
Appl. Math. Inf. Sci. 13, No. 5, 759-767 (2019) 759

Applied Mathematics & Information Sciences
An International Journal

http://dx.doi.org/10.18576/amis/130508

Investigation of Pinched Hysteresis of a Memristor

Emulator Under Ferroresonance

S. Poornima ∗and C. Pugazhendhi Sugumaran

Division of High Voltage Engineering, Anna University, Chennai, India

Received: 23 Mar. 2019, Revised: 12 Apr. 2019, Accepted: 26 Apr. 2019

Published online: 1 Sep. 2019

Abstract: The frequent occurrence of ferroresonance phenomenon has destructive effects in distribution systems. The jump resonance

accompanied by harmonics can be effectively mitigated using a nonlinear component. The upcoming memristor technology is applied

in this work to control the ferroresonance in an inductive voltage transformer, which is used in a distribution substation. Due to non-

commercialization of memristors, an emulator in the form of an electrolytic cell is developed. The set-up uses saturated copper sulfate

(CuSO4) solution as the electrolyte and copper electrodes having different cross sectional areas. Nonlinearity is realized in the form

of the pinched hysteresis loop in the developed memristor emulator. The required memristance is obtained by using a proper design

of the CuSO4 set-up. The nonlinear resonance is indicated by the sudden jump up of 30 V and jump down of 15 V in the secondary

winding of the transformer. The current-voltage relation of the emulator is compared with that of an ideal memristor under normal

and ferroresonance conditions. The behavior of CuSO4 memristor is validated against the HP memristor experimentally in terms of

nonlinearity index and phase shift values.
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1 Introduction

The memristor was identified as the fourth basic circuit
element by Chua in 1971. The peculiar properties of
memristors proved the existence of this fundamental
element, next to resistors, inductors and capacitors [1].
Like the passive elements, the memristor holds an
axiomatic relation between charge and flux in an electric
circuit. A group of scientists at HP Laboratories
discovered that a sandwiched titanium oxide and platinum
device possessed the properties shown by Chua’s
observations [2]. A memristor exhibits the unique
memory property of possessing a present value based on
its past. This non-volatile property depends on the state of
the resistance offered against the ionic movement in the
device [3]. Strange voltage-current characteristics is the
main fingerprint of an ideal memristor. This characteristic
is a hysteresis curve with a pinched nature at its origin.
This pinching nature under a periodic excitation depends
on the supply frequency and a control variable, either
voltage or current of the device. The hysteresis curve is
nonlinear under very low frequencies and linear at high
frequencies.

The invention of HP’s memristor as a physical device
invoked a new research trend in identifying memristor
behavior in biological constituents, like human skin and
plants [4–6], electronic components, such as
programmable circuits, JFETs and operational
amplifiers [7–10], and chemical components, like
discharge lamps, coherers, etc. [11, 12]. A special
attention is given to memristor properties in the field of
nanomaterials [13]. The high cost of fabrication and
realization difficulties are the driving forces for the
development of many emulator devices in the above
mentioned areas. Although many memristor emulators
possess pinched hysteresis characteristics, they fail to
have the memory property. Regardless of their limitations,
memristor emulators find potential applications in
memory devices, ADC/DAC circuits, oscillators, voltage
dividers and switches [14–20]. With the implementation
of memristor emulators, the mutation of memristors to
meminductors and memcapacitors has also
emerged [21–23]. In the near future, memelements will
be available in various ratings, like existing passive
elements. The memristor or its mutuator as a nonlinear
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element with memory property is likely to enhance many
circuit’s topologies and performance.

In this study, a memristor emulator using a saturated
aqueous solution of Copper sulphate (CuSO4) is proposed
to suppress the ferroresonance overvoltage in an inductive
voltage transformer. The pinched hysteresis behavior of
the memristor emulator against various parameters is
validated with respect to the fundamental memristor
model. The results obtained in this investigation proved
that the memristor could be employed as a nonlinear
resistor in high voltage applications.

