
Progr. Fract. Differ. Appl. 6, No. 1, 11-22 (2020) 11

Progress in Fractional Differentiation and Applications
An International Journal

http://dx.doi.org/10.18576/pfda/060102

Linearization of Nonlinear Fractional Differential

Systems with Riemann-Liouville and Hadamard

Derivatives⋆

Changpin Li1 and Shahzad Sarwar2,∗

1 Department of Mathematics, Shanghai University, 200444, People’s Republic of China
2 Department of Mathematics & Statistics, King Fahd University of Petroleum and Minerals, Dhahran, 31261, Kingdom of Saudi

Arabia

Received: 2 Jul. 2019, Revised: 2 Aug. 2019, Accepted: 15 Aug. 2019

Published online: 1 Jan. 2020

Abstract: The present paper addresses the system of nonlinear fractional differential systems involving Riemann-Liouville and
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1 Introduction

Fractional calculus, including fractional integral and fractional derivative, has recently become a topic of interest because
of its wide applications in various areas of science and engineering. These phenomena in science and engineering
problems can be effectively described by models using mathematical tools from fractional calculus [1,2,3,4,6,7,8,9]. It
has been shown that the behaviors of many systems can be described using fractional differential systems [11,12,13,14]
for instance, modelingi anomalousi diffusion [15], timei dependenti materialsi and processi with longi rangei
dependence [16], dielectric relaxation phenomena in polymeric materials [17], transport of passive tracers carried by
fluid flow in a porous medium in groundwater hydrology [18], viscoelastic behavior [19], transport dynamics in systems
governed by anomalous diffusion [20], self-similar processes such as protein dynamics [21], long-time memory in
financial time series [22] using fractional Langevin equations [23] etc. Recently, fractional order models of happiness
[24] and love [25] have been derived. The authors claim that these models provide a better representation than the
integer-order dynamical systems. In recent years, the study of fractional derivatives has gained a significant development,
but the development of the theory of fractional dynamics is still poor because fractional derivative has weak singularity
and does not obey the semigroup property. Thus the well-established results for ordinary dynamical system cannot
always be applied in the same way [26,27,28,29].

The solution to a fractionali differential systemi cannot definei a dynamicali systemi in thei sense ofi semigroupi
propertyi because of the ihistoryi memoryi inducedi by thei weaklyi singulari kernel. However, wei can still iexplore it in
ai similar manner. Fori example, wei can definei the Lyapunov exponentsi for the fractionali differentiali system though
borrowingi ideas from the ordinaryi differential system [27]. Recently, Li. et al. [30] addressed fractional dynamical
system with Caputo derivative and established some results. Motivated by that work, we pose the following question:
Can we establish some results of fractional dynamical system with Riemann-Liouville and/or Hadamard derivatives with
different initial conditions? The present paper presents an appropriate answer.
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The paper is outlined as follows: Section 2, comprises some definitions and previous results that will be used later
on. In Section 3, linearization theorems of the nonlinear fractional differential systems are constructed. Conclusion is
presented in the last section.

2 Preliminaries

In thisi section, we recall somei definitions and results from the theory of ordinary dynamical system [31] and fractional
calculus [1,2,3,4,6,7,8,9,10] which will be frequently used in our main analysis.

First, R denotes the set of real numbers, R
+ represents the set of non negative real numbers, R

n is the real
n−dimensionali Euclidean space, Z indicates the set of integeri numbers, Z+ denotes the set of non negativei integer
numbers, N stands for the set of natural numbers, and C is the set of complex numbers.

Second, we recall thei relationshipi between a vectori field andi a flow of diffeomorphisms [32]. Wei restrict the
attentioni to Euclideani space Ω ⊂ Rn.

There are several definitions of fractional integrals and derivatives, such as Riemann-Liouville and Hadamard
integrals; Grünwald-Letnikov, Riemann-Liouville, Caputo, Riesz, and Hadamard derivatives, etc. However, they are not
equivalent with each other. In this paper, we only focus on two definitions i.e. Riemann-Liouville and Hadamard
derivatives, which are mostly used in our analysis. Since Riesz derivative is a linear combination of the left
Riemann-Liouville derivative and the right one, it is unnecessary to deal with the Riesz case.

Definition 1. The Riemann-Liouville integral of function f (t) with order α > 0 is defined as

RLD−α
t0,t

f (t) =
1

Γ (α)

∫ t

t0

(t − s)α−1 f (s)ds, t > t0. (1)

Definition 2. The Riemann-Liouville derivative of function f (t) with order α > 0 is defined as

RLDα
t0,t

f (t) =
1

Γ (n−α)

dn

dtn

∫ t

t0

(t − s)n−α−1 f (s)ds, (2)

where t > t0, and n− 1 ≤ α < n ∈ Z+.

Definition 3. The Caputo derivative of function f (t) with order α > 0 is defined as

CDα
t0,t

f (t) =
1

Γ (n−α)

∫ t

t0

(t − s)α−1 f (n)(s)ds, t > t0, (3)

where n− 1 < α ≤ n ∈ Z+.

