expectation and variance are given
by
E(Y)=pu, (24)

Y10

Var(¥)= (11—-2)(g5—2)

» 41, 42> 2. (25)

Proof: The moments of slash and uniform random variables are given in (11) and (12) respectively. Since X and U are
independent, then the first two moments of Y is

E(Y) = E(u+X'/2XU /%)
=+ SV2PEXU V) =4, (26)

B(Y?)=E( (u—i—El/QXU—l/qz)Q )

2
= B(u*+2uB XU %43 (XUHe))

2 Yq1q2

M 2) 4, 2) @7

From (26) and (27), one can easily get (25).

5.2 Marginal distributions

Since the marginal distributions of a multivariate slash distribution are still slash distributions (see Wang and Genton [26]),
the marginal distributions of a double slash distribution are also still double slash distributions. The following proposition
states this fact.

Proposition 8.1.1. The marginal distributions of a double slash distribution are still double slash.
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Proof: It suffices to show without loss of generality that
/fk (y17 -y Yk 07Ik7 q1, q2)dys+1“dyk = fS (y17 oy Yss 07155 q1, q2) YY1, Ys € R. (28)

For every 0 < s < k. Substitution of the formula (21) in the left hand of the above gives

LHS = /fk(y1,--,yk;07Ik,q17qz)dys+1~dyk7

1 1
= q1q2/ (/ t“+k71/¢k(vty1, ..,vtyk;O,Ik)dys+1..dykdt> vy,
0 0

With substitution 541 = vtys41, ..., T = vty for v,t > 0 one has

/qﬁk(vtyl, Vty; 0, 1) dyst1..dyr = (vt)s_]C /qﬁk(vtyh s VY, Tsg1y oy Ty 0, I )dsp1. . dxge.

Because the marginals of the normal distribution are still normal, we have

/qﬁk(vtyl, oy VY, Tt 1oy Tio; 0, Tc)dw s g1 dxge = @5 (VY .., vty,; 015).

The last two equalities yield the desired equality.

5.3 Linear combinations

Since the distribution of a linear function of slash random vector is still slash (see Wang and Genton [26]), the distribution
of a linear function of double slash random vector is also still double slash, i.e. the multivariate double slash distribution
is invariant under linear transformation. The following proposition states this fact.

Proposition 8.2.1. If Y ~ DSLy(y;p, %, q1,q2), then its linear transformation W = b + AY ~ DSLy(b +
Ap, AEAT7 q1,G2), b is a vector in R* and A is a nonsingular matrix.

Proof: From the transformation, we have Y = A~! (W — b), therefore, the Jacobian determinant of the transformation
is |[A| ™", hence the pdf of W is

f(W): |A|71 fk (Ail (Wﬁb) 3 1 27 Q17 QQ)
1 1
=|A|™! Q1QQ/ (/ tath=lg (A~ (w—b)vt; put, E)dt) vt =1y,
0 0
We have
|A|71 ou(ATY (Ww=b) vt; pvt, ) = ¢y (wot; (b-+Apu) Ut,AEAT). (29)
Hence from (21) and (29), the pdf of W is

1 1
fw) = a1e / < / t2 TR gy (wot; (b+Ap) vt,AZAT)dt> LA gy
0 0

= fr(w;b+Ap, ASAT g1, q,).

This shows that W has a multivariate double slash distribution DSLy(b + Ap, ASA” q,,q,). It implies that the
multivariate double slash distribution is invariant under linear transformation.
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6 Likelihood Estimation

Proposition 5.1. Let yi,y2, ..., y, be a data set modeled by the DSL(u, 0, q1,q2) distribution in the location scale
form. Then the estimation of x4 and o2 are given by

A D Willi
b= =R (30)
D Wi
and
A 1 n 2
==Y wi(yi—h) (31)
n =1
where
fol (fol ~ tg1+2dt) v T2 dy Al A
w;(s) = ,8 = |yi — | /o. (32)

fol (fol (Svt) ta dt) v22dv

Proof: The log-likelihood function is given by

L(’U,, 0,41, QQ) - IOg H:Z:If(y’uﬂa g,q1, q2)

n 1 1 2
(vi—n)
=nlog [3/1—2(1—;} —nlogo + E 10g/ (/ e 207 “2t2t‘11dt> vdv.
4 0 0

i=1

Taking partial derivatives of the log-likelihood function with respect to 1« and o, assuming the shape parameters are fixed,
and equating the derivatives to 0, we get
8L(u, a,q1, q2)

=0
ou ’

_ i) ;)

(yw M) fo (J" Py, t2tlh+2dt) 0212

fol (fo i u)

3

=0.

2

Vg dt) v22dv

Using (32), we get
1 Z =0,
U :
Z Yiwi(s) = p Z wi(s)
i=1 i=1

thus (30) is obtained.
aL(H’7 0,41, q2)
oo

(yw M) fo (fo (yl “) V2t tq1+2dt) v2+2 4y

:0,

_E+Z =0.

A= <

1 _wi—m?2 oo
Joe =" Pradt ) vazdo

Using (32), we obtain
1 n
OEES SR
o3

thus (31) is obtained.