2 Memristor

The property that relates charge (q) and flux (ϕ) is
unique in an ideal memristor. It may have the control
variable as charge (flux) if it is current (voltage)
controlled. Charge-controlled memristor models describe
this relation as a function of charge in terms of current, i

flowing in the circuit [24]:

ϕ = ϕ̂(q) (1)

Differentiating (1),

v =
dϕ

dt
=

dϕ̂(q)

dq
·

dq

dt
(2)

where R(q) = dϕ̂(q)
dq

is a continuous differentiable function

known as memristance. Then, Ohm’s law becomes

V = R(q)i (3)

In contrast, flux-controlled memristor models describe the
charge flux relation as a function of flux in terms of voltage
applied to the circuit:

q = q̂(ϕ) (4)

Differentiating (4),

i =
dq

dt
=

dq̂(ϕ)

dϕ
·

dϕ

dt
(5)

where G(ϕ) = dq̂(ϕ)
dϕ

is a piecewise differentiable function

known as memductance. According to Ohm’s law,

i = G(ϕ)V (6)

An expression for any passive element can be obtained
from a general Eq. [25], as given by

y = a1x+(a2 + a3x)
dx

dt
+(a4 + a5x)

t
∫

0

x(τ)dτ (7)

where a1 to a5 are scaling coefficients and x and y are the
input and output signals, respectively. Eq. (7) describes the

normal, differentiated and integrated behavior of the input
signal. Under a sinusoidal supply, the input can be given
as

x(t) = psin(ωt +θ ) (8)

dx

dt
= pωcos(ωt +θ ) =±ω

√

p2 − x2 (9)

∫ t

0
x(τ)dτ =

1

ω
pcosθ∓

√

p2 − x2 (10)

Substituting (8)–(10) in (7),

y = a1x+ p(a4+ a3x)
cosθ

ω

±
{(

a5ω −
a3

ω

)

x+
(

a2ω −
a4

ω

)}

√

p2 − x2 (11)

Due to odd symmetry, Eq. (11) becomes

y = a1x+ p(a4+ a3x)
cosθ

ω
(12)

Resistance can be obtained using Eq. (11) when the
scaling constants other than a1 become zero to give a
linear relation.

y = a1x (13)

Inductance can be realized by zeroing the scaling constants
a1,a3,a4 and a5 in Eq. (11) to its voltage current relation
as

y = pω cos(ωt +θ ) ·a2 (14)

Similarly, capacitance can be obtained by making a4 6= 0
in Eq. (11) and the voltage current relation will be

y = pa4
cosθ

ω
(15)

As per Eq. (7), a general equation for the memristance
property based on the pinched hysteresis property can be
written as

y(t) = x(t)

[

a1 + a3

∫ t

0
x(τ)dτ

]

+ a2

dx(t)

dt
(16)

where a1 represents the initial state of the memristor and
defining a2 as zero in Eq. (16) gives the symmetry nature.

For a voltage-controlled memristor, the output

y(t) = i(t)
VbGb

for the period (T ) with input (t) = v(t)
Vb

,

arbitrary values of transconductance (Gb) and the
reference voltage (Vb), the current voltage equation is
given by

i(t) =±v(t)Gb ±Gb

v(t)

TVb

ϕ(t) (17)

The memductance
i(t)
v(t) = Gm is also given by

Gm =±Gb ±Gb

(

1

TVb

)

ϕ(t) (18)
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With the flux ϕ(t), Eq. (18) gives two incremental and two
decremental values of memductance.

For a current-controlled memristor, the input

x(t) = i(t)
Ib

produces the output y(t) = v(t)
IbRb

with the

arbitrary values of memristance (Rb) and the reference
current (Ib), the voltage current equation will be given by

v(t) =±i(t)Rb ±Rb

(

i(t)

T Ib

)

q(t) (19)

The memristance
v(t)
i(t)

= Rm is also written as

Rm =±Rb ±Rb

(

1

T Ib

)

q(t) (20)

Eq. (20) gives two incremental and decremental values of
memristance at the given charge (q(t)). For any
component-based memristor emulator, Eqs. (18) and (20)
can give memristance and memductance values,
respectively.