Proposition 1. From the above-mentioned definitioni and integrationi by parts, we iobtain

RLD
p
t0,t

(

RLD
q
t0,tx(t)

)

= RLD
p+q
t0,t x(t)−

m

∑
j=1

[

RLD
q− j
t0,t

]

t=t0

t−p− j

Γ (1− p− j)
,

RLD
q
t0,t

(

RLD
p
t0,tx(t)

)

= RLD
p+q
t0,t x(t)−

n

∑
j=1

[

RLD
p− j
t0,t

]

t=t0

t−q− j

Γ (1− q− j)
,

where n−1i ≤ pi < n, m−1i ≤ q < im, m, n ∈N, so RLD
p
t0,t

(

RLD
q
t0,tx(t)

)

, RLD
q
t0,t

(

RLD
p
t0,tx(t)

)

, and RLD
p+q
t0,t x(t) are not

generally equal to each other.

Proposition 2. Suppose thati x(t) satisfies thei definitions of Riemanni-Liouville derivativei and Caputoi derivativei with

order α , n− 1 < α < n ∈ Z+, then they havei the followingi connection

CDα
t0,t

x(t) = RLDα
t0,t

x(t)−
n−1

∑
j=0

x( j)(t0)

Γ ( j−α + 1)
(t − t0)

j−α , (4)

CDα
t0,t

x(t) = RLDα
t0,t

x(t) holds if andi onlyi if x′(t0) = x′′(t0) = · · ·= x(n−1)(t0) = 0.
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Remark. Becausei ofi Propositions 1i and 2, thei Riemann-Liouvillei and the Caputoi fractionali differentiali operatorsi
do not satisfyi the classical semigroup property. In most situations, t0 is always set to 0. We will not specifically state this
if no confusion appears.

Definition 4. The Hadamard fractional integral of order α ∈ Rn of a function f (x), for all x > a is defined as

HD−α
a,x f (x) =

1

Γ (α)

∫ x

a

(

ln
x

t

)α−1

f (t)
dt

t
, x > a ≥ 0. (5)

Definition 5. The Hadamard derivative of order α ∈ [n− 1,n), n ∈ Z+, of function f (x) is given as follows

HDα
a+ f (x) = δ n

(

HD
−(n−α)
a+

f (x)
)

, (6)

where, x > a, δ = x d
dx
, n− 1 ≤ α < n ∈ Z+.

Remark. The kernel in Riemann-Liouville integral has the form (x− t) whenever Hadamard integral has the form of ln x
t
.

Second, the Riemann-Liouville derivative has the operator dn

dtn , while the Hadamard derivative has
(

x d
dx

)n
operator whose

construction is well suited to the case of the half-axis.

Theorem 1. Ifi n−1<α < n, n∈ iN, CDα
0,tx(t)≥ CDα

0,ty(t), and x(k)(0)≥ y(k)(0), (k = i0,1, · · · i,n−1), then x(t)≥ y(t).

Paralleli, if n−1 < α < n, n ∈N, RLDα
0,tx(t)≥ RLDα

0,ty(t), and RLDα−k−1
0,t x(t)|t=0 ≥ RLDα−k−1

0,t y(t)|t=0, (k = 0,1, · · · ,n−

1), then x(t)≥ y(t).

Proof. Thei proof of this theoremi can bei referredi to [33].

Definition 6. The Mittagi-Leffleri function of two parameters isi defined by

Eα ,β (z)i =
∞

∑
k=0

zk

Γ (kα +β )
, α,β > 0. (7)

Now, we consider the initial value problems (IVPs) of FDEs are in Riemann-Liouville derivative sense

{

RLDα
0,ty(t) = f (y), t > 0,

RLDα−1
0,t y(t)

∣

∣

∣

t=0
= y0,

(8)

or equivalently,
{

RLDα
0,ty(t) = f (y), t > 0,

limt→0+
[

t1−αy(t)
]

t=0
= y0

Γ (α) ,
(9)

and in Hadamard derivative sense
{

HDα
a+

y(t) = f (y), t > a > 0,

HDα−1
a+

y(t)
∣

∣

t=a
= ya,

(10)

or equivalently,
{

HDα
a+

y(t) = f (y), t > a > 0,
(

ln t
a

)1−α
y(t)
∣

∣

∣

t=a
= ya

Γ (α)
,

(11)

respectively, where 0 < α < 1, f (y) = ( f1(y), · · · , fn(y))
T , y ∈ Rn. We always assume that they have unique solutions

respectively.

Lemma 1. [4] If f (y) isi continuous,i the IVP (8) is equivalent to the following nonlinear Volterra integral equation of

the second kind

y(t) =
y0

Γ (α)
tα−1 +

1

Γ (α)

t
∫

0

(t − ξ )α−1 f (ξ )dξ . (12)

In other words, every solution of the Volterra integral equation (12) is also the solution of IVP (8) and vise versa.
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Lemma 2. [4,5] The initial value problem

{

RLDα
0,tu(t) = f (t), t > 0,

t1−αu(t)
∣

∣

t=0
= u0,

(13)

has following integral form

u(t) = u0tα−1 +
1

Γ (α)

t
∫

0

(t − τ)α−1 f (τ)dτ, (14)

where 0 < α < 1 and q ∈C ([0,T ]×R).

