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1 Introduction

The fractional calculus has gained more attention due to its multiple application in the fields of science and engineering.
In the area of inequalities, fractional integral inequalities play a vital role in a different fields of mathematics, especially
for finding uniqueness of solution in fractional differential equation, fractional partial differential equation, fractional
boundary value problem and continuous dependence solution. We start by recalling the Chebyshev functional which has
been addressed by several researchers, see [1]:

T(f.8) = 5= a/f dx—(/f dx)(b_ /g dx> (1)

where f and g are two integrable functions which are synchronous on [a,b], (i.e(f(x) — f(y))(g(x) —g(¥))) > 0 for any
X,y € |a,b]. We consider the extended Chebyshev’s function [2],

T(f.&p,q) / / px X)der/bp(X)dX/bq(X)f(X)g(X)dx

/ dx/ q(x)g(x)dx — /q / p(x)g(x)dx.

In the last few decades, the researchers have paid valuable attention to Chebyshev and extended Chebyshev functional.
Recently, many specialists in several fields have found different results about some known fractional integral inequalities
and applications by means of the generalization of the Riemann-Liouville, Hadamard, Erdelyi-Kober, Saigo, generalized
fractional integral, k-fractional integral operator, generalized k-fractional integral operator and generalized proportional
fractional operators,
see (2], [3], [4], [5], [6], [71, [8], [9], [10], [11], [12], [13], [14], [15], [16], [17], [18], [19], [20], [21], [22], [23]. V. L.
Chinchane and D. B. Pachpatte [6, 8] proposed the fractional integral inequalities for extended Chebyshev fractional in
case of synchronous function by considering Hadamard and Saigo fractional integral operator respectively. In [24,25], S.
Joshi et al. have recently investigated the Griiss-type inequality and Chebyshev type inequalities by employing
Marichev-Saigo-Maeda fractional integral operator. Marichev [26] introduced generalization of the hypergeometric
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fractional integral including Saigo operator, (also see [27]). Saigo and Maeda [28] have studied the hypergeometric
fractional integral in terms of any complex order with Appell function in the kernel. In [18], S. D. Purohit et al.
introduced generalized operators of fractional integration involving Appell’s function F3(.) due to
Marichev-Saigo-Maeda. Motivated from [18], [24], [25], [26], [27], [28], [29], our purpose is to obtain some new
inequalities for synchronous functions which are related to extended Chebychev functional using Marichev-Saigo-Maeda
fractional integral operators.

2 Preliminaries

First, we recall some basic notation, definitions and lemma which are useful later.
Definition 1.Ler g(7),T > 0 be a real valued function which is said be in Cy([a,b)), 1 € R if there exist 6 € R such that
o >l and P(7) € C([a,b]).

Definition 2. [18, 25, 28] Let v, v,,é,é,, ® € C, x> 0 and R(V) > 0, then Marichev-Saigo-Maeda (MSM) fractional
integral is defined by

(38‘;55 6f)(x):1_),c(i§) /Ox(x_t)ﬁfltfvlfg(v,v/,é,é’;ﬁ;1—§,1—§)f(t)dl‘. 3)

Where F3(.) is the Appel function defined by [30] as

!/ !

Z (V)m(v )m(é)m(é)nx y

m.n=0 (Y)ern m!n!’

i i
qu(V,V,é,é ;Y§X;)’): max(x,y)< 1;

and (v), = v(v+1)...(v4+m— 1) is Pochhammer symbol.

Lemma 1.Let v,v &, & 0, p € C, x> 0 be such that R() > 0 and R(t) > max{0,R(v—v — & — ), R( — &)} Then
there exists the relation

"Vvv/!évg,;lsxpfl(x) — F(p)F(pqL‘leva 75)F(p+é 7‘}) xp7V7V,+1971'

! / / 4
Jo. Flp+ &) p+o—v—)L(p+0—v 8 @
If we consider p =1 in lemma 1, then we get following relation
FrA+d8—v—yv —Er(1+&—v /
@i 5O = e SRS ) e ®)
x FA+E)rQ+9—v—VYLA+0—V &)
Consider a function,
x" o1, ! ! 4 X
= — F: sl ——1——
3(x7t) F(‘l?)(x t) t 3(V7Va€a€ ’197 X, t)
/ (6)

LR (e e e

Clearly, the function J(x,7) remains positive because all terms of equation (6) are positive.

3 Main Results

Here, we prove the following lemma.

