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Abstract: Tahir et al. (2014) proposed a new four parameter lifetime distribution called Weibull-power function distribution. In this
article, some simple recurrence relations for the single and product moments as well as for inverse and quotient moments have been
derived for the generalized upper record values ( k—th upper record values). Moreover, these relations are deduced for moments of upper
record values. Furthermore, conditional expectation, recurrence relations for the single and product moments and truncated moment
have been used to characterize this distribution.
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1 Introduction

A random variable X is said to follow Weibull-power function distribution if its probability density function (pdf) has the
form
_ 0Byl ()

= - aﬁ—xﬁ
F(x) (aB,xﬁ)OHe O<x<a, o,fB,0,y>0 (1)
and the corresponding distribution function (df) is
- (25)"
Flx)=e "\ePF/  O<x<a, «, B,0,y>0 2)
where
F(x)=1-F(x).
In view of (1) and (2), it is easy to see that
0+1
QﬁyF(x) _ Z (71)14 <9 + 1> aﬁ(97u)xﬁ(u76)+1f(x). 3)
u=0 u

The relation in (3) will be used to derive some simple recurrence relations for the moments of generalized upper record
values from the distribution given in (2).

Tahir et al. (2014) introduced Weibull-power function distribution, which demonstrates the bathtub-shaped, J and U
shaped hazard rate function and pointed out that this distribution is quite effective to provide consistently a better fit to
real data sets than other competitive distributions. It also has wider applications in the fields of reliability engineering,
mortality study, survival and lifetime data, insurance, hydrology and social sciences. It is an extension of power function
distribution and is based on Weibull-G generator, pioneered by Bourguignon et al. (2014).
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The statistical study of record values started with the work of Chandler (1952), who formulated the theory of record
values as a model of successive extremes in a sequence of independently and identically (iid) continuous random
variables. Feller (1966) presented some examples of record values with respect to gambling problems. Resnick (1973)
discussed the asymptotic theory of records. Later, Minimol and Thomas (2013) called the record values defined by
Dziubdziela and Kopocinski (1976) as the generalized record values, since the r—th member of the sequence of the
ordinary record values is also known as the r— th record value. If k = 1, we obtain the ordinary record statistics.

Several applications of k—th record values can be found in pieces of literature. For instance, refer to the examples cited
in Kamps (1995) as well as Danielak and Raqab (2004) in reliability theory. Suppose that a technical system or piece of
equipment is subject to shocks, e.g. peaks of voltages. If the shocks are viewed as realizations of a sequence, the model
of ordinary records is adequate. If it does not represent the records themselves, but second or third values are of special
interest, the model of k—th record values is beneficial. Record statistics are applied in estimating materials strength,
predicting natural disasters as well as sport achievements. For statistical inference based on ordinary records, serious
difficulties arise if expected values of inter arrival time of records are infinite and occurrences of records are very rare in
practice. This problem is avoided once we consider the model of generalized record statistics.

Let {X,, n > 1} be a sequence of iid random variables with df F(x) and pdf f(x). The j—th order statistic of a

sample X1,X>,...,X, is denoted by X;.,. For a fixed positive integer k, we define the sequence {U,Ek)7 n > 1} of k—th

upper record times of {X,,, n > 1} as follows: Ul(k) -1

k e k
UVEQ] =min{j > U,S ) (X k-1 >XUr(’k):U’§k)+k71}.
The sequence {Y,,(k), n > 1}, where Y,,(k) = XU“‘) is called the sequence of generalized upper record values or k—th upper
record values of {X,, n > 1}. Note that for k = 1, we have Yn(l) = Xy,, n>1, which are the record values of
{Xu, n > 1} as defined in Ahsanullah (1995). Moreover, we see that Yo(k) =0and Yl(k) =min(X1,X2, ..., Xg) = X1:k-

The pdf of Y,,(k) and the joint pdf of Y,,(lk) and Y,,(k) are given by Dziubdziela and Kopocinski (1976) as well as Grudzien
(1982), respectively

fY,fk) (x) = % [—lnF(x)]”*' [F(x)]kfl ), n>1, @
legzk)aYrgk) (-x7y) = (mi 1)'(inim7 1)' [—lnF(x)]mil %

<[InF () — nF ()] " [FO)E f0), x<y, 1<m<nn>2 (5

and the conditional pdf of Y,Ek) given Y,E,k) =x,Iis

0 k-1
! [InF (x) — InF (y)]" ! (M) M x<y. 6)

kn*ﬂ’l
Ty OR) = ¢ Fx)) F(x)’

n—m-—1)
For some recent developments on generalized upper record values with special reference to those arising from exponential,
Gumble, Pareto, generalized Pareto, Burr, Weibull, Gompertz, Makeham, modified Weibull, exponential-Weibull, additive
Weibull distributions and Kumaraswamy-log-logistic distribution see Grudzien and Szynal (1983, 1997), Pawlas and
Szynal (1998, 1999, 2000), Minimol and Thomas (2013, 2014), Khan and Khan (2016) and Khan ez al. (2015,2017) and
Singh et al. (2019), respectively. In this article, we investigate the moment properties of generalized upper record values
arising from the Weibull-power function distribution. Furthermore, conditional expectation and recurrence relations for
single moments of generalized upper record values and truncated moment are used to characterize this distribution.

