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Abstract: In this study, we define the concepts of soft x-pre continuous, soft x-pre open, soft x-pre closed and soft x-pre
homeomorphism maps, where x € {I,D,B}. These concepts are formulated depending on the increasing, decreasing and balancing
soft pre open sets. We characterize these concepts and illustrate the relationships among them with the help of examples. Among the

interesting obtained results are those associate concepts with their counterparts on topological ordered spaces.
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1 Introduction

In 1965, Nachbin [1] presented the concept of topological
ordered space which consists of a topological space (X, 7)
equipped with a partial order relation <. McCartan [2] in
1968, studied separation axioms via topological ordered
spaces. Kumar [3] defined the concepts of continuous and
homeomorphism maps via topological ordered spaces.

In 1999, Molotdsov [4] introduced the concept of soft
sets for dealing with uncertainties and vagueness. Then
Maji et al. [5] established the basis of the soft set theory
by defining some operators like soft subset and equality
relations and soft union and intersection of two soft sets.
Shabir and Naz [6] initiated the idea of soft topological
spaces and studied soft separation axioms. Later on, many
researchers carried out various studies to present and
discuss topological notions on soft topologies (see, for
example [7], [8], [9], [10], [11], [12], [13], [14], [15],
[16], [17], [18], [19], and [20]). Arockiarani and Lancy
[21] presented a concept of soft pre-open sets and studied
its main properties; and Akdag and Ozkan [22] carried
out a detailed study on soft pre-separation axioms. [23]
studied soft pre connected spaces and [24] investigated
the properties of soft pre continuity.

In this work, we aim to give other applications of soft
pre open sets by defining some soft ordered maps, namely
soft x-pre continuous, soft x-pre open, soft x-pre closed
and soft x-pre homeomorphism maps for x € {I,D,B}.
We describe each one of these maps and construct some
examples to show the relationships among them. Also, we

demonstrate a role of extended soft topologies on
studying the interrelations between these soft maps and
their counterparts of maps in topological ordered spaces.

2 Preliminaries

2.1 Soft sets

Let X,Y be the universe sets and A,C,E, F be the sets of
parameters.

Definition 2.1.[4] A notation Gg is said to be a soft set
over X if G is a map of a set of parameters E into 2X and
it is written as a set of ordered pairs
Gr = {(e,G(e)) : e € E and G(e) € 2X}. The set of all
soft sets over X with a set of parameters E is denoted by
S(Xg)-

Definition 2.3.[5] AV soft set Gg over X is called a null
soft set, denoted by 0, if G(e) = 0 for each e € E; and it is
called an absolute soft set, denoted by X, if G(e) = X for
eache € E.

Definition 2.2.[6] For x € X and a soft set Gg over X, we
say that x € Gg if x € G(e) for each ¢ € E and x ¢ Gg if
x & G(e) for some e € E.

Definition 2.4.[25] The relative complement of a soft set
Gr is denoted by G&, where G : E — 2X is a mapping
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defined by G°(e) = X \ G(e) for each e € E.

Definition 2.5.[26] A soft set G4 is a soft subset of a soft
set F¢, denoted by G4 CFg, if A C C and for all a € A, we
have G(a) C F(a).

The soft sets G4 and G¢ are soft equal if each one of them
is a soft subset of the other.

Definition 2.6.[5] The union of two soft sets G4 and F¢
over X, denoted by G4JFc, is a soft set Hp, where D =
AUC and a mapping H : D — 2X is given as follows:

G(d) deA—C
H(d) = F(d) deC—A
G(d)UF(d) : deANC

Definition 2.7.[25] The intersection of two soft sets Ga

and F¢ over X, denoted by G4(\Fc, is a soft set Hp, where
D =ANC # 0, and a mapping H : D — 2X is given by
H(d) = G(d)NF(d).

Definition 2.8.[27] Consider f : X — Y and ¢ : A — C are
two maps and let f : S(X4) — S(Yc) be a soft map. Let Gk
and Hy, be soft subsets of S(X4) and S(Y¢), respectively.
Then

() f5(Gk) = (fo(G))c is a soft subset of S(¥¢) such that
f(G(a)) = ¢ ()NK#0

U
fo(G)(c)= {ae¢'<c>ﬂf<
0 0N e)NK=0

for each ¢ € C.
(ii)qul(HL) = (fJI(H))A is a soft subset of S(X4) such
that

for each a € A.

