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Abstract: In this paper, the existence and stability of solutions for the following fractional problem with Caputo—Exponential fractional
derivative are discussed

¢DE, w(a) = ¥ (e, w(), ¢D§, w(a)), for each, @ € @ :=[0,b], b>0,0< { <1,

v(0) = wp.
We use Schauder’s fixed point theorem, the nonlinear alternative of Leray—Schauder type and Banach contraction principle to
demonstrate our results. Two examples are provided to demonstrate the relevance of our results.

Keywords: Caputo’s-exponential fractional derivative, implicit fractional differential equations, initial value problem, Gronwall’s
lemma, fractional integral, fixed point, Ulam—Hyers—Rassias stability.

1 Introduction

Recently, there has been a lot of interest in the existence of solutions to initial and boundary value problems for fractional
differential equations; see for instance the books [1,2,3,4,5,6,7] and the articles [8,9,10,11,12,13,14] and references
therein.

In [10], Benchohra and Lazreg studied the following initial value problem for implicit

D y(a) = B(e, w(@) S DS w(@), ac©,0< L <1,

v(0) = o,

where €D is the Caputo fractional derivative, Y €R,0 =10,b],b>0and ¥: 0 xR xR — Ris a given function space.
In [9], they studied the following initial value problem

HpSy(a) = o (a, y(a),” D y(a)), foreach o € ®, 0 < £ < 1,

lll(l) =V,

where D¢ is the Hadamard fractional derivative, © : @ x R x R — R is a given function space, y; € R and @ = [1,b],
b>1,

* Corresponding author e-mail: yzhou@xtu.edu.cn

@© 2022 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.18576/pfda/080106

92 NS P M. Benchohra et al. : Caputo-exponential fractional differential equations

On the other hand, several articles treat the Ulam stability with different fractional derivatives: Hadamard derivative,
Caputo derivative, Hilfer derivative and Hilfer—Hadamard derivative, etc. (see [15,16,17,18,19,9,10]).

In ([20] p. 99, Section 2.5) Kilbas et al. presented the definitions and some properties of the fractional integrals and
fractional derivatives of a function ¥ with respect to another function y. Let © := [a,b], (—e < a < b < o) be a finite
interval of the real line R and { > 0. Also let y() be an increasing and positive monotone function on (a,b], having a
continuous derivative ¥ () on (a,b).

The left-sided fractional integral of a function ¥ with respect to another function y on [a, b] is defined by

1

1. 9)(@) = fs [ () =) Y (99 (s for @ >a.

If a=0and b = o, then
1
re)

If a = —co and b = o, then

(15.9)(@) = 1oz [ (@)~ 15)5 Y (5)3(6)ds for > .

(59)@)= 5 [ (o) =157 (0)8(s)ds for m € R

1.Taking y(@) = a we obtain the Riemann—Liouville fractional integral.

2.Taking y(a) = In(a) we obtain the Hadamard fractional integral.
3.Taking y(a) = ¢* we obtain the exponential fractional integral (see Definition 1).

In [21], the authors studied the following exponential initial value problem
<D, y(a) = (o, y(@)), a €@ :=[0,b], b>0, 1< <2,

v(0) = A1, ‘Dy(0) = Az,

where ¥ : ©® x R — R is a given function and A;, A, are given constants and 1 < { < 2, and the following exponential
boundary value problem

D, w(o) = d(o,y(a), a€@:=[0,b], b>0,0<{ <1, and 1< { <2,

V1y(0) + vy () = v3,

where v, V2, U3 are given constants with v} + v, # 0.
Motivated by the works mentioned above, the present paper aims to establish existence and uniqueness results to the
following fractional implicit differential equation (IVP):

<D, y(a) = B(a, y(@), D5, w()), @ €@:=[0,b], b>0,0<{ <1, (1

v(0) = wo, 2

where ng+ is the left-sided Caputo—Exponential type fractional derivative, ¥ : @ x R x R — R is a given function and
Yo € R. In addition, the aim of this paper is to establish some types of Ulam stability for the fractional implicit
differential equation (1).