2 Relations for Single Moments

In this section, we derive simple recurrence relations between moments of generalized upper record values from the given
distribution.
Theorem 2.1. For the distribution given in (2), fix a positive integerk > 1,n > 1and j =0,1,...

; ; . 0+1 :
J J Wf0+1 u J+B(u=6)
u=0

© 2020 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro. 9, No. 2, 309-318 (2020) / www.naturalspublishing.com/Journals.asp NS e 311

Proof. In view of Khan ef al. (2017), note that
i k!

B j = —
= m/ K1 [_lnF(x)]nfl [F(x)]kdx. ®

o

j j jkn71 6+1 . 0+1 »
) B0 = ggamm 5y )
Cu=0

x /O I BW=0) ()] [F ()] Fx)dx.

which upon simplification yields (7).
Corollary 2.1. Setting n = 1 in (7), we deduce the following result for Weibull-power function distribution in terms of
moments of minimal order statistics

. . 0+1 9+1 )
j__J R B(6—u) \i+B(u—6)
E(X14) keﬁm;o( 1)( y )a E(X)

and subsequently

u=0 u

Corollary 2.2. Putting k = 1 in (7), the recurrence relations for single moments of upper record values from the Weibull-
power function distribution has the form

.0+l
i_ i EPTVY R W T J+Bu—0)
B, = £, )+ g 3 (7 a0 e

3 Relations for Product Moments

In this section the recurrence relations for product moments of generalized upper record values are presented.
Theorem 3.1. For the distribution givenin (2)andm > 1l and i,j=0,1,2,...

- 0+1
K)i oy ®) Vi1 — iy Oyt (0 gse-w
LY ) = EL0 )+ g T -1 (7))
XE[(K#))I'(Y;QI )j+ﬁ(u*9)]_ )

andfor 1 <m<n-2,i,j=0,1,2,...

E[r0) (0] = E[(rPyi(x® )i 4 I "f(_] ) (9 + 1) o0

k6By =, u
XE[(Y)) (1) B =0)). (10)
Proof. From Khan et al. (2017), we have
NI CN T NP N k! PP
E ) 0= E0R0 000 = o [
X [—InF (x)]"! % [—InF (y) 4 InF (x)]"~"Y[F (y)*dydx. (11)
Using (3) in (11), we have
NN R N SR K & (01 plo-u
E[(Ym )(Y’l )j] E[(Ym )(Ynfl)J] - (mfl)'(nfmfl)'eﬁyugb( 1) u (04
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< [* [ O o L ) 4 i RO )
0 X F(x)

which establishes (10).
Now substituting n = m + 1 in (10) and noting that E[(¥,\" ) (¥,\)7] = E[(¥,F)+1], we get (9).

One can also note that Theorem 2.1 can be deduced from Theorem 3.1 through setting i = 0.

Corollary 3.1. At k = 1 in (10), we see that the recurrence relations for product moments of upper record values from the
Weibull-power function distribution have the form

. ) . i - 0+1
I (%, = £l 08, V] + 5 T (-1 (77 )00

xE|((Xy,)' (Xy,)TPU0).

4 Relations for inverse moments

In this section, we present the recurrence relations for inverse moments of the generalized upper record values from the
aforementioned distribution.
Theorem 4.1. For the distribution given in (2), fix a positive integer k > 1 forn > 1 and j > 1

1 J J 0+1 . 9+1 B(6u) 1 J—Bu—0) 1 J
E(w) —kem)lo“)( u )“ E(@) E<W>- (12

n—1

Proof. Using (4), we see that

n—1

1/ k" a I B
E(m) - ﬁ/o X [=nF ()" F ()] f(x)dx. (13)

Integrating (13) by parts, taking '[F(x)]*~! f(x)’ as the part to be integrated and rest of the integrand for differentiation,
then using (3) and simplifying the resulting expression, we obtain the result given in (12).

Corollary 4.1. Setting k = 1 in (12), we deduce the recurrence relations for the inverse moments based on upper record
values from the Weibull-power function distribution as

1 J ] 0+1 (9 + 1) 1 j—B(u—0) 1 J
(L) = Ly aﬁwwg(_) —E( ) |
(XUn) eﬁy u;()( ) u XUn XUnfl

5 Relations for Quotient moments

This section involves the recurrence relations for the Quotient moments of generalized upper record values from this
distribution.