For an ideal voltage-controlled memristor, the
memductance versus flux state map implies Ohm’s law as

i = G(x)V (21)

where x is the flux considered as a state variable that shows
the memductance value dynamically. As the memductance
gives the slope of the flux–charge relation, the minimum
and maximum values can be obtained from the state map.

For unsymmetrical behavior, the differentiation term
has to be taken into consideration for the calculation of
the Gm and Rm values. The pinch point should be the
origin for the symmetrical hysteresis at any frequency. In
practice, the pinch point may be translated due to the
parasitic effects of the DC component of supply,
inductance, capacitance and current source of the
emulator circuit [26].

3 Electrochemical Memristor Emulator

Memristive behavior is observed in cyclic voltammetry of
some liquids. The pinched hysteresis nature depends upon
the electrical capacity of the chosen electrode and
electrolyte properties.

3.1 Theory

The memristive property is found in electrolytic cell
arrangements with dissimilar copper electrodes and a
saturated CuSO4 aqueous solution [27]. Two enamel
coated copper electrodes of different thicknesses are
chosen. The tip of the electrodes is cleaned properly so
that the electric field is focused when connected to a
voltage source. The thinner electrode is chosen as the
anode as the current density near the anode electrolyte

should be more. The thicker electrode is chosen as the
cathode so that the chemical reactions at the cathode
electrolyte interface should be asymmetrical. The
distance between the electrodes can be as close as
possible to ensure easy transport of ions. The ratio of the
conducting area of the electrodes must be good enough to
obtain pinched hysteresis.

Copper Sulfate Pentahydrate (CuSO4.5H2O) is added
to the distilled water after proper measurement. It is
allowed to dissolve in distilled water at room temperature
until the salt precipitates at the bottom of the beaker. The
solution is stirred for 10 min using a magnetic stirrer. A
drop of concentrated sulfuric acid (H2SO4) is added to
make the solution clear and transparent. The
concentration of CuSO4 can be verified using its standard
solubility curve.

An alternating voltage is applied to the setup so that
the current density at the anode is enough to produce a
strong field. The electric field in turn produces
self-ionization of water molecules. The water molecule is
dissociated into H+ and OH− ions. The OH− ions react
with a copper atom of the anode and deposits its oxide on
the electrode surface.

Cu+H2O → CuO+ 2H++ 2e− (22)

The behavior of the electrolyte will not be the same for
different types of excitation. Meanwhile, the electrolyte
under periodic excitation dissociates as Cu2+ and SO2−

4

ions. The Cu2+ ions get attracted towards the negative
terminal of the source, take two electrons and become
neutralized. The SO2−

4 reacts with the copper atoms of the
anode and forms CuSO4, which is dissolved in water over
again.

CuSO4 → Cu2++SO2−
4 (23)

At the anode,

Cu2++ 2e− → Cu (24)

At the cathode,

SO2−
4 +Cu → CuSO4 + 2e− (25)

These reactions are repeated and maintain the net
charge in the setup as zero. These reactions cannot occur
at the cathode as a very small electric field exists at its
electrolyte interface. The hydrogen ions of (22) react with
SO2−

4 ions to form sulfuric acid.

2H++SO−
4 ↔ H2SO4 (26)

The thickness of CuO deposited on the anode surface has
a semiconductor property and resists the electron flow.
The resistivity of CuO deposition depends on the past
value of electric current between the electrodes. Hence,
the setup is said to have the memory property. However,
the negative supply of voltage can reduce the CuO
deposition and hence loses memory property. However,
the prolonged operation of this setup under constant
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Fig. 1: CuSO4 setup with pinched hysteresis

voltage maintains the memristive action. The sulfuric acid
(H2SO4) of (26) dissolves the CuO film formed on the
anode surface and traps hydrogen gas at the cathode. The
hydrogen gas may create unwanted pressure within the
setup.