Lemma 3. [4,5] The initial value problem

{

RLDα
0,tu(t) = f (t,u),

u(a) = b, t > a > 0,
(15)

has unique solution in C(R+)∩L1
loc(R

+) given by

u(t) =



b−
1

Γ (α)

a
∫

0

(a− τ)α−1 f (τ,u(τ))dτ





tα−1

aα−1
+

1

Γ (α)

t
∫

0

(t − τ)α−1 f (τ,u(τ))dτ, (16)

where 0 < α < 1, f (t,u) ∈C(R+)∩L1
loc(R

+) for all (a,b) ∈R+×R.

Lemma 4. [4,10] Let G be an open set in R and let f : (a,b]×G→R be a function such that f (y)∈Cγ,ln[a,b], 0≤ γ < 1,
for any y ∈ G, y(x) ∈C1−α ,ln[a,b]. Then the IVP (10) is equivalent to the following nonlinear integral equation

y(t) =
ya

Γ (α)

(

ln
t

a

)α−1

+
1

Γ (α)

t
∫

a

(

ln
t

ω

)α−1

f (ω)
dω

ω
. (17)

Lemma 5. [9] The initial value problem

{

HDα
a+

u(t) = f (t), a < t ≤ b

u(t0) = u0, a < t0 ≤ b,
(18)

has unique solution. Then

u(t) =



u0 −
1

Γ (α)

t0
∫

a

(

ln
t0

s

)α−1

f (s)
ds

s





(

ln
t0

a

)1−α (

ln
t

a

)α−1

+
1

Γ (α)

t
∫

a

(

ln
t

s

)α−1

f (s)
ds

s
, (19)

where 0 < α < 1 and u(t) ∈C1−α ,ln[a,b].

3 The linerarization theorems

Some authors [34,35,36,37] investigated the linearization theorems of dynamical systems with integer orders. However,
this section addressesi thei linearization theoremsi of fractionali dynamical systemi defined byi fractionali differential
equationsi with Riemann-Liouville and Hadamard derivatives.

Consider the homogenous linear system of FDEs in Riemann-Liouville derivative sense

{

RLDα
0,ty(t) = Ay(t), t > 0,

RLDα−1
0,t y(t)

∣

∣

∣

t=0
= y0,

(20)

and in Hadamard derivative sense
{

HDα
a+

y(t) = Ay(t), t > a > 0,

HDα−1
a+

y(t)
∣

∣

t=a
= ya,

(21)

where A is an n× n constant matrix, 0 < α < 1 and y(t) ∈ Rn.
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Definition 7. The autonomous systems (20) and (21) are said to be (i) stable if and only if for any y0 , ya. Then, therei

exists ε > 0 such ithat ‖y(t)‖ ≤ ε fori t ≥ 0 respectively and (ii) asymptotically stable if and only if limt→∞ ‖y(t)‖= 0.

Definition 8. If all the eigenvaluesi λ (A) ofi Ai satisfy: |iλ (A)| 6= 0 and |arg(λ (A))| 6= απ
2
, the iorigin O of the autonomous

systems (20) and (21) arei called a hyperbolici equilibriumi point.

Now we consider the autonomous nonlinear differential system with Riemann-Liouville derivative

{

RLDα
0,ty(t) = f (y(t)), t > 0,

RLDα−1
0,t y(t)

∣

∣

∣

t=0
= y0,

(22)

and Hadamard derivative
{

HDα
a+

y(t) = f (y(t)), t > a > 0,

HDα−1
a+

y(t)
∣

∣

t=a
= ya,

(23)

where 0 < α < 1 and f (y) is continuous function.

Definition 9. The yeq = 0 is said to be equilibrium point of fractional differential systems (22) and (23) if and only if

f (yeq) = 0.

Definition 10. Supposei that yeq = 0 is ani equilibriumi pointsi of i the systems (22) and (23) and all thei eigenvalues

λ (D f (yeq)) of the ilinearized matrix D f (yeq) at the equilibriumi point yeq satisfy:
∣

∣λ (D f (yeq))
∣

∣ i 6= 0 and
∣

∣λ (D f (yeq))
∣

∣ 6=
πα
2

, theni we call a hyperbolici equilibriumi point.

Definition 11.

(1) Thei equilibriumi points yeq = 0 of systems (22) and (23) arei said to be: (i) locallyi stable if for all εi> 0, therei exists

a δ > 0 suchi that
∥

∥y(t)− yeq

∥

∥< ε holdsi for all y0 ∈ {z :
∥

∥z− yeq

∥

∥< δ} and fori all t > 0 and t > a respectively; (ii)

locallyi asymptoticallyi stablei if the equilibrium point is locally stable and limt→+∞ y(t) = yeq.

(2) Consideri y(t) and ỹ(t) arei thei solutionsi of systems (22) and (23) withi initiali values y0(t) and ỹ0(t) respectively.