Theorem 5.1. For the distribution given in (2), fix positive integer k > 1, for | <m <nandi,j=0,1,...

(Y,7(1k))1) B j 0+1 B u(9+ 1) B(0—1) ( (Y,7(1k))l ) - ( (Yr7(1k))l)
E(m"")f repr U ) ) ) "
Proof. From (5), we have
(YrSlk))i _ K" ¢ i 7 m—1 f(x)

E((Yn(k))j) — (mil)!(nimil)!/o P I (15)
where u

I(x) = /x Y [=InF (y)+ InF (x)]" " [F ) £ (). (16)
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Integrating I(x) by parts, taking '[F (y)]*~! f(y)’ as the part to be integrated and rest of the integrand for differentiation,
then substituting the resulting expression in (15) and simplifying, we get the result given in (14).

Corollary 5.1. Under the assumptions as stated in Theorem 5.1 with n = m + 1, the following relation holds

E(((Ylglm),») B kejﬁyei](l)u@:l) aﬁ(eu)E<%> —E(®X) ), (17)

k .
v = e

Corollary 5.2. Setting k = 1 in (14), we deduce the recurrence relations for the quotient moments based on upper record
values from the Weibull-Power function distribution as

(R (e i) ) o

6 Characterizations

The following theorems involve characterization results for this distribution based on recurrence relations for single and
product moments, conditional moments as well as truncated moment.

Theorem 6.1. Fix a positive integer k > 1 and let j be a non-negative integer. A necessary and sufficient condition for a
random variable X to be distributed with pdf given by (1) is that

. . . 0+1 i
O K J J W[O+1 u k) J+Bu—6)
E(Yn( )) :E(Yn(,)1) JFW 2 (-1) ( " )O‘ﬁ(a >E(Yn( )) : (19)
u=0

forn=1,2,....n > k.
Proof. The necessary part follows from (7). On the other hand if the recurrence relation in (19) is satisfied, then using
Khan et al. (2017), we have

1 n—1 o _ =
(’kﬁ/o 7 [ InF ()" [P () dx

jknil T u 6+1 —u * u— » n—1r1i -
= ol LV (O e [ e e

which implies

o 6+1
/0 [ InF () (! {F(x) - %y Y (—1) (9 M 1) P (6= Bu=0)+1 f(x)}dx ~0. (20)

u=0 u

Now applying a generalization of the Miintz-Sz4sz theorem (see for example Hwang & Lin, 1984) to (20), we get

0BYF() = Y (~1)" (O 1) aso-msory,

u=0 u

which proves that f(x) has the form as given in (3).
Corollary 6.1. If k = 1 in (19), we obtain the characterizing result based on upper record values for the Weibull-power
function distribution as

) ) : 6+1 0-+1 )
B0 =B, )+ g X 0 (O ) a0 e
Bﬁyuzo u

Theorem 6.2. For a positive integer k , let i and j be non-negative integers. A necessary and sufficient condition for a
random variable X to be distributed with pdf given by (1) is that

P 6+l
(k)i (K)y g (k)i yr (k) N j J (O B0—u) iy KNy () 4B (u—0)
ELH 080)) = ETY 0,0+ g X (7T ase e
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Proof. The necessary part follows from (9). On the other hand if the relation in (21) is satisfied, then using Khan et al.
(2017), (21) can be expressed as

in—1 o ro _ X ~ B
i | A () L nF ) 4 F

(m—1)(n— F(x)
sn—1 6+1
X[FO)) dydx = (m— 1)z(ikfmf 1)!9ﬁyu§)(_1)u (6: 1) o
[ O L () + O PO Py
which implies that
[ P B )+ P RO
6+1
% {F(y) B %ﬁ’y zt.o(l)u (9 ;L 1) aﬁ(ﬂu)yﬁ(u9)+1f(y)}dydx —0. (22)

Applying a generalization of the Miintz-Szdsz Theorem, (see for example Hwang and Lin, (1984)) to (22), we get

OBYF(y) = 6)il(*l)“ (6 - ]) P Oy PU=OH (),

u=0 u

which proves that f(y) has the form as given in (3).
Corollary 6.2. If we assume k = 1 in (21), we obtain the following characterizing result for the Weibull-power function
distribution based on upper record values

. - 041
B0, 0] = £, 0, )+ 3 (0 (70 ) o, 0000

Theorem 6.3. Let X be a non-negative random variable having an absolutely continuous df F(x) with F(0) =0 and
0<F(x)<1forall0<x< a,then