3.2 Realization of Pinched Hysteresis

Characteristics

The main fingerprint of the memristor is the pinched
nature hysteresis at the zero crossing point. The pinched
hysteresis area is directly proportional to the amplitude of
the source. The hysteresis lobe area of the first and third
quadrant may be asymmetrical due to the presence of
reactive elements in series or parallel with the memristor
emulator. This also depends upon the properties of the
components used to mimic the memristor behavior.

The pinched hysteresis is also said to be peculiar due
to its dependency on the supply frequency. The Lissajous
curve obtained is shown in Fig. 1. At very low
frequencies, the hysteresis curve is nonlinear. As the
frequency is increased gradually, the hysteresis curve may
lose its pinch nature but remains nonlinear. At high
frequencies, the characteristic is absolutely linear. Since
the hysteresis nature is indirectly proportional to high
values of frequency, the lobe area shrinks and finally
appears as a slope line. The developed memristor
emulator is supplied in the frequency ranges from 1 mHz
to 15 MHz.

4 Mitigation of Fundamental Ferroresonance

Ferroresonance is a nonlinear resonance phenomenon that
occurs between a low loss or unloaded transformer and
system capacitance in a power system. It is an
unpredictable event recorded in HVDC stations,
distribution systems, microgrids [28–30] and it needs to
be mitigated.

Fig. 2: Experimental setup for ferroresonance inception

4.1 Inception of Ferroresonance

There are four modes of ferroresonance: fundamental,
quasi, subharmonic and chaotic. Among the four modes,
the most frequent kind is the fundamental mode
characterized by distorted overvoltages and overcurrent at
the fundamental frequency. The occurrence can be
realized as a sudden jump-up and jump-down
phenomenon. Hence, it is also known as jump resonance.

The fundamental ferroresonance was intentionally
created in a 100 VA, 6.35 kV/63.5 V rated single phase
inductive voltage transformer. The capacitance of 3 nF to
induce ferroresonance was identified using Rudenberg’s
graphical method [31].

The inductive voltage transformer was gradually
energized by an autotransformer through a high voltage
transformer and the chosen capacitor, as shown in Fig. 2
Ferroresonance was realized when the secondary voltage
of the transformer was raised from 55V to 84.86 V. The
secondary voltage recorded using DPO 2022B shows
distortion in the waveform. Along with the fundamental
component, the voltage had considerable third and fifth
order harmonic components. This sudden jump up was
also reflected in the primary voltage and current. While
gradually reducing the voltage to zero, the secondary
voltage suddenly drops from 76.5 to 61.3 V.

4.2 Suppression Using Memristor Emulator

The fundamental ferroresonance can be suppressed by the
addition of 10% load to the transformer [32]. The factors
that decide the required impedance are electrode
configuration, electrolyte concentration and the distance
between the electrodes. The ON/OFF ratio of the
developed setup depends upon the CuO molecules
deposited on the anode copper. The thickness of the
copper cathode is chosen as five times that of the anode.
The pinch nature does not occur below this ratio. The
high current density at the anode with a strong electric
field creates rapid deposition of CuO that provides the
required resistance. The copper anode is connected to the
phase terminal of the secondary of the inductive voltage
transformer. The copper cathode and the neutral of the
transformer is connected to earth.
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Fig. 3: Pinched hysteresis of CuSO4 memristor emulator at frequencies of (a) < 10 Hz, (b) 73 Hz, (c) 250 Hz, (d) 1 kHz,
(e) 2 kHz and (f) 11 kHz

During the fundamental ferroresonance, the CuSO4

setup is connected across the secondary of the
transformer. The raised voltage has been reduced to 56 V
as the memristor emulator took 171 mA. The secondary
voltage of the transformer retains its normal magnitude
and shape with the developed memristor emulator. The
absence of harmonic components in the secondary
voltage waveform proved the suppression of
ferroresonance.

