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Abstract: In this paper, we define a new typeNfgroup action, calleti-group soft union$U) action on a soft set. This new concept
illustrates how a soft set effects on BRgroup structure in the mean of union and inclusion of setsifunctions as a bridge among
soft set theory, set theory amdtgroup theory. Furthermore, we derive its basic propestiik illustrative examples, investigate the
relationship betweeN-group Sl-action defined in32] and N-group SU-action and obtain some analog of classiajroup theoretic
concepts folN-groupSU-action. Finally, we give the applications Nfgroup SU-actions toN-group theory.
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1 Introduction SU-action gathers soft set theory, set theory &hdgroup
theory, it is useful in improving the soft set theory with

Molodtsov 3] introduced soft set theory in 1999 for respect taN-group structures. Based on this new concept,

dealing with uncertainties and it continues to experiencewe then introduce the conceptsdfideal SU-action and

tremendous growth and diversification in the mean ofwe show that ifN is a zero-symmetric near-ring, then

algebraic structures as id,p,10,14,15,16,18,19,26,28, everyN-ideal SU-action ovelU is anN-groupSU-action

29,30,31,34]. over U. Moreover, we investigate these notions with
Operations of soft sets have been studied by someespect to soft pre-image, soft anti image anthclusion

authors. Maji et al. 20] presented some definitions on of soft sets and obtain a significant relationship between

soft sets and based on the analysis of several operatiors-group Sl-action andN-group SU-action. Finally, we

on soft sets Ali et al.3] introduced several operations of give some applications df-group SU-action toN-group

soft sets and Sezgin and Atagi&V] studied on soft set theory.

operations as well. Moreover, soft set relations and

functions f] and soft mappingsZ2 with many related

concepts were discussed. The theory of soft set also has2 Preliminaries

wide range of applications especially in soft decision

making as in the following studies’[6,13,21,24]. In this section, we recall some basic notions relevant to
Sezgin et al. 32 introduced a new concept to the N-groups and soft sets. Byreear-ring, we shall mean an

literature of N-group, calledN-group soft intersection algebraic systenN, +,.), where

action and abbreviated asN-group Sl-actioi In this

paper, we define a new type BfFgroup action on a soft

set, which we callN-group soft union actionand

abbreviate as N-group SU-actioh While N-group

Sl-action is based on the inclusion relation and

intersection of setsN-group SU-action is based on the Throughout this papeN will always denote a right near-

inclusion relation and union of sets. Sindé-group  ring. A normal subgroup of N is called a left ideal oN

N1)(N,+) forms a group (not necessarily abelian)

N2)(N,.) forms a semigroup and

N3)(a+ b)c = ac+ bcfor all a,b,c € N (i.e. we study on
right near-rings.)
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if n(s+i) —nse | for all n,se N andi € | and denoted by
I <y N.
Let (I",+) be a group and

U:NXT =T
(n,y) —ny

(I, u) is called anear-ring moduler N-groupif ¥x,y € N,
Vyerl,

x(yy) = (xy)y and

i) (X+y)y =xy+yy.
It is denoted byl . Clearly N itself is an N-group by
natural operation. LeE be a group, written additively but
not necessarily abelian, and lé¥1(G) be the set
{f|f : G— G} of all functions fromG to G. An addition
operation can be defined di(G): given f, g in M(G),
then the mapping+ g from G to G is given by
(f4+9)(x) = f(x)+g(x) for all xin G. Then(M(G), +) is
also a group, which is abelian if and onlyGf is abelian.
Taking the composition of mappings as the product |,
M(G) becomes a near-ring. LEtbe a group. Then, under
the operation below:
H:M(G)xG—G

(f,a) —f(a)

G is an M(G)-group. For a near-ringN, the
zero-symmetric part oN denoted byNy is defined by
No = {ne€ N | n0=0}. A subgroupA of I with NA C A
is said to be amN-subgroupf I and denoted byA <y I.
A normal subgroug) of I is called anN-idealof I' and
denoted byA AN T, if Yy eI, Vo € A, Vn € N,
n(y+9d)—nyec A. Let N be a near-ring[" and¥ two
N-groups. Then, h : I — ¥ is called an
N-homomorphisrif Vy,d € ', Vn € N,

Dh(y+8) =h(y)+h(5) and
if)h(ny) = nh(y).
For all undefined concepts and notions we refer2§.[

From now onU refers to an initial universe is a set of
parameters?(U) is the power set df andA,B,C C E.