Thei solution y(t) isi said to be: (i) locallyi stable ifi for all ε > 0, therei exist a δ > 0 suchi that ‖y(t)− ỹ(t)‖ < ε
holdsi for all ‖y(t)− ỹ(t)‖ < δ and fori all t ≥ 0 and t ≥ a, respectively; (ii) locallyi asymptoticallyi stable if the

equilibriumi point is locallyi stablei and limt→+∞(y(t)− ỹ(t)) = 0.

Suppose f (x) and ig(y) are continuous vectori fields definedi on U,V ⊆ R
n and generatei flows ψt, f : U → U,ψt,g :

V →V, respectively.

Definition 12. If there isi a homeomorphismi h : Ui →V, isatisfying: h◦ψt, f (x)i = ψt,g ◦h(x), x ∈ δ (x0,r)⊂U, x0 ∈U,

f (x)i and g(y) are locallyi topologicallyi equivalent. If the iabove relationi holds in ithe wholei space U, then they arei

globally topologicallyi equivalent.

Next, we give the linearizationi theorems of fractionali differentiali equation with Riemann-Liouvillei and Hadamard
derivatives. The equilibrium yeq is always in the origin.

Theorem 2. If thei origini O is a hyperbolici equilibrium point of Riemann-Liouvillei fractionali differentiali system (22),

ivector field f (y) is topologicallyi equivalent with iits linearization ivector field V f (0)y in thei neighbourhood δ (0) of the

origin O.

Proof. Let λ1,λ2, · · · ,λn be the eigenvalues of V f (0), |arg(λi)| > απ
2
, i = 1,2, · · · ,n1,

|arg(λi)| <
απ
2
, i = n1 + 1,n1 + 2, · · · ,n. Let n = n1 + n2, then by non singular linear transformation T :

Rn → Rn1 ×Rn2 , y(t) → g(t) = (g1(t),g2(t)), (g1(t) ∈ Rn1 , g2(t) ∈ Rn2), fractional differential system (22) can be
transformed into the following system

{

RLDα
0,tg1(t) = A1g1(t)+F1(g1(t),g2(t)),

RLDα
0,tg2(t) = A2g2(t)+F2(g1(t),g2(t)),

(24)

where the eigenvalues of A1,A2 are λ1,λ2, · · · ,λn1
and λn1+1,λn1+2, · · · ,λn, respectively. Moreover, ‖Eα ,α(A1)‖ = a,

(‖Eα ,α(A2)‖)
−1 = b. Without lossi of generality, suppose b < 1

a
, F1,F2 = o(‖g1(t)‖+ ‖g2(t)‖) as (g1(t),g2(t))→ 0.
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The solution ψt(g) = (g1(t),g2(t)) of (24) can be written as

g1(t) = g0
1tα−1Eα ,α(A1tα)+

t
∫

0

(t − τ)α−1Eα ,α(A1(t − τ)α) F1(g1(τ),g2(τ)) dτ

= g0
1tα−1Eα ,α(A1tα)+G1(t,g

0
1,g

0
2),

g2(t) = g0
2tα−1Eα ,α(A2tα)+

t
∫

0

(t − τ)α−1Eα ,α(A2(t − τ)α) F2(g1(τ),g2(τ)) dτ

= g0
2tα−1Eα ,α(A2tα)+G2(t,g

0
1,g

0
2).

Our theorem refers only to the neighbourhood δ (0) of the origin O, when (g0
1,g

0
2) /∈ δ (0), we set F1(g

0
1,g

0
2) ≡ 0,

F2(g
0
1,g

0
2)≡ 0, consequently, G1,G2 ≡ 0,(g0

1,g
0
2) /∈ δ (0). Thus omit the case when (g0

1,g
0
2) ∈ δ (0)

Consider the homogenous linear system of (24)

{

RLDα
0,tw1(t) = A1w1(t),

RLDα
0,tw2(t) = A2w2(t),

(25)

where w(t) = (w1(t),w2(t)) ∈ Rn1 ×Rn2 , w1(t) ∈ Rn1 , w2(t) ∈ Rn2 . The solution ϕt(w)(t) = (w1(t),w2(t)) of (25) can
be expressed as

{

w1(t) = w0
1tα−1Eα ,α(A1tα),

w2(t) = w0
2tα−1Eα ,α(A2tα),

(26)

If we can find a homeomorphism h : Rn →R
n, satisfying h◦ψt = ϕt ◦h, theni the theorem isi true. For ithis, we dividei

the proof iinto threei steps.

Step 1: For t = 1, we find ia continuousi map h1 : Rn → Rn satisfying

θs ◦ϕt ◦ h1 = h1 ◦θs ◦ψ1, s ∈ (0,1). (27)

Suppose that h1 which satisfies (27) is expressed by the following coordinate transformation

w0
1 =U(g0

1,g
0
2), w0

2 =V (g0
1,g

0
2). (28)

By (27) and (28), we have

θsEα ,α(A1)U(g0
1,g

0
2) = U(θs(g

0
1Eα ,α(A1)+G1(1,g

0
1,g

0
2)),θs(g

0
2Eα ,α(A2)+G2(1,g

0
1,g

0
2))), (29)