5 Results and Discussion

In future, the memristor may be available in different
ratings, like a resistor. The nonlinear property of the
memristor may prompt its application in transformer
protection. The main contribution of this study is the
application of a memristor emulator as a nonlinear load.
Besides the memory property, the pinched hysteresis of
the developed memristor emulator has been verified
experimentally. In addition, the pinched nature of the
memristor emulator has been verified analytically with
Eqs. (16)–(18), as discussed earlier.

The nonlinearity index and phase shift with respect to
voltage and current curves are also considered as
parameters of nonlinear measurements [33]. The
nonlinearity can be calculated with the following:

nonlinearity =
(IM − I0.5VM

)

(I0.75VM
− I0.5VM

)
(27)

An index of nonlinearity of less than 2 indicates linear
characteristics and vice versa.

The deviations from the ideal characteristics may be
due to the parasitic effect of the DC component along with
the voltage applied to the memristor emulator circuit. The
pinching may not occur exactly at zero crossing. The area
of pinched hysteresis may be asymmetrical. The behavior
of the memristor emulator has been analyzed under various
factors in the following discussion.

5.1 Different Frequencies

The Lissajous curve of the developed emulator at different
frequencies has been obtained using an Agilent function
generator. The current measurement has been taken across
a 10 Ω resistance. The pinched nature starts at 30 Hz and
vanishes at 10 kHz. The Lissajous curve has two pinch
points at 10 Hz whereas the pinch point from 30 Hz is
slightly shifted from the origin point, as shown in Fig. 3.
The hysteresis has a pinching effect in the third quadrant.
This is due to the parasitic effect of the DC component
present in the supply voltage.

Fig. 4 compares the nonlinearity indexes calculated as
per Eq. (27) for the frequencies varied until the Lissajous
pattern lost its pinching nature. The expected ideal
nonlinearity could not be produced experimentally, except
at 11 kHz. Fig. 5 shows a comparison of the phase shift of
the memristor emulator at various frequencies. The
calculated phase shift values mismatched the
experimental values. The nonlinearity and phase shift
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Fig. 4: Nonlinearity index comparison at different
frequencies
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Fig. 5: Phase shift comparison at different frequencies

decreases as the frequency increases, which should be
true to satisfy the frequency dependent nature of a
memristor.

5.2 Different Supply Voltage Magnitudes

The CuSO4 setup has been supplied with a 50 VA, 230
V/110 V rated single phase transformer in order to check
its performance in the range of 50–80 Vrms. As the
ferroresonance dealt with the 63.5 V transformer, the test
voltage fell within this range. The hysteresis lobe areas
are small and asymmetrical, as shown in Fig. 6 The
signals stored in DPO2022B are processed at the
sampling frequency of 1.25 MHz and are compared with
Fouda’s I–V relation (18) using Matlab. The voltage is
supplied at 50Hz as the fundamental ferroresonance is
concerned at power frequency only.
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Fig. 6: Pinched hysteresis at supply voltages of (a) 50 V
(b) 60 V (c) 70 V and (d) 80 V. The blue curve indicates
the lissajous curve of memristor emulator obtained with
experiment results. The red curve indicates the lissajous
curve of ideal memristor obtained analytically
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Fig. 7: Pinched hysteresis at supply voltage of 56 V
under (a) normal (b) during ferroresonance mitigation.
The blue curve indicates the lissajous curve of memristor
emulator obtained experimentally. The red curve indicates
the lissajous curve of ideal memristor obtained analytically