Definition 1.[6,23] A soft set f over U is a set defined by
fa:E — P(U) such thatf(x) = 0if x ¢ A.

Here, f is also called approximate function. A soft set
over U can be represented by the set of ordered pairs

fa={(x, fa(x)) : x€ E, fa(x) € P(U)}.

It is clear to see that a soft set is a parametrized family of

subsets of the séi. It is worth noting that the setf(x)

Definition 2.[6] Let fo and 5 be soft sets overU. Ther f
is a soft subset ofgf denoted by AC fg, if fa(x) C fg(X)
forallx € E.

Complement of the soft set éver U, denoted by f
is defined as f(a) =U \ fa(a) forall a € E.

Definition 3.[6] Let fa and §& be soft sets over U. Then,
uni~on of i and &, denoted by fUfg, is defined as
faUfg = fooe, Where fg(X) = fa(x) U fg(x) for all
xeE.

Inlersection of £ and f, denoted by A f, is defined
as faNfg = fu5g, Where f=g(X) = fa(x) N fg(x) for all
xeE.

Definition 4.[6] Let fa and & be soft sets over U. Then,
Vv-product of f and fz, denoted by £V fg, is defined as
faV fs = fave, Where hys(X,y) = fa(x) U fg(y) for all
(x,y) e ExE.

A-product of f and fg, denoted by A/ fg, is defined
as fa A fs = fang, Where fing(X,y) = fa(X) N fa(y) for all
(x,y) e ExE.

Definition 5.[7] Let fo and & be soft sets over the
common universe U an® be a function from A to B.
Then, soft image ofafunderW¥, denoted by (fa), is a

soft set over U by
_ B -1
(W(fa))(b) = {g{fA(w ach and Wi = b, Ifottﬁer\svti’ggé >

forallb € B. And soft pre-image (or softinverse image)
of fg undery, denoted bW —(fg), is a soft set over U by
(W~1(fg))(a) = fa(W(a)) forallac A.

Definition 6.[8] Let fao and §& be soft sets over the
common universe U an® be a function from A to B.
Then, soft anti image ofafunderW, denoted by*(fa),

is a soft set over U by
_ i -1

(W (fa)) (b) = {Q{fA(a) |lac A and ¥(a) = b}, Ifotlﬁer\svtizj % for

allb € B.

Theorem 1[8] Let fo and s be soft sets over U £f f§ be
their complements, respectively attdbe a function from
Ato B. Then,

DWL(fE) = (P~ (fe))"

) W(fR) = (¥*(fa))" andW*(f5) = (¥(fa))".

Definition 7.[9] Let fa be a soft set over U and be a

subset of U. Then, upper-inclusion of f, denoted by
2%, and lowera-inclusion of f, denoted by %, are

defined as

f%={xcAlfa(x) Da}and % = {xcA| fa(x) Ca}l,

respectively.

may be arbitrary. Some of them may be empty, some may
have nonempty intersection. If we define more than one

soft set in a subséh of the set of parameteis, then the
soft sets will be denoted b¥a, ga, ha etc. If we define
more than one soft set in some subsaiB, C etc. of
parameter&, then the soft sets will be denoted Iy, fg,

fc etc., respectively. We refer to6,[11,12,20,23] for

further detalils.

3 N-group SU-actions andN-ideal SU-actions

In this section, we first definl-group soft union actions
abbreviated as N-group SU-actions and N-ideal
SU-actions with illustrative examples. We then study their
basic properties with respect to soft set operations.
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Definition 8.LetI” be an N-group and/f be a soft set over
U. Then, f is called a N-group SU-action over U if it
satisfies the following properties:

NEr(x+y) € fr(x)uUfr(y),
i fr(—x) = fr(x),
i) f - (nx) € fr(x)

forallx,y € I' and ne N.
Example 1LetN = {0, 1,2, 3} be the (right) near-ring due

to [25] (Near-rings of low orderD-5)) with the following
tables:

Proof Suppose thatfr is an N-group SU-action over.
Then, by Definiton 8, fr(xy) € fr(y) and
fr(x—y) € fr(X) U fr(~y) = fr(x) U fr(y) for all
x,yerl.