Three results for problem (1)-(2) are presented in this paper. To prove the first, we use the Banach contraction principle;
for the second, we use Schauder’s fixed point theorem; and for the third, we use the nonlinear alternative of Leray—
Schauder type. Examples are provided to demonstrate the applicability of our findings.
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2 Preliminaries
By ¥ := C(0,R), we denote the Banach space of all continuous functions £ from @ into R with the norm

€ oo := sup |G ()]
acO

The notation L'([0,b],R) denotes the Banach space of measurable functions & : [0,b] — R which are Lebesgue
integrable and normed by

b
IE ]I :/O & (s)|ds, forall € € L'(O,R).

Definition 1.(/21,22]) The exponential left-sided fractional integral of a function ¥ : R — R of order § > 0 is given by

(615+19)(a) = ﬁ /‘a(ea — &)1 0(s)e'ds for a>aand & >0, 3)
and

(‘I0)0)(@) = B(). @
Ifa=0andb = oo, then

(elg+19)((x) = ﬁ /Oa(ea — ') (s)e’ds for a >0 and { > 0. )
If a = —oo, then

(91519)(05) = ﬁ /a (e* — ')~ (s)e’ds for o € R and { > 0. (6)

Lemma 1.(/21,22] Semigroup property.) Let £ > 0 and v > 0. Then, for all & € [a,b],
UL L)) = B 0) () = IV (w).
Lemma 2.(/21,22]) Let { > 0 and v > 0. The fractional integral formula or the power exponential function is given by

erC ux F(‘U +1) (&+v)x
I =0 .
+€ rCro+)°

Forne N:={1,2,3,---}, let
ACHO) = {v eC" 1(O,R): D" Dy(a) € AC(®), °D = e“%} .

In particular, AC! (@) := AC,(®).

Definition 2.(/21,22]) The exponential left-sided fractional derivatives of Riemann—Liouville type of order { > 0 for a
function ¥ : R — R is given by

(eDg+19)(Oc) = ﬁ (ea%> /aa(e“ —es)”fcflﬁ(s)g, foro>aand§ >0, (7
and

(“D(yd)(a) == B(a). ®)
Ifa=0and b = oo, then

(eDg+19)(Oc) = ﬁ (ea%> ./Ola(e“ —es)”fcflﬁ(s)g, foro>0and § > 0. )
If a = —oo, then

(“I50) (@) = ﬁ /‘a (e% — ") s 10 (s)e’ds, for a € Rand { >0, (10)

where n = [{]+ 1.
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Lemma 3.(/21,22]). The exponential fractional derivative formula of power exponential function is given by

end vx _ F(v+1) (v=0)x
D3e 771*(0—@4—1)6 .
Remark.For v =0 we get
epcl_i#o
Tora-97

Definition 3./21,22] The exponential left-sided fractional derivatives of Caputo type of order £ > 0 for a function ¥ :
R — R is given by

end o 1 " P n—{— efsi " s ﬁ a

(D 0)(@)i= g [y (1) 90 B aa Lo (i)
and

(¢DY) ) (@) = ¥ (a). (12)

where n = [{] + 1.

Lemma 4./21,22] If £, v > 0, then
1ers (e% —e")V = Flzélji)?l (e% —e?)s T+,

2.eD§ (e%—e?)’ = FIE‘S)EE]JZI (e% — ea)”’g.

Lemma 5./21,22] Let { > 0 and n = [{] + 1. Then

<%, 3(a) = D%, |0()— ¥ 20 (o | ),

cqt
k=0

ey _ ,—od
where ¢D = e T

Theorem 1./21,22] If0 < v < § and 1 < p < oo, then for & € LP(a,b) we have
DY (I;0) () = “IsV0(@) and DY(IFD) () = “I;"D().

In addition,

‘D5 (15 0)() = 0(0) and DG (°IFV)(a) = B(e).

