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Abstract: This paper addresses the controllability of a new class of Hilfer fractional non-autonomous evolution equations with nonlocal
initial conditions in Banach spaces. The investigation of the aforesaid system mainly depends on both the Krasnoselskii fixed point
theorem and the properties of evolution operators. An example is proposed to clarify the theoretical results.
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1 Introduction

In the past two decades, the study of the qualitative properties and applications of fractional differential equations has
captured the interest of many authors due to their applications in different branches of applied science and describing
physical phenomena more realistically (see [1,2,3,4,5]), especially with the emergence of several new definitions of
fractional differentiation (see [6]-[11],[12]). Among these new definitions is the so-called generalized Riemann-Liouville
fractional derivative D%# of order o with 0 < o < 1 and type B with 0 < B < 1. It has been initially presented by
Hilfer [13,14,15], accordingly many authors called it Hilfer fractional derivative. Such derivative includes the Riemann-
Liouville and Caputo fractional derivative by introducing only one additional real parameter 3 € [0, 1] (cf. Definition 3).
Some properties and applications of Hilfer fractional derivative are presented in [15]. Also, because of the singularities
found in the traditional fractional operators which are reckoned to make some difficulties in the modeling process, new
types of non-singular fractional operators were proposed in [16, 17].

The notion of controllability plays a decisive role in the advance of modern mathematical control theory. Exact
controllability allows steering the system to arbitrary final state, whereas approximate controllability implies that the
system can steer an arbitrary small neighborhood of final state. There are considerable relationships between
observability, controllability, optimal control, and stabilizability in both finite dimensional and infinite dimensional
control systems. For more contributions relevant to the controllability of evolution fractional differential equations and
inclusions, we refer the interested reader to the recent papers [18,19,20,21,22,23,24,25,26] and the references therein.

Many authors attempted to study approximate controllability of Hilfer fractional evolution equations by supposing
that the operator A is an infinitesimal generator of an analytic semigroup. We will briefly list some of these papers.

Recently, Liu et al. [27] investigated the finite approximate controllability of the Hilfer fractional evolution system in
Hilbert space

V0 0)=x, 0<v<1,0<pu<l,

{Dgfx(t) = Ax(t) + f(t,x(t)) + Bu(t), t € (0,b],
()+
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Ahmed et al. [28] studied the existence and established a set of sufficient conditions for controllability for the nonlinear
delay Hilfer fractional differential equation with impulsive condition

Dy x(t) = Ax(t) + Bu(t) + f£(1,x(11 (1)), o h(1,5)8(s,x(1a(5)))ds), 1 € (0,b],1 # 11
Ax'l:[k = Ik(x(tl:))5 k= 1525 Tee,m
1Y) =xp, 0<p<1,0<Vv <,

Min Yang and Qi-Ru Wang [29] discussed the approximate controllability of the Hilfer fractional differential
inclusions with nonlocal conditions in a Banach space X

DPx(t) € Ax() + F(1,x(1)) + Bul(1), 1 € (0,b],
1P 0) 4 () =x0, L<y<1,0<B <1,
Jun Du et al. [30] investigated the approximate controllability of the impulsive fractional differential inclusions involving
Hilfer fractional derivative
DIPx(t) € Ax(t) + F(1,x(1)) + Bu(t), t € (0,b], t # 1
Alé;vx(t”l:fk - Gk(tkax(tlz))a k=1,2,---,m,
LVx(0)]—o=x0, $<q<1,0<p<1,v=p+q-—pq.
In contrast, the controllability of Hilfer fractional differential equations is still in its early stages, especially with regard

to non-autonomous fractional differential evolution equations involving a family {A(z),# € J} of closed linear operators
which generates an evolution operators U (z,s), 0 < s <t < b.