Lemma 2.Let f and g be two integrable and synchronous function on [0,00) and u,v : [0,00) — [0,00). Then for all x > 0,
V,V,,é,é,, 197 S (C7 m(ﬁ) > 0 we have

P Lo S8 P e ()] + A S8 P )k P ufg(o)]

(7
> 30 P (a5 g )] + 38 S P Lo IR S g )

where v > —1, 1 >max{0,9%(v+v/+§ 719),9%(\/75/)} (9 —v') >max(1—&,1—v).
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Proof:- Since f and g are two synchronous on [0, o) for all T > 0, p > 0, we have

(f(z) = f(p)) (g(7) —g(p)) > 0. (8)
f(t)g(r) — f(7) —g(p) — f(p)g(t) + f(p)g(p) > 0. )
f(0)gn)+f(p)glp) > f(t)g(p) + f(p)g(7). (10)

Multiplying both sides of (10) by J(x, 7)x(t) which remains positive for all 7 € (0,x), x > 0, then the integrating resulting
identity with respect to 7 from O to x, we have

Fos [ = e B £ E i = L = Dutofe(es
b [ e By, 8 - L= D) (p)so)ar >
1:(17))(/0 ] T an
Py b =9 A & g = L= D@ A ()s(p)de
F"(,;) [a=0m e R g8 s = L= Du@s (e,
35 g 0]+ () (P ) >

> 2P EE P (0] + £ S g ().

Again, multiplying both sides of (12) by J(x,p)y(p), p € (0,x), x > 0, then integrating resulting identity with respect to
p from O to x we get

"X 7‘/ ’ ’ P X
F 'V oo 5 »]__7]__ d
n)/ooc O L
+382’“ 0 P F(vv €, E 1 = 21— ) (urg)(p)dp
’ 0 P (13)

"X _ 7‘)/ / / X
/0<x—p>" P RO &8 mi - R D) (p)dp

+33§“ ) )y [ ) 0 B EE i1 =B Sy e,

which implies that,

i 5 g WS b+ 35 )3 5 s (o)
> 30 W el + 38 5 gl )

(14)

This completes the proof of inequality 7.
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Theorem 1.Ler f and g be two integrable and synchronous functions on [0,00), and r,p,q : [0,00) — [0,00). Then for all
x>0, v,v/,{:,{:/,ﬁ,e C, R(®) > 0 we have

23544 ()] [Jéi“ Vplans 54 Plafe]+ a5 P lgwlag t¢ ”[pfg(xn} -

230 5 3 S gl S efe()

S a4 P gg(] + 35 S Pl Colay S ﬂ[pg(x)]] + (15)
S () (3 S P el 4 P gg)] + 38 5 g g S g<x>1} -
O R I P P S I O B

where v > —1,1 > max {0,9%(v+vl+§ —9),R(v — é/)} (% —v)>max(1—&,1—v).
Proof: To prove theorem, put u = p, v = g, and using lemma 2, we get

BEE P (an 5 P g e (] + 0 5 Pl S nfe(x) >

WEE P s S g ()] + 35 Pl (3 5 P [pg ().

(16)

Now, multiplying both sides by (16) 3V’V &8 P [r(x)], we have

y

WS () [331“5’5’*’@( AP TES N L o) ﬂ[pfg(xﬂ] >
a7

LSRRI [38,1 8 g 5 lag] + 35 S P lar g S ﬂ[pg(x)]] :
again, put # = r, v = ¢, and using lemma 2, we get
S P I3 S )] + 3 5 g S ()] >

Sl )3 S P g (0] + 3 5 a0l 5 ()],

multiplying both sides of (18) by 3‘6; &80 [p(x)], we have

(18)

W ) [38;”5’4‘ PSS e ()] + 35 Pl S (e ﬂ
(19)

W (o) [:s” B8O N S8 g ()] a8 P g p (g 64 ﬁ[rg(x)]]-

With the same arguments as in equation (17) and (19), we can write

WS () [38;”5"5'”’[ I 2 re )] + 3 P g ¢4 ﬁ[rfg)(x)]] >
(20)

€ gt [ Pl € et 3 4 ol 4 e

Adding the inequalities (17), (19) and (20), we get required inequality (15).

Lemma 3.Let f and g be two integrable and synchronous functions on [0,0), and u,v : [0,00[— [0, ). Then for all x > 0,
v EE S 0 BB .6 €C,R(B),R(0) >0 we have

S S )3 P (0] 3 P O )3 ()] >

WSS P (]38 P g )] 38 PP ] S g (),

1)

@© 2021 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 7, No. 4, 249-255 (2021) / www.naturalspublishing.com/Journals.asp v S L 253

where v.,a > —1, 1 > max{O,Sﬁ(erv/wLé719),9%(\/75/)}, (® — V) > max(1—&,1—v),
1>max{O,%(a+a/+B—9),9%(05/—[3/)}(9—05/)>max(1—B,1—a).