θsEα ,α(A2)V (g0
1,g

0
2) = V (θs(g

0
1Eα ,α(A1)+G1(1,g

0
1,g

0
2)),θs(g

0
2Eα ,α(A2)+G2(1,g

0
1,g

0
2))), (30)

So V satisfies the following equation

V (g0
1,g

0
2) = (θs)

−1(Eα ,α(A2))
−1V (θs(g

0
1Eα ,α(A1)+G1(1,g

0
1,g

0
2)),θs(g

0
2Eα ,α(A2)+G2(1,g

0
1,g

0
2))), (31)

Next, wei use successive iapproximations to iobtain isolution to (31). Put

{

V0(g
0
1,g

0
2) = g0

2,
Vk(g

0
1,g

0
2) = (θs)

−1(Eα ,α(A2))
−1Vk−1(θs(g

0
1Eα ,α(A1)+G1(1,g

0
1,g

0
2)),θs(g

0
2Eα ,α(A2)+G2(1,g

0
1,g

0
2))),

(32)

for k = 1,2, · · · . We get

V1(g
0
1,g

0
2) = (θs)

−1(Eα ,α(A2))
−1(θs(g

0
2Eα ,α(A2)+G2(1,g

0
1,g

0
2))),

= g0
2 +(Eα ,α(A2))

−1G2(1,g
0
1,g

0
2).

Let δ i > 0 enough small, then iti is easily iknown that

r = b‖θ‖−1 (2max{a‖θ‖ ,2c‖θ‖ ,‖Eα ,α(A2)‖‖θ‖})δ < 1. (33)
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Since G2 = o(
∥

∥g0
1

∥

∥+
∥

∥g0
2

∥

∥) as g0
1,g

0
2 → 0, there exists a constant L > 0 satisfying

∥

∥V1(g
0
1,g

0
2)−V0(g

0
1,g

0
2)
∥

∥< Lr
(∥

∥g0
1

∥

∥+
∥

∥g0
2

∥

∥

)δ
. (34)

Suppose
∥

∥Vk(g
0
1,g

0
2)−Vk−1(g

0
1,g

0
2)
∥

∥< Lrk
(∥

∥g0
1

∥

∥+
∥

∥g0
2

∥

∥

)δ
. One has

∥

∥Vk+1(g
0
1,g

0
2)−Vk(g

0
1,g

0
2)
∥

∥ =
∥

∥(θs)
−1(Eα ,α(A2))

−1Vk(θs(g
0
1Eα ,α(A1)+G1(1,g

0
1,g

0
2)),θs(g

0
2Eα ,α(A2)

+G2(1,g
0
1,g

0
2)))− (θs)

−1(Eα ,α(A2))
−1Vk−1(θs × (g0

1Eα ,α(A1)

+G1(1,g
0
1,g

0
2)),θs(g

0
2Eα ,α(A2)+G2(1,g

0
1,g

0
2)))
∥

∥

∥

∥Vk+1(g
0
1,g

0
2)−Vk(g

0
1,g

0
2)
∥

∥ ≤ ‖(Eα ,α(A2))‖
−1 ‖θ‖−1

Lrk(
∥

∥θs(g
0
1Eα ,α(A1)+G1(1,g

0
1,g

0
2))
∥

∥

+θs(g
0
2Eα ,α(A2)+G2(1,g

0
1,g

0
2)))

δ

≤ Lrkb‖θ‖−1 (‖θ‖(a
∥

∥g0
1

∥

∥+
∥

∥g0
1Eα ,α(A1)

∥

∥×
∥

∥g0
2

∥

∥)+ 2c(
∥

∥g0
1

∥

∥+
∥

∥g0
2

∥

∥)‖θ‖)δ

≤ Lrkb‖θ‖−1 (2max{a‖θ‖ ,2c‖θ‖ ,‖Eα ,α(A2)‖‖θ‖})δ
(∥

∥g0
1

∥

∥+
∥

∥g0
2

∥

∥

)δ

≤ Lrk+1
(∥

∥g0
1

∥

∥+
∥

∥g0
2

∥

∥

)δ
.

where b < ‖θ‖< 1
a
.

So Vk(g
0
1,g

0
2) uniformly converges to a continuous function V (g0

1,g
0
2) and we get

V (g0
1,g

0
2) = V0(g

0
1,g

0
2)+

∞

∑
k=1

[Vk(g
0
1,g

0
2)−Vk−1(g

0
1,g

0
2)]

= g0
2 +V ∗(g0

1,g
0
2),

where V ∗(g0
1,g

0
2) = o(

∥

∥g0
1

∥

∥+
∥

∥g0
2

∥

∥).

Furthermore, U satisfies the following equation

θsEα ,α(A1)U(g0
1,g

0
2) = U(θs(g

0
1Eα ,α(A1)+G1(1,g

0
1,g

0
2)),θs(g

0
2Eα ,α(A2)+G2(1,g

0
1,g

0
2))),

= U(u1,u2), (35)

and
{

u1 = θs(g
0
1Eα ,α(A1)+G1(1,g

0
1,g

0
2)),

u2 = θs(g
0
2Eα ,α(A2)+G2(1,g

0
1,g

0
2)).