In the present work, we discuss the controllability of a new class of non-autonomous evolution equations with Hilfer
fractional derivative of the form:

{Dg‘;ﬁx(t) = A(t)x(t) + Bu(t) + f(t,x(t)), t €J:=1[0,b], b>0, 0

t
Iy 7x(0) +g(x) =x, a<y=oa+p(l-a)<l,
where Dg;ﬁ denotes the Hilfer fractional derivative of order @, (0 < ot < 1) and type B, (0 < < 1), Ié; ¥ denotes the
Riemann-Liouville fractional integral of order 1 — 7, the state x(-) takes values in the Banach space (X, || - ||) and uy € X.
Let {A(z),t € J} be a closed linear operator defined on a dense domain D(A) in X into X such that D(A) is independent of
t and A(t) generates an evolution operator U (z,s), 0 < s <t < b in the Banach space X, the control function u(-) is given
in L2(J,U’), a Banach space of admissible control functions with U’ as a Banach space, and B is a bounded linear operator

from U to X. Finally, the function f : J x X — X satisfies the Carath¢odory condition, whereas g : C;_y(J,X) — X is
continuous function.

2 Preliminaries

In this section, we recall some notations, definitions, and lemmas which play a pivotal role throughout the paper.

We set J = [0,b], where b > 0 is a constant. Let C(J,X) be the Banach space of all X —valued continuous functions
from J into X equipped with the norm ||x||c = sup,; [|x(?)||, Vx € C(J,X).
Let L'(J,X) be the Banach space of all X-value Bochner integrable functions defined on J with the norm

kel = fo llx(0)dr.
Define a weighted space C_y(J,X) of all X —valued continuous functions w by
Ciy(J.X):={w:J—=X: " "w(t)eC(U,X)}, 0<y<I.
It is clear that Cy_(J/,X) is a Banach space with the norm
IWle,—, = e~ w(@) e = ftgllt'*YW(t)H-

First, we survey some essential definitions of the Riemann-Liouville fractional integral and derivative which will be
explained to the Hilfer fractional derivative, see [2,31].
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Definition 1. The left-sided Riemann-Liouville fractional integral of order o > 0 of a function y € L'([0,40),R) is
defined as

1

g () = (o) /O (t—5)%y(s) ds, 1>0, )

where I'(+) is the Gamma function.

Definition 2. The left-sided Riemann-Liouville fractional derivative of order o of a functiony : [0,+) — R is defined as

o oy L (AN e
DY) = Frra (dt) /O (t — )% Yy(s) ds, 1 >0, 3)

wheren—1<a<n,neN.

Remark. If y is an abstract function with values in X, then the integrals in Definitions 1 and 2 are taken in the sense of
Bochner. That is a measurable function y maps from [0, +e0) to X is Bochner integrable, if ||y|| is Lebesgue integrable.

Definition 3. The right-sided Hilfer fractional derivative operator of order a. (0 < ov < 1) and type B (0 < B <1)is

defined as
Py = (800 (157 )) (), 4)

. d
where D 1= .
This generalization (4) will be reduced to the Riemann-Liouville fractional derivative as B = 0. In addition, it will be
reduced to the Caputo fractional derivative as § = 1.
In the light of the Laplace transform of the Hilfer derivative ([32], formula (1.6))

ZIDEP3)(s) = s*ZD)(s) — LN Py 07), )

it is obvious that the initial conditions must be taken as (Iéifa)(lfﬁ)y) (01), where 1 —y= (1—a)(1 - ).

For more properties and applications of the generalized Riemann-Liouville fractional derivative, we refer the reader to
[13].

Next, we recall the following renowned definition.