Theorem 2./21,22] Let { > 0 and n =[]+ 1. Then,

el ent _ _ - (esiea)gfk epyn—kiem—_
113 (°D3 ) (o) = (@) Z‘]F ay D"k 9)(a).
et ent _ _nil(esniea)ke k
2.0; (6D; %) (a) = B (a) a D*8(a).
k=0 :

Lemma 6.(/23])(Generalized Gronwall’s inequality with respect to another function.) Let ¥,V be two integrable functions
and & continuous, with domain [a,b). Let y € C'[a,b] an increasing function such that y' (o) # 0, for all & € |a,b]. Assume
that the functions ¥, v are nonnegative, and & is nonnegative and nondecreasing. If

w(@) £ v(e) + () [ V()0 ~ 1) W),

then

P k
wie) < vieo-+ [ 3 R0 ) — 0 v(ds, forevery e 1],
Ja =]

a
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Definition 4.(/20]) The Mittag—Leffler function is given by

o k

<
EC(Z) :];)m, £eC,R() >o.

Thus
E¢(z) = E¢1(2), E1(z) = E11(z) = €.

We shall now define the several types of Ulam stability that were used in this study. (see [9, 10]).

Definition 5.(/9, 10]) The equation (1) is Ulam—Hyers stable (U-H) if there exists a real number cy > 0 such that for
each & > 0 and for each solution v € C'(0,R) of the inequality

[<D5, V(@) — ¥(a,v(@), £Df, v(@))| < & a €0, (13)
there exists a solution ¢ € C'(®,R) of equation (1) with
V() —y(a)] <cy€, a€0®.
Definition 6.(/9, 10]) The equation (1) is generalized Ulam-Hyers stable (G.U-H) if there exists ¥y € C(R+,Ry),
75 (0) = 0, such that for each solution v € C'(®,R) of the inequality (13) there exists a solution y € C'(@,R) of the
equation (1) with

V() —y(a) < ¥5(8), a €O.

Definition 7.(/9, 10]) The equation (1) is Ulam—Hyers—Rassias stable (U-H-R) with respect to x € C(O,R..) if there
exists a real number cy > 0 such that for each & > 0 and for each solution v € C'(®,R) of the inequality

D5, v() — ®(a, v(a), DG, v(a)| < Ex(a), a €O, (14)
there exists a solution W € C'(@,R) of equation (1) with
[v(a)—y(a)| <cp€x(a), o €0O.

Definition 8.(/9, 10]) The equation (1) is generalized Ulam—Hyers—Rassias stable (G.U-H-R) with respect to
X € C(O,R.) if there exists a real number cy , > 0 such that for each solution v € C'(®,R) of the inequality

[£D5. v(e) = d(a v(@), (Df, V(@) < (@), a €O, (15)
there exists a solution ¥ € C'(®,R) of equation (1) with
v(a) —y(a)| <cyx(a), aco.

Remark.A function v € C'(@,R) is a solution of of the inequality (13) if and only if there exists a function § € ¥ (which
depends on y) such that

DH]0(ax)| <& VaeO.
(ii)fDév(a) =9%(a,v(ax) ept v(a))+d6(a), o€ B.

’C O+
Remark.Clearly,

(i)Definition 5 = Definition 6.
(i1)Definition 7 = Definition 8.
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3 Existence of solutions

Let us establish what we consider by a solution to problem (1)—(2).

Definition 9.A function v € C! (O,R) is said to be a solution of the problem (1)—(2) if y satisfies equation (1) on © and
conditions (2).

In the sequel, we will need the following lemmas:
Lemma 7.Let 3 (a,y,V) : © xR x R — R be a continuous function. Then, problem (1)—(2) is equivalent to the problem:
y(@) = o+ I, 8(a), (16)
where 8 € V satisfies the equation:
§(a) = O(a o+ “I, 8(at), 8(ax)).
Proof. If ¢D}. y(a) = 8(cx) then °IS, D5, w(a) = IS, 8(cx). We obtain y(a) = yo + I, §(a).