Proof:- Now multiplying both sides of (12) by

J(x,p)v(p) = %(x—p)"*lp*“ F(a, o ,B,B'5051 8,1~ S)v(p) (p € (0,x), x> 0), which (in view of the argument

mentioned above in proof of lemma 2 ) remain positive. Then integrating resulting identity with respect to p from O to x,
we have

-

v EE x * 0-1.,—a ! ‘.1 P x
3 [fg(x)]F(G)/o(x_p) p F3(aaaaﬁaﬁ 79»]_;7]_5)‘)(’))‘1’)
o EE D e 0-1,-a "3 g.g1 P %
+d0x [u(x)]r(e)/() (xip) p F3((X,(X,B,B ,9’17)(:71 p)v(p)f(p)g(p)dp (22)
~vv 55 O x ¢ x -1 —o ! ‘.. P X
d0)( [Mf( )]F( )/ ( _p) p F3(aaaaﬁaﬁ 79»]_;7 _E)v(p)g(p)dp
~v,v (',:f: O x ¢ X

el ,d ! ‘g1 P X
P ] fgy [ e o P BB 01— B Tv(p) f(p)dp.
This completes the proof of inequality (21).

Theorem 2.Let f and g be two integrable and synchronous functions on [0,00), and r,p,q : [0,00) — [0,00). Then for all
x>0,vv,E,E 8 a,a ,B,B,6 cC, R(V),R(0) >0 we have
Sl P lgIRET P O pfe(] + 235 S ()3 P g fe()]
FIEE PP )35 54 g
[352 S8 g PP O] + 3 PP O o) o ’ﬂ[qoo]]aw 80 o) >

355 ][0 5 o P a4 95 P sl S el ¢

WEE P p(x [ 8 b ]‘”‘“9[qg<x>]+sg“ﬁ“[qf<>l “V“l’[g(x)]h
W (e [ EE )38 PP ()] + 38 S P [ f >]~W‘5“[rg<x>1].

!

where vid > -, 1 > max{O,E)‘{(v—i—v,—i—i—19),9‘{(\/—5/)},(19 — v) > max(1-&,1-v)

1 >max{O,iR(OhLa/Jrﬁ—9),9%(05/7[3/)} (0 — o) >max(1—B,1—a).

Proof:- To prove theorem, we put u = p, v = g and using lemma 3 we get

WSS P (3 P O o) + 38 PO (]35S P p ()] >

(24)
WEE P I PP g 0] + 355 P g NI 0 [pe())
Now, multiplying both sides by (24) J(V)‘; 88 19[ (x)], we have
WEE P ()] [:s EED o S8 afe ()] + 38 P O o ¢ ﬂ[pfg(xﬂ] >
(25)

a2 ) [33““ Ol F (3% BB 9 g ()] + 3% BE Oy an €5 ﬂ[pg(xn]
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putting u = r, v = g, and using lemma 3, we get

W EE P38 P O fe() + 38 P O (35S P ()] >

WS 38 P O gg()) + 38T PP g p(oa S (o), -
multiplying both sides by (26) 3” £8'9 5], we have
O R O T ER T O A | 2
) [J S (LT P gg)] + 38 P g p(aant € ﬂ[rg(xn]. -
With the same argument as in equation (25) and (27), we obtain
3525 gt [0 5 0l P et + 35 P a6 et 2 "

W) [53” SO ] PO )] + 308 PO pr (gt 55 ﬂ[g(xn]

Adding the inequalities (25), (26) and (27), we get the inequality (23).
RemarkIf f.g,r, p and q satisfy the following conditions,

1.The function f and g is asynchronous on [0, o).
2.The function r,p,q is negative on [0, o).
3.Two of the function r,p,q are positive and the third is negative on [0, o).

Then the inequalities 15 and 23 are reversed.

4 Conclusion

In this paper, we presented Marichev-Saigo-Maeda fractional integral operators. Then we established some fractional
integral inequalities for extended Chebyshev functional. Several results on fractional integral inequalities have been
investigated using different fractional integral operators. Here, we briefly consider some implications of our main results.

If we set v = 0 in the equation (3) would reduced immediately to Saigo type of fractional integral operators as in
following relationship, see [18,23,24,31],

~0.8.E 0 ~BV—,
(‘582‘5 : f) = (30777 W, (29)
where the hypergeometric operators that appear in the right hand side are defined as

X8
r)

X

S ) =T [ 0 TR+ sl = Df(0dn (9> 0mE € ) (30
Furthermore, we can reduce operator (3) to Erdelyi-Kober and Riemann-Liouville type of fractional integral operators
which are special cases of Saigo fractional operator (30). It is noticed that all results established by V. L. Chinchane and D.
B. Pachpatte in [8] can be easily obtained by setting v = «, Vo= B,9 =1 in the operator (3). The inequalities investigated
in this paper give some contribution in the fields of fractional calculus and Marichev-Saigo-Maeda fractional integral
operators. Moreover, they are expected to lead to some applications for finding uniqueness of solutions in fractional
differential equations.
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