Definition 4.(see [33,34,35]) The family {A(t),t € J} generates a unique linear evolution operator U (t,s), 0 <s <t <b
such that the following statements are satisfied:

(a)U(t,s) € L(X), the space of all linear transformations on X, whenever 0 < s <t < b and for each x € X, the mapping
(t,8) = U(t,$)x is continuous;

(b)U(t,s)U(s,7) =U(t,7) for0<t<s5<t <bs

(c)U(t,t) =1 (identity);

(d) U(t,s) is a compact operator whenevert —s > 0;

(e) aa—lt](t,s)x = —A(t)U(t,s) for s < t;

(f) There exists a constant My > 1 such that ||U(¢t,s)|| <My, 0 <s <t <b;

() IfO<h<1,t—s>h and0 <V <1, then

MyhY

U(t+h,s)—Ul(t < —=
[U(+hs) U < 7205

M, > 0;

(h) If £(t) is continuous on J, then the mapping t — [y U (t,s)f(s)ds is Holder continuous with an exponent 0 < v < 1.

For more facts about evolution family of bounded linear operators, controllability, control function and mild solutions;
we recommend reading the books by Friedman [34], Pazy [35], Bensoussan [36], Tanabe [37] and Yosida [38].

Now, we define of the mild solution of the nonlocal Hilfer fractional system (1).
Definition 5. A function x € C,_y(J,X) is said to be a mild solution of problem (1) lfl(;;yx(O) + g(x) = xo, then x satisfies
the integral equation
e 1

ot . 1 1 .
W+W./o (t— )% U (1,5)Bu(s) ds—i—m/o (=)' U(t,5)f(5,x(s)) ds. ©)

x(t) = U(2,0)(x0 — g(x))
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Definition 6. The nonlocal Hilfer fractional system (1) is said to be controllable on J if, for every x| € X, there exists a
control u € L*(J,U') such that the mild solution x(t) of (1) satisfies x(b) + g(x) = x1.

For ending this section, we present the following Krasnoselskii’s fixed point theorem.

Theorem 1. (see [39]) Let Q be a closed, convex, and non-empty subset of a Banach space (E,|| - ||). Let o/ ,. % : Q — E
be two operators such that the following assumptions are satisfied:

(i) o x+ By € Q whenever x,y € Q;
(ii) < is a contraction operator;
(iii) B is compact and continuous.

Then, o/ + A has a fixed point 7 € Q.

3 Controllability Results

For investigating the controllability of the nonlocal Hilfer fractional system (1), the following assumptions will be
imposed:
(H1) The function f : J x X — X satisfied the Caratheodory condition, i.e. f(z,-) is continuous for a.e. # € J and f(-,x)

is measurable for all x € X.
(H2) There exist constants L; > 0 and L, > 0 such that

Hf(tax)_f(tay)n SLl”X—yH, fOI‘CaChlEJ, x7yEX7

and L, = sup,¢, || f(2,0)].
(H3) g:Ci_y(J,X) — X is a continuous function and there exists a constant L3 > 0 such that

lg(@) —g(w)ll < Lsllo = wlic,_,, forall ¢,y € C;—(J,X).
(H4) The linear operator # : L*(J,U’) — X, defined by

1

b
Wu= m/o (b—s)*""U(b,s)Bu(s) ds

possesses motivated inverse % ! that occupies values in L?(J,U’)/ ker #/, where the kernel space of # is realized by

ker# = {x € L>(J,U') : #'x = 0} and subsists two non-negative constants Ny, N, such that [|B|| < Ny and || # || <
N.

Let us define the set Z, = {x € C1—y(J,X) : [|x[|c,_, < r}, where

()

>
=1

where

MLy M|N,b' 7+« M,L,b*B
/= 1L3 11V1 1L (05,}’)<1

+ + R
r(y T(a+1) ° I'(a)
L M, M1N1b1*7+0‘ M]L2b1*7+0‘
@ = il + 1 O)) + e+

and B(-,-) denotes the beta function defined by

1
B(a,y) = / (1—=y)*'y""dy, a>0,y>0.
Jo
Clearly, Z, is closed, convex, and non-empty subset of Cl,y(J,X).

Using the assumption (H4), for an arbitrary function x(-) € C;_,(J/,X), we define the control

pr-1 1 b "
@ /0 (b—5)%"1U (b, ) f(s,x(s)) ds | (¢). 7

ue(t) =#"" |x; —gx) —U(bvo)(xo—g(x))m T
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First, we shall prove that ||u,(7)|| < 1} + Y>r, where