Based on Banach’s fixed point, we can now assert and demonstrate our existence result for the problem (1)—(2).

Theorem 3.Assume

(/) The function ¥ : @ x R x R — R is continuous.
(at)There exist constants p1 > 0 and 0 < py < 1 such that

|19((X,W,V)—19((X,l[_/,\_/)| §p1|l[/—lil|+p2|v—\7|
forany y,v. W, veRand a € O.

p1
)
1—py f

Put p3 =

p3(eb —1)%
ri¢+1)

then there exists a unique solution for IVP (1) — (2) on ©.

<1, 7

Proof. Consider the operator 1" : ¥ — ¥ defined by:

Y (y)(@) = yo+ ‘I 8(a), (18)
where 0 € ¥ satisfies the following

§(a) = (o, y(a),8(cx)).
The fixed points of operator 1" are clearly solutions of problem (1)—(2). Let y,v € ¥. Then for o € @,

(y)(e) = ()(@) = g5 [ (6 =€) (30— o)) e'ds,

where 8,0 € ¥ is such that

Then, for ¢ € ®

o
/ (% — )15 (s) — o (s)|eds. (19)
0

By (%) we deduce
6(a) —o(a)| = [3(a, y(a),6(a)) — Ha,v(a), o (a))l
< pily(a) = v(a)| + p2|6(a) — o ().
Thus
6(a) — o (a)] < ps|y(a) — v()|.

®© 2022 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 8, No. 1, 91-105 (2022) / www.naturalspublishing.com/Journals.asp %N S\ 97

And by (19)
(Yy)(a) — (Yv)(@)] < r?c) /0 " (e — ) y(s) - v(s)le'ds
p3(eb —1)%
< e vVl
Then , .
Ty TV < %nw—vnw

By (17), the operator T is a contraction. Consequently, by using Banach’s contraction principle ([24]), we deduce that "
has a unique fixed point.
Schauder’s fixed point theorem provides the basis for our next existence result.

Theorem 4.Assume (y),(2t) and the following hypothesis holds.
(%) There exist 01,0,,0; € C(O,R,) with 63 = sup 03(c) < 1 such that
ac®

[9(a,y,v)| < 81 (a)+ 62(a)|y|+ 65(a)|V| for o« € O and y,v € R.
If
6, (e? — 1)¢
(1- 6, (C+1)

where 6;* = sup 0;(at), and 6," = sup 6,(t). Then, problem (1)-(2) has at least one solution.
ac® ac®

<1, (20)

Proof. Consider the operator 1" given in (18). theorem.

Claim 1: T is continuous.
Let {y, } be a sequence such that ¥, — y in #". Then for each o € ©

)@ =T (@) < g [ =) 18,0 = S(0le'ds e

where 6,,0 € ¥ such that
() = B, Y (@), Sa (),
and
6(a) = B(a, y(a),6(ax)).
By (&%) we have
|62(@) = &(a)| =[O (e, yu (@), (@) — D (e, y(@), 6(ax))|
< pilya(a) — w(a)|+ p2[6u(a) — 8(ax).
Then
|6n(0t) — 8(at)| < p3|y () — w(a)].
Since y, — , then we get §,(a) — 8(ct) as n — oo for each & € ©, and let 8 > 0 be such that, for each & € @, we have
[6.(a)] < B and |8(a)| < B, then we have
(% =) 18u(s) = 8(s)| < (% =) 7" [|8u(s)] +[8 ()]
<2 (e* =€) e,

For each o € @, the function s — 23 (e® — ¢*)*~'¢® is integrable on [0, ], and the Lebesgue dominated convergence
theorem and (21) imply that

T (y) (@) =T (W) ()| = O asn— oo,

@© 2022 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

98 NS P M. Benchohra et al. : Caputo-exponential fractional differential equations

SO
1Y () =Y (y)]|o — 0 as n — oo.

Consequently, 1" is continuous.