Conversely, assume th§t (xy) C fr(y) and fr (x—y) C
fr(x)U fr(y) forall x,y € I". If we choosex= Or, then

fr(Or —y) = fr(=y) C fr(Or)Ufr(y) = fr(y)
by Proposition 1 Similarly,
fr(y) = fr(=(=y)) € fr(=y), thusfr(=y) = fr (y) for
all y € T. Also, by assumption

fr(x+y) C fr(x) U fr(=y) = fr(x) U fr(y). Thus, the

+]0 1 2 3 [0 1 2 3 proof is completed.
0|0 1 2 3 0[|0 0 O O
11 2 3 0 110 1 1 O Theorem 3Let fr be an N-group SU-action over U. If
212 3 0 1 2|0 2 2 0 fr(x—y)= fr(0r) forany xy € I, then (x) = fr (y).
313 01 2 3103 30 Proof Assume thatfr (X —y) = fr(Or) for anyx,y € I'.
Let T = N be the sets of parameters and Then,
X : . fr(x) = fr(x=y+y)
U= {{x | X,y € Zq p, 2 x 2 matrices withZ, terms, C fr(x—y)Ufr(y)
is the universal set. We construct a soft febverU by = fr(Or)ufr(y)
= fr(y)
fr(0) = { [g 8} } and accordingly
fr(Y); IFE(Y—>)<)+](X)()
10| |[20] |30 C friy—x)uUfr(x
fr(1)=1r(2)=1r(3) = { {1 0} ) [2 0} ) [3 0} } = fr(—=(y=x)Ufr(x
. . = fr (Or) U fr (X)
Then, one can easily show that the soft §etis an N- = fr(x).

groupSU-action ovelJ.

Example 2n Examplel, assume thaf is again the set
of parameters and = & is the universal set. We define a
soft setfr by

fr(0)={e}, fr(1)={e (13)(24)},
fr (2 ) {e, (12)(34) (1234), (2134} and
() {e (13)(24), (134)}.
Sincefr (2-1) = fr (2) ¢ fr (1), fr is not anN-groupSU-
action ovelJ.

It is known that ifN = N, thennOr = Or for all n € N.
Therefore, ifN is a zero-symmetric near-ring and if we
takel" = {Or}, then fr is anN-group SU-action overJ
no matter howfr is defined and no matter whidtis.

Proposition 1Let fr be an N-group SU-action over U.
Then, F(Or) C fr(x) forallxer.

ProofAssume thatfr is an N-group SU-action overU.

Thus, fr (x) =

It is known that ifl" is anN-group, then(I", +) is a group
but not necessarily abelian. That is, foragy € I', x+Yy
needs not be equal ty + x. However, we have the
following:

fr (y), completing the proof.

Theorem 4Let f- be an N-group SU-action over U and
xe . Then,forallye I

fr(xX)=fr(0r) & fr(x+y)=fr(y+x) = fr(y)

ProofSuppose thafr (x+y) = fr (y+x) = fr (y) for all
y € . Then by choosing = Or, we obtain thatfr (x) =
fr (0r). Conversely, assume thét (x) = fr(0r). Then,
by Propositior, we have

fr(Or) = fr(x) C fr (y),

Sincefr is anN-groupSU-action ovelJ, then

fr(x+y) S fr(x)ufr(y)="fr(y), vyer.

wer. (1)

Then, for all x € I, fr(0r) = fr(x—x) C

fr () U fr (=x) = fr (x) U fr (x) = fr (x). Furthermore, for aly € I
Theorem 2Let” be an N-group andf be a soft setover  f-(y) = fr (=x)+x)+y)
U. Then, f is an N-group SU-action over U if and only if = fr (=x+ (X+Y))

Dfr(x—y) S fr()Ufr(y) C fr(—x) U fr(x+y)

i fr(nx) C fr(x) = fr(X)Ufr(x+y)
forallx,y € I and ne N. = fr(x+vy)
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Because, byl), fr(x) C fr(y) forallye " andx,y e I

implies thatx+y € I". Thus, fr(x) C fr(x+y) and sit
follows thatfr (x+y) = fr (y) forallye I . Now, letxe I".