© 2020 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

468 NS e M. El-Morshedy et al.: Univariate and multivariate double slash distribution.....

7 Application

We perform a simulation study to investigate bias properties of the estimators asymptotically. All computations were
performed using R program and all program codes are available from the author on request.

7.1 Simulation results

Because of the complexity of the log-likelihood function, one cannot derive the information matrix. It is impossible to
find a theoretical asymptotic property of the maximum likelihood estimators. Therefore, we investigate the properties
of the estimators numerically. We perform simulations to investigate the properties (bias and variance) of the estimators
depending on the shape parameters. We first generate 500 samples of different sizes from the double slash distribution for
fixed shape parameters. Then, use the iterative forms of the estimators given in (30) and (31) to compute the estimates.
The Means and variances of the location-scale estimates of 500 samples of sizes n = 20, 50, 250, 500 from the double
slash distribution with = 1and o = 2, and (g1, ¢2) are equal to (2, 3), (3, 3), (3,4), (3,6) and (5, 2) as given in Table
(1).

The mean and variances of the estimates are given in Table (1).

Table 1. Simulation results for double slash distribution.

n | M@ V() M(7) V(7)
((Ilv (I2) - (27 3)

20 1.0089801 0.8766603 2.112191  0.3714785
50 1.0057378 0.4084151 1.971972  0.1079974
250 0.9931468 0.0633544 2.057733  0.0227480
500 1.0107949 0.0322603 2.006742  0.0177269
(q17 QQ) = (37 3)

20 0.9353532 0.7641253 2.034942  0.3193231
50 1.0073877 0.2864782 1.989331  0.1555472
250 0.9895778 0.0550117 1.991173  0.0184434
500 0.9875621 0.0278744 1.959431  0.0094265
((Ip (I2) — (37 4)

20 1.0231992 0.6865062 1.963236  0.2462273
50 1.0069928 0.2522465 1.933337  0.0876646
250 0.9986048 0.0548670 2.023148 0.4731074
500 1.0050103 0.0242011 2.025628  0.0079936
(q17 QQ) = (37 6)

20 1.0947817 0.5813642 1.973516  0.2241017
50 0.9685235 0.1995623 1.975382  0.0782994
250 0.9906496 0.0453823 1.954289  0.0146792
500 0.9985277 0.0213544 2.010562  0.0078255
((Ilv (I2) - (57 2)

20 1.0227201 0.7215455 2.009685  0.2966756
50 0.9945268 0.2695377 2.023486  0.1013172
250 1.0210454 0.0636307 2.036190  0.0200127
500 1.0122063 0.0288960 2.034938  0.0112197

. A A . . . .
Table (1) tells us that the estimates ;1 and 0 seem asymptotically unbiased. As the sample size increase, the variance
of the estimates approaches to 0, as expected.

7.2 Real data

In estimating the location and dispersion of a univariate data set, we usually use the sample mean and the sample variance,
respectively. These statistics are easily computed and efficient at the normal situation. However, if the data follow a
heavy-tailed distribution, they can give unreliable information about the location and scale parameters. In that case a
robust method can be used. In order to see the performance of the GSI estimators in the location-scale case, we consider
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Rosner data [39]. The data set consists of 10 monthly diastolic blood pressure measurements and as follows: 90, 93, 86,
92, 95, 83, 75, 40, 88, 80. We note that the observation 40 is far from the other observations. Thus, it is a (possible)
outlier. The sample mean of the data is 82.2, and the standard deviation is 19.1. They are influenced by the outlier badly.
In order to summarize the location and scale of the data more accurately, we must apply a robust method. Note that the
mean without the outlier, which is robust by an appropriate rejection rule, is 86.9 and the median is 87. The location.Ims
function in S-Plus gives the LMS-estimates of location and scale as 90.8 and 5.1, respectively. We can also find estimates
by modeling Rosner data with some heavy-tailed distributions such as exponential power (EP) and generalized t (GT) and,
of course, the GSI. We use nlminb function in S-Plus to find the estimates. The fitted distributions are compared using
some criteria, namely the maximized log-likelihood (-L), Akaike Information Criterion (AIC), correct Akaike information
criterion (CAIC), bayesian information Criterion (BIC) and Hannan-Quinn information criterion (HQIC). The results are
in Table (2).

Table 2. The MLE, log-likelihood, AIC, BIC, CAIC, and HQIC values.

Model | p ¢4 @ a4 o L AIC BIC CAIC HQIC
N —— - —— 853 102 415 87.0 87.6 887 863
EP 1 — —— 875 94 393 826 832 843 819
SI —— 6 —— 882 89 389 818 824 835 811
GT |1849 —— —— 865 6.7 378 79.6 802 81.3 789
GSl 15 6 —— 905 53 358 756 762 773 749
DSI —— 6 6 908 5.1 349 730 736 747 723

It is clear that from Table (2) that the DSI distribution is the best distribution for fitting this data among all the tested
distributions, as the DSI has the smallest valu of -L, AIC, CAIC, BIC, and HQIC.
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