Let i}
|wo| +M6

Q> ,
- 1-Mg*

(¢-1)°

where M := (ESa(E5)) and define the set

Do={y e :|yl.< o}

It is obvious that D, is a closed, convex and bounded subset of ¥
Claim 2: Y (Do) C Dg.
Let v € Do we show that Ty € Dg. We have, for each o € @

(@) < ol + g [ (e e 8l )

By (24) and for all @ € ®, we have

6(a)| = |9 (a, y(@), 6(a))]
< 01(a) + 62 () |y ()| + 63 () ()]
< 61(a)+6:(a)2 +63(a)[6 ()|
< 0" +6,"Q+6y"[6(a)].

Then

6" +6,"Q ~
< - = .
o) < 22

I
<

Thus (22) implies that

(61" +6,°Q) (" — 1
Ty(a)| < |wo| + (1—6)(C+1)

< |wo|+ (6" + 6,° Q)M
< Q.

Then Y (Dg) C Dg.

)C

Claim 3: Y'(Dg) is relatively compact.

Let w;,» € O, @0 < @, and let y € Dg. Then

M
< = (e = 1)f = (e = 1)),
< pa (@ 0F -
As m; — a», the right-hand side of the above inequality tends to zero.

We can now deduce by Arzeld-Ascoli theorem and Claims 1 to 3 that 1" : 7" — ¥ is continuous and compact. Thus,
by Schauder’s fixed point theorem ([24]), we conclude that 1" has a fixed point.

The basis for our third existence result is the nonlinear alternative of Leray—Schauder type.

Theorem 5.Assume ()),(25),(2%) hold. Then, the LV.P. (1)-(2) has at least one solution.

T (y)(@2) - T (y)(@)] =

®© 2022 NSP
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Proof. We will demonstrate that 1" verifies the assumption of Leray—Schauder fixed point theorem.
Claim 1: Obviously T is continuous.
Claim 2: 1" maps bounded sets into bounded sets in V.

We will prove that there exist a positive constant u such that for each y € By = {y € ¥ : ||yl < u}, we have
(W)l < .

For v € By, we have

Tv(@)] < ol + g [ (e e B(eleds. (23)

By (44), we obtain

16(a)] = [0(a, y(a),6())|
< 01(a) + 6 (a)|y(a)| + 65(a)|6(a)|
< 61 (a) + 62 () + 63(x) |5 ()|
<O +6"u+67[6(a)l.

Then . .
< O +0%u =M.
1—-65"
Thus (23) implies that
M*(eb—l)c
Tv(o)| < +

Thus
M* (el —1)8
Tyl < + —=Uu.
¥l < ol + R = b
Claim 3: It is clear that Y maps bounded sets into equicontinuous sets of V.
We deduce that 1" : ¥ — ¥ is continuous and completely continuous.
Claim 4: A priori bounds.

Now, we show that there exists an open set 2 C ¥ with y # 11 (y), for T € (0,1) and w € d.Z". Let y € ¥ and
y =11 (y) for some 0 < 7 < 1. Thus, for o € O, we get

w(a):ﬂ//oJr% /O (% — )5 18(s)e’ds.
This implies by (.2%) that, for each o € O,
1 ¢ o s\E—1 s
W(@)| < w0l + gy | (e =) 13(s)le'ds. 24

And, by (24), for each a € O,
16(a)] = [0(a, y(a),6())|

< 6i(a) + 6 (a)|y(a) |+ 63(ax) |5 ()|

< 0"+ 6" |y(a)| + 6576 ().
Thus |

|8(0)] < 5 _93*(91*+92*|‘I/(05)|)-

@© 2022 NSP
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Hence ) ‘
91*(6 _1) 6" « o s\¢—1 s
Then Lemma 6 implies that, for each o € O,
r k
- 6"
91*(81771)4‘ /a - (1763*) o S\kE—1 s
< 1 — d
- K -
- 92*
*(,b _ 1\¢ oo — o _ 1)\kC
< {1yl + 2 le -1 1+Z<' )
I (1=6")(E+1) | = T(kS) k¢
- « 2
- - 62*
61" (" —1)° S (1*93*) a K
< + - 1+) —2—(e*—1
< |l ety | R TR« Y
< il + 2= (e )
e’ — .
= YT T T e e | P\ -6y
Thus
01" (P — 1)¢ 6", _
w < — (" — =M.
Wl < (vl + =gz | B (Toar@ 1) =¥ 25)
Let

X ={ye?  ||yle<M+1}.