Then, forallye I

fr(y+x) = fr(y+x+(y-y))
= frly+(x+y) -y
C fr(yUfr(x+y)Ufr(y)

y)Ufr(x+y)
Y);
sincefr (x+y) =

fr(y) = fr(y+(x—x))
fr((y+%) —x)
fr(y+x) U fr(x)
fr(y+x

by (2). It follows that fr (y+x) =
friy+x)=fr(y)forallyer.

_f[_

A~ I~/ —

_fl—

fr (y). Moreover, foraly € I,

N

fr(y), so fr(x+y) =

In [32], Sezgin et al. showed that-product of two
N-group Sl-actions overU is an N-group Sl-action.
However, we have the following foM-groupSU-actions:

Theorem 5If f- and f, are N-group SU-actions over U,
thensois f Vv fa overU.

ProofBy Definition 4, let fr v fo = frya, where
frua(xy) = fr (X)U fa(y) for all (x,y) € E x E. Sincel"
andA areN-groups, then™ x A is anN x N-group. So,
let (x1,y1), (X2,¥2) € ' x A and(ng,ny2) € N x N. Then,

(%2,¥2)) = frva(xe—x2,y1—Y2)
= fr(xa—x)Ufa(y1—y2)
C (fr(x) U fr (x2)) U (falyr) U fa(yz))
= (fr (x0) U fa(y1)) U(fr(x2) U fa(y2))
= frua(x1,y1) U frua(Xe,y2)

frva((xe,y1) —

frva(nixe, nays)

fr (n1xa) U fa(n2yr)
fr (x1) U fa(y1)
frva(X,y1)

Thus, fr Vv f, is anN-groupSU-action overJ.

frya((ng,n2)(x,y1)) =

N

In [32], Sezgin et al. showed that fi- andhr are two
N-group Sl-actions overU, then so isfrnhr overU.
However, we have the following fa\-groupSU-actions:

Theorem 6lf fr~and h- are two N-group SU -actions over
U, then sois fUhr overU.

ProofLetx,y € ' andn € N, then

(frUhr)(x—y) = fr (x—y)Uhr (x—y)
C (frQUtr(y))u(hr(x)Uhr(y))
= (fr(¥)Uhr (x) U (fr(y) Uhr(y))
= (frUhr)(x) U (frUhr)(y),

(frUhr)(nx) = fr (nX) Uhr (nx)
C fr(x)Uhr(x)
= (frUhr)(x)
Therefore,fr Uhr is anN-groupSU-action ovetJ.

Definition 9.Let " be an N-group andf be an N-group
SU-action over U. Thenffis called an N-ideal SU-action
of I" over U if it satisfies the following properties:

Nfr(x+y) C fr(x)Ufr(y),

i fr(—x) = fr(x),

i) fr(x+y—x) € fr(y),

V) fr (n(x+y) —nx) € fr(y),
for all X,y € I and n € N. Here, note that
fr(x+y) C fr(x) Ufr(y) and f(—x) = fr(x) imply
fr(x—y) C fr(x)U fr(y).

Example 3.etN = {0,1,2, 3} be the (right) near-ring due
to [25] (Near-rings of low order-10)) with the following
tables:

+]0 1 2 3 |0 1 2 3
0/0 L 2 3 0[]0 0 0 O
11230 1/0 1 2 1
2|2 301 2|0 2 0 2
3/3 012 3|03 2 3

Letl” = N be the sets of parameters duid= D3, dihedral
group, be the universal set. We define a softfsedverU
by

fr (O) = {E,X}, fr(l) =fr (3) = {E,X,yX7yX2}, fr (2> = {e,X,sz}.
Then, one can show thdit is anN-ideal SU-action of I
overU.

Example 4.et N = {0,a,b,c} be the (right) near-ring per
scheme 2 @5], p. 408) under the operations defined by the
following tables:

+]0 a b c .0 a b ¢
0/0 a b c 0|0 0 O O
ala 0 c b al0 0 a a
b|b ¢c 0 a b0 a b b
c|lc b a O c|l0 a ¢ c

Let " = N be the sets of parameters ddd= Z~ be the
universal set. We define a soft sét over U by
fr(0) = {3}, fr(a) = {~3,-5,—9}, fr(b) = {-3,~5,~9,~11,—15},

fr(c) =

Since fr(a(c+c) —ac) = fr(a0—ac) = fr(0—a) =
fr(0+a) = fr(a) € fr(c), fr is not an N-ideal
SU-action ofI” overU.