(36)

We can provei that therei exists thei inverse itransformation iof (36), namely

{

g0
1 = (θs)

−1(Eα ,α(A1))
−1u1 +P1((θs)

−1u1,(θs)
−1u2),

g0
2 = (θs)

−1(Eα ,α(A2))
−1u2 +P2((θs)

−1u1,(θs)
−1u2).

(37)

So, function U satisfies

U(u1,u2) = θsEα ,α(A1)U((Eα ,α(A1))
−1(θs)

−1u1 +P1((θs)
−1u1,(θs)

−1u2),(Eα ,α(A2))
−1(θs)

−1u2

+P2((θs)
−1u1,(θs)

−1u2)). (38)

By successivei approximation similar to functioni V , we obtain the solution of U(g0
1,g

0
2) satisfying

U(g0
1,g

0
2) = g0

1 +U∗(g0
1,g

0
2), (39)

where U∗(g0
1,g

0
2) = o(

∥

∥g0
1

∥

∥+
∥

∥g0
2

∥

∥).

If b > 1
a
, namely ‖(Eα ,α(A1))‖= ‖(Eα ,α(A2))‖, similar to (29), we cani also use successivei approximationi to obtain

the solution of (30). If b > 1
a
, the process iis similar to b < 1

a
. As a result we geti a continuousi map h1 satisfying

h1(0,0) = i(0,0), and when (g0
1,g

0
2) /∈ δ (0), h1(g

0
1,g

0
2) = (g0

1,g
0
2). Moreover, thei uniqueness is easilyi proved.

Step 2: h1 is ai homeomorphism, Based on step i1, there also exists ai continuousi map h2 satisfying h2 ◦ θs ◦ϕ1 =
θs ◦ψ1 ◦ h2.

h1 ◦ h2 ◦θs ◦ϕ1 = h1 ◦θs ◦ψ1 ◦ h2 = θs ◦ψ1 ◦ h1 ◦ h2, (40)
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θs ◦ψ1 ◦ h2 ◦ h1 = h2 ◦θs ◦ψ1 ◦ h1 = h2 ◦ h1 ◦θs ◦ψ1. (41)

By the uniqueness of h1 and h2, so (h1)
−1 = h2, and (h1)

−1 is continuous.i Therefore, h1 is ai homeomorphism.
Step 3: Let

h =

1
∫

0

ϕs ◦ h1 ◦ (ψ1)
−1ds. (42)

For t ∈ R+, similar to Step 2, we cani prove h is a homeomorphism.

ϕt ◦θt ◦ h =

1+t
∫

t

ϕt ◦θt ◦ϕs−t ◦ h1 ◦ (ψs−t)
−1ds

=

1+t
∫

t

ϕs ◦ h1 ◦ (ψs)
−1 ◦ψt ◦θt ◦ψs−t ◦ (ψs−t)

−1ds

=

1
∫

t

ϕs ◦ h1 ◦ (ψs)
−1ds◦ψt ◦θt +

1+t
∫

1

ϕs ◦ h1 ◦ (ψs)
−1ds◦ψt ◦θt

=

1
∫

t

ϕs ◦ h1 ◦ (ψs)
−1ds◦ψt ◦θt +

t
∫

0

ϕs+1 ◦ h1 ◦ (ψs+1)
−1ds◦ψt ◦θt

=

1
∫

t

ϕs ◦ h1 ◦ (ψs)
−1ds◦ψt ◦θt +

t
∫

0

ϕs ◦θs ◦ϕ1 ◦ h1 ◦ (ψ1)
−1 ◦ (θs)

−1 ◦ (ψs)
−1ds◦ψt ◦θt

=

1
∫

t

ϕs ◦ h1 ◦ (ψs)
−1ds◦ψt ◦θt +

t
∫

0

ϕs ◦ h1 ◦ (ψs)
−1ds◦ψt ◦θt

=

1
∫

0

ϕs ◦ h1 ◦ (ψs)
−1ds◦ψt ◦θt = h ◦ψt ◦θt .

Thus, the conclusioni is true.

Remark.

(i) The above itheorem is the fractional form of the Hartman theorem [34,35,36,37].
(ii) The conditioni hyperbolici equilibrium isi necessary. If the origin O is not a hyperbolici equilibrium then thei

conclusioni does not hold.

Lemma 6. If n−1<α < n∈N, HDα
a,tx(t)≥H Dα

a,ty(t), and HDα−k−1
a,t x(t)

∣

∣

t=a
≥ HDα−k−1

a,t y(t)
∣

∣

t=a
, for k = 0,1, · · · ,n−1,

then x(t)≥ y(t).

Proof. Setting HDα
a,tx(t) = σ(t)+H Dα

a,ty(t), and taking the Mellin transform [4] on both sides, one has

(−s)α (M x) (s) = (M σ)(s)+ (−s)α(M y)(s)

dividing by (−s)α taking the inverse Mellin transform in both sides, one can get

x(t) = y(t)+M
−1 ((−s)α

M (σ)(s))

The right hand side of the above equality is positive. This completes the proof.