M bY! M, Lyb*
T o= — o
=N (||x1|+||g(0)||+ o) (||x0|\+||g(0)||)+r(a+1) ;
M|L3b771 M]lea+771B((X,’)/)
1= L
: NZ( Ty T T

Foreacht € J and x € Z,, we have

—1
o)l < 7] <|x1||+|g(x)—g(0)| + 8O + 11U (5,0l (o]l + l18(x) — ¢(O)] +Ig<0>||>%
" ﬁ./o‘b(b—s)“'IU(b,S)I(IIf(s,X(S))—f(&O)II+|f(svo)||)ds)

M1b771
<M (IIXI [+ Lal|xllc,_, + g ()] +W(IIXOI| + Lallxllc, ., + lg(0)1)

M,

b
+F((X) /0 (b — s)afl(Ll Hx(s)” +L2)ds)

M1b771

I'(y)

<N (IIXII +Lar+|g(0)[| + (llxoll +Lar + [ (0)[])

o b
e Faia 09 )
M1b771
<M <||xl|+L3r+|g(0)|+ o (llxoll + Lar + (g (0)])
M, L,b* M1L1ba+Y7]B(OC,’)/)
INCES) (o) )
=h+Dhr

Hence, the desired result follows.
It is convenient, in the sequel, to use the constant 0 < A < 1, where

ML,  MiN\N>Ly)b'" """ MIN{N,L,b* +M12N1N2L1b2°‘B(a,y)
- I'(y) F(a+1) C(yr(o+1) F(o+1)

Remark.It is easy to verify that x(b) = x; — g(x). Substituting # = b in (6) with the above control (7) and using the definition
of # in assumption (H4), we get

byfl 1 b
x(b) = U(b,0)(xo _g(X))m + @) ./0 (b—5)*"'U(b,s)Bu(s) ds
’ ﬁ ./(;b(b =) U (b,5)f (5,x(s)) ds
bY*l 1 b?’*l
= U(b,0)(xo —g(x))F(y) +HW [xl —g(x) = U(b,0)(xo _g(x))m
b /‘b(b—s)a*IU(b $)f(5,x(s)) ds] + L/”(b_s)a*'U(b 9 (s.x(s) ds
I'(a) Jo ’ ’ (@) o ) 5
=x1 —g(x).

Theorem 2. If the assumptions (H1) — (H5) hold. Then, the nonlocal Hilfer fractional system (1) is controllable on J.

Proof. Using the control (7), we define the operator H : C;_y(J,X) — C1_y(J,X) by
e [ W) ds+ = [ ()T U ) ds B
) " T@ s ,8)Buy(s) ds T Jo s ,8) f(s,x(s)) ds.

By virtue of Definition 5, it is easy to show that the existence of mild solution of the nonlocal Hilfer fractional system (1)
analogous to the fixed point of the operator H.

(Hx)(t) = U(2,0)(x0 — g(x))
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We decompose the operator H into two operators Hy and H, (H = Hy + H») on Z,, where

! 1

(Hi)(1) = U(0) (50 = 8() oy

Y) * m/o (1 =)*"'U(1,5)Buy(s) ds,

and

(H23)(1) = s [ =) " 00.9)f(s.5(5) .

We shall prove that H; + H, has a fixed point in Z,. The proof will involve several steps.
Step 1. We show that (H, + H>)Z, C Z,.
For every x,y € Z, and ¢ € J, one has

=7
I'la).