®) | (p® )" (k-
B0 | () =a = Tt ()" i=m m (23)

if and only if

—( B )9
F(X)ZI—e af —:P s O<X<a, a, ﬁ795y>0'

where

x (—) EASZP (24)
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By setting u = 75 = eﬁ in (24), we have
E*V(aéiwﬁ
E[E (Y(k)) (Y(k)) =x] = ﬂefy(xﬁ/(aﬁfxﬁ))e /.luk(—lnu)"fmfldu (25)
8 " (n—m—1)! Jo '
In view of Gradshteyn and Ryzhik (2007, p.551), note that
! r
/ (—Inx)"x"ldx = —”,y >0,v>0. (26)
0 \%s
Substituting (26) in (25), we have the result given in (23).
To prove the sufficient part, we have
km @ (B rabB)) . = N\ neme e Tk -
Py O NN () — ) F O 00y = [F ) ), 27)
where .
(B /(BB n—m
gn\m(x) =e 7( e )) (/H»Ll) ’
Differentiating both the sides of (27) with respect to x, we get
knimf(x) “ 7y(yﬁ/(ocﬁ 7yﬁ))9 i i n—m—2
e D) / ¢ InF (x) — InF ()]
X [FO) )y = 810 (O F ()] —k g () [F ()] f (x)
or
k a1 (X)[F (0] f (x) = g3 (X [F ()] = k 310 (0)[F ()] ()
Consequently,
!/
fo 8jm(X) _ 0pyabiPo! 08)
F()C) k[gn\mel (x) - gn\m(x)] (aﬁ _xﬁ)GJrl
where oul
+ —m
xB e,y(xﬁ/(aﬁ,xﬁ))e ( k )n ,
k+1

/ _ B -B-1
gn\m(x) =« GB’}/X <aﬁ —xB
U y(Bj(ab—a8))® (kN
B _ L v/ (aP —x )) -
gn\m+1(x) gn‘m(x) ke (k+1) '

Now integrating both sides of (28) with respect to x between (0, ), the sufficiency part is proved.
Theorem 6.4 Suppose that an absolutely continuous (with respect to Lebesgue measure) random variable X has the df

F(x) and pdf f(x) for 0 < x < ¢, such that f(x) and E(X|X < x) exist for all x, 0 < x < @, then
EX[X <x) =g(x)n(x), (29)

where (
)
n(‘x) - F()C)
and ,
1B/ (aP —xP x
(aB —xBYO+1 (o —xﬁ)‘”'e?’( /(aP—xP)) / e,y(uﬁ/(aﬁ,uﬁ))edu.
0

g(x) = 0B PP 7O aP PO

if and only if
(30)

L
) = (o —apyrie () 0cica apoyso
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Proof. From (29), we have

E(X|X <x) / uf(u
B 6Byal x ubo-1 ,y(uﬁ/(aﬁ,uﬁ))e
= ) /0 M(aﬁfuﬁ)ﬂﬂe du. (€2))

PO e,y(uﬁ/aﬁfuﬁ) 0 R

Integrating (31) by parts, taking ’ (CLETE

as the part to be integrated and the rest of the integrand for

differentiation, we get

1 x
E(X|X<x)= ) { _ e YOP /(0P )P +/O eY(uﬁ/(aﬁuﬁ))edu}. 32)

Multiplying and dividing (32) by f(x), we have the result given in (29).
To prove sufficient part, we have from (29)

|t =stoseo. (3)

Differentiating (33) on both sides with respect to x, we find that

xf(x) = g/ (x)f(x) + g(x).f (x).

Therefore,
J}((;)) = )%x)(x) [Ahsanullah ef al. (2016)]
" B—1 B.BO—1
_ (1-pe) Bo+1)xP oByaPalo-
ST (aP —xP) N (oB — xB)O+1” (34)
where

, 1-B6) BO+1)xP1  6ByalxPo-!
g(x)=x+g(x)<( N )_ ((ocﬁxﬁ) +(aﬁyax[s)e+1>'

Integrating both the sides (34) with respect to x, we have

cxPO-1 BB B)°
y(+B J o —x
f(x)fi( 5 x3)3 re ( )

Now, using the condition [y f(x)dx = 1, one obtains

7/ L P R N
aﬁfxﬁ o+1°¢ BOyal’

which proves that
6 ByolxBo-1 ,y(xﬁ/aﬁ,xﬁ)e

f(x :me O<X<(X, a, ﬁ,e,'}/>0

7 Conclusion

In this study, recurrence relations for the single and product moments as well as for inverse and quotient moments for
the generalized upper record values ( k—th upper record values) from the Weibull-power function distribution have been
established and some particular cases are also addressed, Furthermore, conditional expectation and recurrence relation for
single moments as well as product moments of k—th record values have been utilized to obtain the characterizing results
of the Weibull-power function distribution.
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