Theorem 3. If thei origin O is a hyperbolici equilibrium pointi of Hadamard fractionali differential isystem (23), theni

vector field f (y) is itopologicallyi equivalent with its linearization ivector field V f (y) in the neighbourhood δ (0) of the

origin O.
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Proof. Fractional differential system (23) can be transformed into the following system
{

HDα
a+

u1(t) = A1u1(t)+F1(u1(t),u2(t)),

HDα
a+

u2(t) = A2u2(t)+F2(u1(t),u2(t)),
(43)

where the eigenvalues of A1,A2 are λ1,λ2, · · · ,λn1
and λn1+1,λn1+2, · · · ,λn, respectively. Let n = n1 + n2, then by non

singular linear transformation T : Rn → R
n1 ×R

n2 , y(t) → u(t) = (u1(t),u2(t)), (u1(t) ∈ R
n1 ,u2(t) ∈ R

n2). Moreover,
(

log 1
a

)α−1
Eα ,α

[

A1

(

log 1
a

)α
]

= b and
(

(

log 1
a

)α−1
Eα ,α

[

A2

(

log 1
a

)α
])−1

= c.

Without loss of generality, suppose c < 1
b
,F1,F2 = o(‖u1(t)‖+ ‖u2(t)‖) as u1(t),u2(t)→ 0.

The solution ψt(u) = (u1(t),u2(t)) of (43) can be written as

u1(t) = u0
1

(

log
t

a

)α−1

Eα ,α

[

A1

(

log
t

a

)α
]

+

t
∫

a

(

log
t

τ

)α−1

Eα ,α

[

A1

(

log
t

τ

)α
]

F1(u1(τ),u2(τ))dτ

= u0
1

(

log
t

a

)α−1

Eα ,α

[

A1

(

log
t

a

)α
]

+ S1(t,u
0
1,u

0
2),

u2(t) = u0
2

(

log
t

a

)α−1

Eα ,α

[

A2

(

log
t

a

)α
]

+

t
∫

a

(

log
t

τ

)α−1

Eα ,α

[

A2

(

log
t

τ

)α
]

F2(u1(τ),u2(τ))dτ

= u0
2

(

log
t

a

)α−1

Eα ,α

[

A2

(

log
t

a

)α
]

+ S2(t,u
0
1,u

0
2),

Our this theorem refers only to the neighbourhood δ (0) of the origin O, when (u0
1,u

0
2) /∈ δ (0), we set F1(u

0
1,g

0
2) ≡

0, F2(u
0
1,u

0
2)≡ 0, consequently, S1,S2 ≡ 0,(u0

1,u
0
2) /∈ δ (0). So we omit the case when (u0

1,u
0
2) ∈ δ (0).

Consider the homogenous linear system of (43)
{

HDα
a+

w1(t) = A1w1(t),

HDα
a+

w2(t) = A2w2(t),
(44)

where w(t) = (w1(t),w2(t)) ∈ Rn1 ×Rn2 , w1(t) ∈ Rn1 , w2(t) ∈ Rn2 . The solution ϕt(w)(t) = (w1(t),w2(t)) of (44) can
be expressed as















w1(t) = w0
1

(

log t
a

)α−1
Eα ,α

[

A1

(

log t
a

)α
]

,

w2(t) = w0
2

(

log t
a

)α−1
Eα ,α

[

A2

(

log t
a

)α
]

,

If we can find a homeomorphism h : Rn → Rn, satisfying h ◦ψt = ϕt ◦ h, then the theorem is true. For this, we divide
the proof into three steps.

Step 1: For t = 1, we find a continuous map h1 : Rn → Rn satisfying

θs ◦ϕt ◦ h1 = h1 ◦θs ◦ψ1, s ∈ (0,1). (45)

Suppose that h1 which satisfies (45) is expressed by the following coordinate transformation

w0
1 =U(u0

1,u
0
2), w0

2 =V (u0
1,u

0
2). (46)

By (45) and (46), we have

θs(log
1

a
)α−1Eα ,α [A1(log

1

a
)α ]U(u0

1,u
0
2) = U(θs(u

0
1(log

1

a
)α−1Eα ,α [A1(log

1

a
)α ]+ S1(1,u

0
1,u

0
2)),θs(u

0
2(log

1

a
)α−1

×Eα ,α [A2(log
1

a
)α ]+ S2(1,u

0
1,u

0
2))), (47)

θs(log
1

a
)α−1Eα ,α [A2(log

1

a
)α ]V (u0

1,u
0
2) = V (θs(u

0
1(log

1

a
)α−1Eα ,α [A1(log

1

a
)α ]+ S1(1,u

0
1,u

0
2)),θs(u

0
2(log

1

a
)α−1

×Eα ,α [A2(log
1

a
)α ]+ S2(1,u

0
1,u

0
2))). (48)
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Next, we use successive approximations to obtain solution to (48). Put














V0(u
0
1,u

0
2) = u0

2,

Vk(u
0
1,u

0
2) = (θs)

−1
(

log 1
a

)1−α
(Eα ,α(A2

(

log 1
a

)α
))−1Vk−1

(

θs

(

u0
1

(

log 1
a

)α−1
Eα ,α

[

A1

(

log 1
a

)α
]

+ S1(1,u
0
1,u

0
2)
)

,θs

(

u0
2

(

log 1
a

)α−1
Eα ,α

[

A2

(

log 1
a

)α
]

+ S2(1,u
0
1,u

0
2)
)

)

,

(49)

for k = 1,we get

V1(u
0
1,u

0
2) = u0

2 +(log
1

a
)1−α(Eα ,α [A2(log

1

a
)α ])−1S2(1,u

0
1,u

0
2).