/(: (t —5)* U (t,5)Buy(s) ds

e ((Hux) (1) + (Hoy) () || < HFE U(,0)(x0 —g(x) +

-y .
t(oz/) / (t—$)*1U(t,5)f(s,y(5)) ds
< LD ) + o) —(0+ 0N
b Y "
* r(oo/(t—s) U @) 1Bl llux(s)] ds
b o—1
+ Fa =9 W) = 1(5.0)] + 6.0 s
M M N p'—7+e
< Ty oll +Lar+ g @) + =5~ (i + 1or)
M1L2b177+06 Mlle -y b . 3
Flar ey e, | =95 as
< 5 sl + Lar-+ ()]
MlNlbI*)H»OC M, L2b177+oc M[L]baB((X, ,y)
et ORI TR Fla) "
M, M]N]b1 Yt+a M|L2b177+a
= (s o+ g0 + A M)

M Ls M[Nlbli}ura M]L[baB((X,’)/)
2+ r
I'(y) I'loe+1) I'a)
<r

Thus, ||Hjx + szHCl—v < r, which shows that Hyx + H,y € Z, for every x,y € Z,.

Step 2. The operator H; is contraction on Z,.
For each x,y € Z, and ¢t € J, one has
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=7 ((H20) (1) = (H1y) (1))

=

Fra =) 0B () ds

V.00 - )| +

ML
= x—yle,,+
r(y

=97 10587 () - s0)

pr-1 1 b
+ U(b,0)(g(x) —g(y —+—/ b—1)* U, 7)(f(1,x(1)) — f(t,y(T dr}sds
(0,0)(8(x) 80N oy + gy Jy B0 VBRI (0x(2)) — f(7.3(2))) d| (5)
M, L3 M{N{Nyt'™7 ft a1 M, L3b?~!
< _ LS s _ _ 7 |y —
< T e+ g 097 Ll =yl + R lele
MLy (b
b e | =0 ) <@l ae] as
M, L3 MiN{N,b' ™Y 1 a1 M L3bY~!
< —_ e _ _ 7 =
< T e+ gy [ 0= Lol =yl + TRl le
M\Lib* " 'B(a,y)
F(OC) ||x7yHCI—y ds
MLy MiN{NoL3b' 7% MIN{N,L3b*  M?N\N,L1h**B(ct,y)
< + + + Ix=ylec,
I'(y) I'loe+1) r(yr(a+1) I'(oe+1)
= Allx=ylc,,-

Hence, ||Hix — Hiyl|c,, < Alx—y[lc,_,, 0 <A <1, which implies that the operator H; is contraction on Z,.
Step 3. The operator H, is compact and continuous.
First, we shall show that the operator H> is continuous.

Let {x,} be a sequence such that x,, — x as n — oo in Z,. Then, for each ¢ € J, one has

=

I () 0) = 901 < | gy [ 0309 = fls.x60) s

=

< Fr =9 V1 60(6) = .(6) s

Mlb] v

IN

( ) / tfsa ly l”f( xn( )) f('ax('))Hprds
Mib '(*<§" MEBD)) (- xa() = kO

which implies that

M b*B(a,y)
I'(a)

|| Haxy — Hszc.,y <

1FCxa () = FCox( Dy

The R.H.S. of the above inequality tends to zero as n — oo, which proves the continuity of H,.
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Next, we show that {Hpx : x € Z,} is uniformly bounded. For any 7 € J, one has

-y
I 0] < | gy [ 0= Va0 ds
S o
< @y Jy €0 UG5, x(6) s
M]bliy ! o—
@) /O(I*S) (I Gsx(s)) = £ (,0) | + 11 (s,0)]) ds
M]bliy ! o—
< Feay T W)+ L)as
M]L2b17y+a MlleaB(av’)/)
< ST a2 lsler
which implies that
M|L2b177+a MlleaB(aa’}/)
HI_IQXHCI—}/S F((X+1) + F(a)

Therefore, H, is uniformly bounded on Z,.
We show that {Hx : x € Z,} is an equicontinuous set.
Fort|,1; € J, t) <t and any x € Z,, using the assumptions (H1)-(H?3) jointly with Definition 4, one has