{-3,—11,—15}.

It is known that ifN is a zero-symmetric near-ring, then
everyN-ideal of " is also arN-subgroup of” [25]. Here,
we have an analog for this case:

Theorem 7Let N be a zero-symmetric near-ring. Then,
every N-ideal SU-action over U is an N-group SU-action
overU.
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ProoflLet fr be anN-ideal SU-action of " overU. Since
fr(n(x+y)—nx) C fr(y), forallx,ye lr andne N, in
particular forx = O, it follows thatf- (n(0r +y) —n0r ) =

fr (ny—0r) = fr (ny) C fr(y). Since the other conditions

is satisfied by Definitiord, fr is anN-group SU-action
overU.

In[32], Sezgin et al. showed thatproduct of twoN-ideal
Sl-actions ovel) is anN-idealSl-action ovetJ . However,
we have the following foN-ideal SU-action:

Theorem 8If f- is an N-ideal SU-action of and f, is
an N-ideal SU-action ofA over U, then f Vv f, is an N-
ideal SU-action of” x A overU.

ProofLet (x1,y1),(X2,¥2) and (ny,n2) € N x N. Then

froa((Xe,y1) — (X2,¥2)) € frya(xa,y1) U frua(xe,y2)
can be shown similar to TheoreBnNow,
frva((Xe, Y1) + (X2, ¥2) — (X1,¥1)) = frva(Xa+X2— X1, Y1 +Y2— Y1)
= fr(xa+x2—x)Ufalyr+y2—y1)
C fr(x)Ufaly2)
= frua(xe,y2),
and

f[_VA ((n17 nZ)((Xlayl) + (X27YZ)) - (nla nZ) (Xlayl))
= frva(n(xa +X2) — mxq, N2(y1 +y2) — N2y1)

= fr(nu(Xe +X2) — Mmx1) U fa(n2(ys +y2) — n2y1)
C fr(x)Ufa(y2)

= frua(xe,y2).

Therefore,fr Vv f4 is anN-ideal SU-action of " x A over
u.

In [32), Sezgin et al. showed that ff- andh;- are twoN-
ideal Sl-actions of” overU, then so isfrnhr overU.
However, we have the following fo¥-ideal SU-actions:

Theorem 9If f- and h- are two N-ideal SU-actions &t
over U, then fUhr is an N-ideal SU-action of over U.

ProofLetx,y € I' andn € N. Then,
(frUhr)(x—y) C (frUhr)(x) U (frUhr)(y)
can be shown similar to TheoreBnNow,

(fruhr)(x+y—X) = fr (x+y—X)Uhr(X+y—X)
C fr(y)uhr(y)
= (frOhr)(y)
(fnOhn) (N(X+Y) —nxX) = f(n(x+y) — NX) Uhn(n(x+y) — nx)
€ fn(y) Uhn(y)
_ = (fnUhn)(y)
Therefore frUhr is anN-ideal SU-action of” overU.

4 Applications of N-group SU-actions and
N-ideal SU-actions

Theorem 10Let fr be a soft set over U. Theny fs an N-
ideal SU-action of” over U if and only if £ is an N-ideal
Sl-action ofl” over U.

ProofLet fr be anN-ideal SU-action ofl" overU. Then,
forallx,ye " andne N,

fE(x—y) =U\ fr(x—y)
DU\ ((fr¥)ufr(y))
= U\ fr(x)nU\fr(y)
= fE)NTE(Y),

Also,

fF(X+y—x) =U\ fr(x+y—x)
2 U\ (fr(y))
= fF(y)
Furthermore,
fE(n(x+y)—nx) = U\ fr(n(x+y) —nx)
2 U\ (fr(y))
= fF(y)

which shows thaf ¢ is anN-ideal Sl-action of " overU.
The converse can be shown similarly.

Theorem 11If fr is an N-ideal SU-action of over U,
thenl; = {xel : fr(x) = fr(Or)} is an N-ideal of".