Let δ > 0 enough small, then it is easily known that

r = c‖θ‖−1 (2max{b‖θ‖ ,2d ‖θ‖ ,

∥

∥

∥

∥

∥

(

log
1

a

)α−1

Eα ,α

[

A2

(

log
1

a

)α]
∥

∥

∥

∥

∥

‖θ‖})δ < 1. (50)

Since S2 = o(
∥

∥u0
1

∥

∥+
∥

∥u0
2

∥

∥) as u0
1,u

0
2 → 0, there exists a constant L > 0 satisfying

∥

∥V1(u
0
1,u

0
2)−V0(u

0
1,u

0
2)
∥

∥< Lr
(∥

∥u0
1

∥

∥+
∥

∥u0
2

∥

∥

)δ
. (51)

Suppose
∥

∥Vk(u
0
1,u

0
2)−Vk−1(u

0
1,u

0
2)
∥

∥< Lrk
(∥

∥u0
1

∥

∥+
∥

∥u0
2

∥

∥

)δ
. One has

∥

∥Vk+1(u
0
1,u

0
2)−Vk(u

0
1,u

0
2)
∥

∥ ≤ ‖θ‖−1

∥

∥

∥

∥

∥

(

log
1

a

)α−1

Eα ,α(A2

(

log
1

a

)α

)

∥

∥

∥

∥

∥

−1

×Lrk

(∥

∥

∥

∥

∥

θs

(

u0
1

(

log
1

a

)α−1

Eα ,α

[

A1

(

log
1

a

)α]

+ S1(1,u
0
1,u

0
2)

)∥

∥

∥

∥

∥

+

∥

∥

∥

∥

∥

θs

(

u0
2

(

log
1

a

)α−1

Eα ,α

[

A2

(

log
1

a

)α]

+ S2(1,u
0
1,u

0
2)

)∥

∥

∥

∥

∥

)δ

≤ Lrkc‖θ‖−1
(

‖θ‖
(

b
∥

∥u0
1

∥

∥

+

∥

∥

∥

∥

∥

(

log
1

a

)α−1

Eα ,α

[

A2

(

log
1

a

)α]
∥

∥

∥

∥

∥

∥

∥u0
2

∥

∥)+ 2d(
∥

∥u0
1

∥

∥+
∥

∥u0
2

∥

∥)‖θ‖)δ

≤ Lrkc‖θ‖−1 (2max{b‖θ‖ ,2d ‖θ‖ ,

∥

∥

∥

∥

∥

(

log
1

a

)α−1

Eα ,α

[

A2

(

log
1

a

)α]
∥

∥

∥

∥

∥

‖θ‖})δ

×
(∥

∥u0
1

∥

∥+
∥

∥u0
2

∥

∥

)δ

≤ Lrk+1
(∥

∥u0
1

∥

∥+
∥

∥u0
2

∥

∥

)δ
.

where c < ‖θ‖< 1
b
. So Vk(u

0
1,u

0
2) uniformly converges to a continuous function V (u0

1,u
0
2) and we get

V (u0
1,u

0
2) =V0(u

0
1,u

0
2)+

∞

∑
k=1

[Vk(u
0
1,u

0
2)−Vk−1(u

0
1,u

0
2)] = u0

2 +V ∗(u0
1,u

0
2),

where V ∗(u0
1,u

0
2) = o(

∥

∥u0
1

∥

∥+
∥

∥u0
2

∥

∥).

By successive approximation similar to function V , we obtain the solution of U(u0
1,u

0
2) satisfying

U(u0
1,u

0
2) = u0

1 +U∗(u0
1,u

0
2), (52)

where U∗(u0
1,u

0
2) = o(

∥

∥u0
1

∥

∥+
∥

∥u0
2

∥

∥).

If c > 1
b
, namely,

∥

∥

∥(Eα ,α(A1

(

log 1
a

)α
))
∥

∥

∥ =
∥

∥

∥(Eα ,α(A2

(

log 1
a

)α
))
∥

∥

∥, similarly to (47), we can also use successive

approximation to obtain the solution of (48). For c > 1
b
, the process is similar to c < 1

b
. Thus we get a continuous map

h1 when (u0
1,u

0
2) /∈ δ (0), h1(u

0
1,u

0
2) = (u0

1,u
0
2). Moreover, the uniqueness is easily proved. Then one can utilize the same

arguments in steps 2 and 3 of Theorem 2 to end this proof.
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4 Conclusion

The present paper has addressed non linear fractional differential systems involving Riemann-Liouville and Hadamard
derivatives with different types of initial value conditions whenever such initial conditions are not equal with each other.
We also have proved the new linearization theorems of those nonlinear fractional differential systems.
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