Table 1: RMSE at different supply voltages

Voltage (Vrms) RMSE

50 V 6.2366e-04

60 V 3.5899e-04

70 V 4.7330e-05

80 V 6.2775e-05

The difference between the two signals of each
voltage is measured in terms of root mean square error
(RMSE). The deviation from the ideal I-V relation is
listed in Table 1. The conductance value of the developed
memristor emulator decreases from 3.44e-05 to 1.64e-06
as the applied voltage increases from 50 to 80 V.
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Fig. 8: Nonlinearity index under different voltages
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Fig. 9: Phase shift under different voltages

5.3 Suppression of Ferroresonance

During ferroresonance, the memristor emulator was
connected as a nonlinear resistor in order to damp the
oscillations. The performance of the developed emulator
against the mathematical expression is shown in Fig. 7.
The input voltage to the memristor emulator is a distorted
sinusoidal measured at a sampling frequency of 125 kHz.
In order to find the exact pinching point and ease
comparison with the ideal equation, the signal has been
smoothed using Gaussian method. The areas of the
hysteresis curve in the first and third quadrants are not
symmetrical. This may be due to the parasitic inductance
present in the practical circuit.

1 2 3 4 5 6 7

Flux (Wb) 10
5

0

0.2

0.4

0.6

0.8

1

1.2

M
em

d
u

ct
a

n
ce

 (
S

)

10
-5

Fig. 10: Memductance variation during normal and
ferroresonance mitigation conditions. The blue line
represents the transconductance with a pure sinusoidal
excitation. The red line represents the transconductance
under a distorted, harmonic contained nonsinusoidal
excitation

The RMSE value of pinched hysteresis during
mitigation of ferroresonance has been found to be
2.670e-04, whereas under normal conditions, the error
has been found to be 3.128e-05. The comparison of
nonlinearity index and phase shift values for the chosen
voltages among the simulation and experimental results
are shown in Figs. 8 and 9 respectively. The nonlinearity
index values calculated as per Eq. (27) for the chosen
voltages are compared among the simulation and
experimental results. The index has been found to be high
during 50 V and mitigation against ferroresonance. The
results implicates that the nonlinearity decreases
experimentally due to practical factors.

The phase shift between the voltage and current of the
memristor emulator can be considered as important in
order to understand the pinching nature. The obtained
results infer that more phase shift occurs practically than
the analytical cases, except at 60 V.

The fundamental state map for a voltage-controlled
memristor is obtained between the memductance and flux
of the circuit. The maximum memductance during
mitigation is found to be 1.0123e-05 S when compared to
1.7846e-06 S of normal condition. During
ferroresonance, the abrupt increase in the memductance
or transconductance at its nonlinear input voltage is
shown in Fig. 10. The frequency dependence of
memductance may cause this increase due to
nonsinusoidal voltage obtained during ferroresonance.

6 Conclusion

An attempt has been made to apply the future memristor
technology in the mitigation of fundamental
ferroresonance. In order to check the response of
memristor emulator, a single-phase inductive voltage
transformer has been chosen. Rudenberg’s graphical
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method is applied to identify the value of capacitance
required to create ferroresonance intentionally.

Among the proposed memristor emulator circuits in
the literature, the CuSO4-based setup is suitable for
working under an 80 V supply. The pinched hysteresis
behavior is verified under various voltage magnitudes and
frequencies for the CuSO4 setup. The requirement of
suppression is appropriately considered in the design of
an emulator circuit.

The nonlinear behavior of the proposed device is
verified in terms of its pinched hysteresis characteristics,
such as nonlinearity index, phase shift and root mean
square error. The memductance of the developed and
ideal memristor is compared under normal and transient
conditions. The memory property of the developed
emulator could have been analyzed using SEM analysis in
terms of copper oxide deposition on the anode of the
CuSO4 setup, which may be a different aspect of
research.

On successful mitigation of ferroresonance in an
inductive voltage transformer using the proposed circuit,
the secondary voltage is recovered by 96.3%. A current
voltage relation of ideal memristor is used to verify the
quantification of pinched hysteresis nature of the
developed emulator circuit.
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