Proofltis obviousthat @ € It C I'. We need to show that
() x—yeTry, (i) y+x—ye i and (i) n(y+x)—nye I
forall x,ye i andne N andy e I". If x,y € I, then
fr (x) = fr(y) = fr (Or ). By Propositiort,

fr(Or) C fr (x—y), fr (Or) C fr (y+x—y) andfr (Or) C fr (n(y+x) —ny)
forallne N, x,y € s andy € I'. Sincefr is anN-ideal
SU-action of " overU, then for alln € N, x,y € It and
yer

(i) fr (x=y) € fr(x) U fr (y) = fr (Or),
(II) fr(V+X—V) - fr(X = fr(Or) and
(i) fr (n(y+xX) —ny) C () = fr(OF ).

Hence,

fr(x=y) = 1r (0r), fr (y+x—y) = fr (Or) andfr (n(y+x) —ny) = fr (Or)
forallne N, xye It andy € I". Therefore,[; is an
N-ideal of I".

Theorem 12[32] Let fr be a soft set over U and be a
subset of U such th& C a C fr(Or). If fr is an N-ideal
Sl-action over U, thenA® is an N-ideal of".

Theorem 13Let fr be a soft set over U and be a subset
of U such thatd C f-(Or) C a. If fr is an N-ideal SU-

In this section, first we obtain the relation between action ofl” over U, then £ is an ideal off".

N-ideal Sl-action andN-ideal SU-action of anN-group

overU and then give the applications of soft pre-image, ProofSincefr (0r) C a,then @ € f=* and 0 f=% C T.
soft anti image, lowera-inclusion of soft sets and Letxye fI_Q’, then

N-homomorphism toN-group theory with respect to

N-groupSU-actions andN-ideal SU-actions.

fr (x) C a andfr(y) C a.
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We need to show that References
(iyx—ye f£%, (i) y+x—ye f£% and(ii) n(y+x) —nye ¢ for

all x,y € f,-g", ne N andy e I". Sincefr is anN-ideal
Sl-action ofl" overU, it follows that

frx—y)Cfr(x)ufr(y) Caua =a,
fr(y+x—y)C fr(x) Caand
fr(n(y+x)—n)C fr(x) Ca.

Thus, the proof is completed.

Theorem 14[32] Let fr and f, be soft sets over U and
Y be an N-isomorphism from to A. If f- is an N-ideal
Sl-action ofl” over U, thert!(fr) is an N-ideal Sl-action
of A overU.

Theorem 15Let fr and f, be soft sets over U ané be

an N-isomorphism fronf to A. If fr is an N-ideal SU-
action of ™ over U, then¥*(fr) is an N-ideal SU-action
of A overU.

ProofLet f- be anN-ideal SU-action of" overU. Then,
f£ is anN-idealSl-action ofl" overU by TheoremlOand
Y(ff) is anN-ideal Sl-action of A overU by Theorem
14. Thus,W(ff) = (W*(fr))¢ is anN-idealSl-action ofA

overU by Theoremnl (ii). Therefore ¥*(fr) is anN-ideal
SU-action ofA overU by TheoremnlO.

Theorem 16[32] Let fr and f4 be soft sets over U and
Y be an N-homomorphism from N . If f, is an N-
ideal Sl-action ofA over U, thenW~1(f,) is an N-ideal
Sl-action ofl” over U.

Theorem 17Let fr and f, be soft sets over U ané be
an N-homomorphism froifi to A. If f5 is an N-ideal SU-
action ofA over U, thert?—1(f,) is an N-ideal SU-action
of " overU.

ProofLet f4 be anN-ideal SU-action ofA overU. Then,
f5 is anN-idealSl-action ofA overU by TheorenlOand

w-1(f£) is anN-ideal Sl-action of " overU by Theorem
16. Thus,W~1(f§) = (W~1(fa)) is anN-ideal Sl-action
of I overU by Theorenil (i). Therefore ’—1(f,) is an
N-ideal SU-action ofl" overU by TheorenlO.

5 Conclusion

In this paper, we have defined a new kind Nfgroup
action on a soft set, called-group SU-action. This new

concept is very functional for obtaining results in the
mean ofN-group structure, since it brings the soft sets,
sets and\-groups together. Based on the definition, we

have introduced the concept bfideal SU-action of an

N-group. We have then investigated this notion with
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