Because of our pick of 27, there is no y € d.2" such that y = 7Y (y), for 7 € (0, 1). By Leray—Schauder’s theorem ([24]),
we conclude that 1 has a fixed point.

4 Ulam-Hyers stability
Theorem 6.Assume that (<)), (/3) and (17) are met. Then, equation (1) is (U-H) stable.
Proof. Let v € " be a solution of (13), then
[£D5, v(e) — (e v(@), (DG v(a)| & a 0. (26)

By y € 7 we denote the unique solution of the problem
<D, y(a) = (e, w(a), D5, w()), foreach, ¢ €@, 0< <1,

w(0) = v(0).

Using Lemma 7, we have

where 0y € ¥ satisfies

IN

27)

®© 2022 NSP
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where 6, € ¥ satisfies
8y (0) = B(t, v(0) + 15, 8, (), 8y ().

For each o € ®, we have

V(@) ~ yi@)| = |vie) = v0) — gz [ (e =) oy(s)eds
- V(a)fV(O)—ﬁ / “ (e~ )16, (s)e'ds
1 * o s\C— s
+ m/o (e — €)1 (8y(s) — Sy (s)) e'ds
< v(oc)—v(O)—%/Oa(e“—es)c"&,(s)esds
1 * o s\C— s
FEE ) 8 — Sy (wletds (3)
where
8‘!’(“) = ﬁ(aa IV((X),(SW((X)),
and

ov(a) =0(a,v(a), oy (@)).
By (%), we obtain
|6v(@) = Sy(a)| = [¥(a, v(@), 6y (@) — D (at, (@), Sy ()]
< pi|v(@) = y(@)| + p2|dy (a) — Sy (a)].

Then
|8y () — Sy ()| < p3|v(a) — (). (29)
Thus, by (27), (28), and (29) we get

é(ebfl)g P “ o s\C— s
V(@) ~y(@)] < T +F(3§)/0 (¢% &) | (s) - wls)le'ds.

Then Lemma 6 implies the following

E‘(eb*l)g [ & P3k o s -1 _s
vie v < |1+ [ gy v
Be—1E[ & s (e* =1
STEry |'TETRD ® ]
ge—nfl & p a ¢
STCr _]+,§1F(ké+l)(e _1”

- eb_ C
< %EC (p3(eb — 1)) =CE.

Hence, Equation (1) is (U-H) stable. Taking (&) = c&, #(0) = 0 yields that Equation (1) is (G.U-H).

5 Ulam—-Hyers—Rassias stability
Theorem 7.Assume (), (%), (17) and
(e4)The function x € C(O,R.) is increasing and there exists Ay > 0 such that, for each o € ©, we have
“Iex (o) < Agx ().

Then, Equation (1) is (U-H-R) stable with respect to .
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Proof. Let v € ¥ be a solution (14), then
[£D5. (@) = 9, v(@), (DG, v(@))| < Ex (), a € O, €>0. (30)
By y € 7, we denote the unique solution of the problem

<D, w(ar) = O(a, w(aw), D5, w(w)), foreach, €@, 0< ¢ <1,

v(0) =v(0).
Using Lemma 7, we have .
y(a)=v(0)+ ﬁ ./0 (e* — e“')C*ISW(s)e“'ds,

where &y, € 7 satisfies
8y (00) = 0@, w(0) + I, By(@). By (0)).
By integration (30) and by (%), we get

1 ¢ o s\E— s
—m./o (e% — )57 18, (s)e’ds

< Elyx(a). 31
where 0y € ¥
8y () = (0, v(0) + “Ij, 8y (t), 8y (at)).