[ty 7 (Hox) (t2) — 1,7 (Hox) (1) |

P . A o
< Fz(a)/o (2 — )% U(t2,5) £ (5,u(s)) ds—rl(a)/o (1= )% U (11,5) f (s,u(s)) ds
< ﬁ/jrﬁ(h—s)“*'U(tz,s)f(s,u(s)) ds

+ L) /Otl (tzlfy(tz 7_;)05,1 7t11*7(t] 7S)oc71) Ult,s)f(s,u(s)) ds

I'a
1 LA

g [0 -9 Ul - V) st s

Millflle,, 11— ~ ~ _
i AR (GRS R BRI

MlefHley lfyﬂva(tz 7[])\;

(a—vI(a)"

M, Hf“C]—y (tlfwroc 7t17y+oc) Mzbli}#aiVHfHley (t—t )v
~ I'(a+1) 2 ! (a—v)['(a) S
It follows that

Mi|flle, -, Mb" 7| e,

(tlfyﬂxitlfyﬂx)

ey Y (Hox) (12) — 1,7 (Hox) (1) ]| < ) i

(l‘z*l‘])v.

I'la+1) (a—v)I['(a)

Consequently, for @ # v, the RH.S. of the above inequality tends to zero, as t, — t;. This shows that H, is
equicontinuous. Therefore, by steps 1-3 and the Arzela-Ascoli theorem, we infer that H, is compact and continuous.

Hence, the Krasnoskelskii’s fixed point theorem (Theorem 1) guarantees that the Hilfer fractional system (1) is
controllable on J.
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4 Example

We consider the following Hilfer fractional differential evolution equation with nonlocal condition:

Di 2 (t,n) wnn(fﬂ?)+U(f7n)w(f7n)+W(tan)+ ]:jte[ (1 —T—)g’(?)n)>7

( 0)=0(,7)=0,1€l0,1], 9)
0(0,n Jrz:c,sm (t;,Mm)) = wp(n), n €10,7],

where ¢ = f = 1, then y= % v,y : [0,1] x [0,7] — [0, 7] are continuous functions, 0 < 7} < -+ < T, < | and
c; are given real numbers for i = 1,--- ,m. Let us take X = U’ = L*([0,1],R*) with the usual norm || - ||,2, and define
A(t): X — X by

ANo=0"+v(t,1)0

with domain , ,
A)={o(-) €X : ®,0 are absolutely continuous, ® € X, ®(0) = o(7) =0}.

It is known that A(¢) generates an evolution operator U (z,s), see [34], and is given by

U(ta S) - Q(t — S)gfxt v(t,) d‘L',
where Q(t) is the compact analytic semigroup generated by the operator A with Aw = "
Here,

Z "o,0,) 0, ®c€X.

where @,(n) = \/%sin(nn), n=1,2,3,... is the orthogonal set of eigenvectors of A, (for more details see [35]).

Next, we write x()(1) = @(¢,7n) and the bounded linear operator Bu(r)(n) = y(t,1). We assume that the operator
W defined by

1
W)= Fgr 1= V(e

has a bounded invertible # ~! € L*>(J,U")/ker # satisfies (H4).
Furthermore, the function f : [0,1] x X — X is given by by

r0rm) = 15 (e )

I+ \ 1+ w(t,n)

where |[£(t,0)]| <
(H2) hold.

f;;, and || f(t,0) — f(t, )| < Li||@ — an|| with Ly = L, = §. Hence, the assumptions (H1) and

Finally, define the function g : C;_y([0,1],X) — X by
Zc,sm (t,m), 0< T <--<Tp<1,me0,n.

From the fact |sina —sinb| < |a — b|, for all a,b € R, it follows that the condition (H3) is satisfied with L3 = max{|c;| :

i=1,,m}.

Therefore, all the assumptions of Theorem 2 are satisfied. Hence, the Hilfer fractional system (9) is controllable on [0, 1].
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