For each o € ®, we have

V(@) ~ wi@)| = |vie) = v(0) — gz [ (e =) oy lo)etds
1

_ v(a)fv(())fm/oa(e%ef)?lsv(s)esds

T/Oa(ea _es)§71 (6V(S) _5‘I/(s)) ds

I(
< [v(a) = v(0) - ﬁ ./O'a(ea )18, (s)e'ds
1 ¢ o s\E— s
+ m/0 (% — )18, (s) — 8y (s)]eds, (32)
where
6‘4/(“) = 19((1, l[/((X), 8‘[’(“))7
and

ov(a)=13(a,v(a),dy(@)).
By (44), we have
6v(a) = 8y (a)| = |[9(a,v(a),év(a)) — V(a, y(a), 5y (a))]
< pilv(@) = w(0)| + paldv (@) — 8, (a)].
Then
8y (o) — Sy ()| < p3|v(a) — yw(a)|. (33)
Thus, by (31), (32), and (33)

Vo) - ()] < (e + 725 [ e e ve) - wi)leas

V() —y(a)| < ‘E‘)LX%(O‘)ﬁLm”I‘:(ic;I/”m/Oa(e“e‘Y)Clesds
Pllv=Wll= o yyc.
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Thus, we have

]_Ps(f«’b—l)c
ri¢+1)

V=V < Elyx (@),

and

Cpse—DE]

1
1 rC+) ] Edgx ().

[V=ye <

Then for each o € ®

pa(e?—1)¢]
- r(g+1)

Thus, Equation (1) is (U-H-R) stable.

v(a) —y(a)] < |1 Edyx(a) = cex(a). (34)

6 Examples

Example 1. Consider the following Cauchy problem

Lo 24 y(@)| + D y(a)]

D y(a) = Laelo,l], (39)
150e2+10(1 + |y (a)| + [<D? w(a)|)
y(0)=1. (36)
Set )
o, p,v) = ullfedld ac[0,1], y,veR.

1506 0(1+ |y[ +[v])’

It is obvious that the function ¥ is jointly continuous.
Forany y,v,¥,v € Rand a € [0, 1]

_ 1 _ -
|19((X,III,V)*19((X,III,V)| S W(|W*W|+|V*V|)

Hence condition (%) is satisfied with p; = p, =

1
- 150e10
Since

1
|19((X,1[/,V)| < W(2+ |III| + |V|),

then the condition (.44 is verified with

1 1
9] ((x) = W and 92(06) = 03(“) = W
And condition 1
6,"b* o (e=1)2 1 e—1_,
(1=6C(E+1) (150210 —1)I(3) (150 —1)V = ’
is verified withb =1, { = %, and 6," = 65" = Wlelo' As consequence of Theorem 4, we can say that problem (35)—(36)
has at least one solution.
Example 2. Consider the following Cauchy problem
1
DIy(a) = 300 (@cos v(@) — w(@)sin(a) + miD% w(a), foreach o € [0, 1], 37)
w(0)=1. (38)
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Set

1 1
d(o,y,v) = 3Oo(occosy/ ysin(o ))+ﬁv a€0,1], y,veR

It is obvious that the function ¥ is jointly continuous.
Forany y,v,¥,v € Rand o € [0,1] :

w<a,w,v>—a<a,w,v>|s300|a||cosw—cosw|+ sinady— |-+ 15 |v — ¥

300

<

< 300"” v+ 300"” ¥l+ 5glv VI

= s (v wl v,
Hence condition (.2%) is satisfied with p; = p, = Lo
Thus condition ) ¢ X

—1 = 2
pe” —1)° 150 - ~0.00757 < 1,

rg+1)  (1-4r@) 149w

is satisfied with p; = p, = ]50, b=1,and { = % It follows from Theorem 3 that the problem (37)—(38) as a unique
solution on ®. And it follows from Theorem 6 that the problem (37)-(38) is (U-H) stable.
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