Remark 2.9. Henceforth, a soft map f : S(X4) — S(Yc)
implies that a map f of the universe set X into the
universe set Y and a map ¢ of the set of parameters A into
the set of parameters C.

Definition 2.10.[27] A soft map fy : S(Xa) — S(Y¢) is
said to be injective (resp. surjective, bijective) if f and ¢
are injective (resp. surjective, bijective).

Definition 2.11. [28] Consider a soft map fy : S(X4) —
S(Yc) and let G4 and Hc be two soft subsets of S(X,4) and
S(Yc), respectively. Then we have the following results:

(1))G4C fo ! fo(Ga) and the equality relation holds if f; is
injective.

(i)fofy "(He)CHe and the equality relation holds if fo is
surjective.

Definition 2.12.([28], [29]) A soft set P over X is called
soft point if there exists e € E and there exists x € X such
that P(e) = {x} and P(a) = 0 for each a € E \ {e}. A soft
point will be shortly denoted by P and we say that
PY e Ggifx € G(e).

Definition 2.13.[30] Let < be a partial order relation on a
non-empty set X and let E be a set of parameters. A triple
(X,E, =) is said to be a partially ordered soft set.

Definition 2.14.[30] We define an increasing soft operator
i (S(Xg),%) — (S(Xg),=) and a decreasing soft
operator d : (S(Xg),=X) — (S(Xg),=) as follows: For
each soft subset Gg of S(Xg)

(1)i(Gg) = (iG)g, where iG is a mapping of E into X
given by iG(e) = i(G(e)) = {x € X : y < x for some
y€Gle)}.

(i)d(Gg) = (dG)g, where dG is a mapping of E into X
given by dG(e) = d(G(e)) = {x € X : x =< y for some
y€Gle)}.

Definition 2.15.[30] A soft subset Gg of a partially
ordered soft set (X,E, =) is said to be increasing (resp.
decreasing) if Gg = i(Gg ) (resp. G = d(Gg)).

Theorem 2.16.[30] If a soft map
fo 1 (S(Xa),=1) — (S(Y¢),=2) is increasing, then the
inverse image of each increasing (resp. decreasing) soft
subset of ¥ is an increasing (resp. a decreasing) soft
subset of X.

2.2 Soft topologies

Definition 2.17.[6] A soft topology on a non-empty set X
is a collection 7 of soft sets over X under a fixed
parameters set £ such that T contains absolute and null
soft sets and it is closed under finite soft intersection and
arbitrary soft union.

A triple (X, 7,E) is called a soft topological space. Every
member of 7 is called soft open and its relative
complement is called soft closed.

Proposition 2.18.[6] Let (X,7,E) be a soft topological
space. Then 7, = {G(e) : Gg € 7} defines a topology on
X for each e € E. Henceforth, 7, is called a parametric
topology.

Definition 2.19.[28] Consider a soft topological space
(X,71,E) and let 7, be a parametric topology on X. Then
T = {Gg : G(e) € 1, for each e € E} is a soft topology
on X finer than 7.

In this work, we term 7* an extended soft topology.

Definition 2.20.[21] A soft subset Hg of (X, 7,E) is said
to be soft pre open if HpCint(cl(Hg)). Its relative
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complement is said to be soft pre closed.

Definition 2.21.([6] [21]) For a soft subset Hg of (X, 7,E),
we define the following four operators:

()int(Hg) (resp. int,(HE)) is the largest soft open (resp.
soft pre open) set contained in Hg.

(ii)cl(HE) (resp. cl,(Hg)) is the smallest soft closed (resp.
soft pre closed) set containing H.

Definition 2.22.[24] A soft map f, : (X,7,A) — (Y,0,C)
is said to be:

(1)Soft pre continuous if the inverse image of each soft
open subset of (¥,0,C) is a soft pre open subset of
(X,1,A).

(i1)Soft pre open (resp. soft pre closed) if the image of each
soft open (resp. soft closed) subset of (X, 7,A) is a soft
pre open (resp. soft pre closed) subset of (¥,0,C).

(iii)Soft pre homeomorphism if it is bijective, soft pre
continuous and soft pre open.

Definition 2.23.[30] A quadrable system (X,7,E,=<) is
said to be a soft topological ordered space, where
(X,1,E) is a soft topological space and (X,E, =) is a
partially ordered soft set. Henceforth, the two notations
(X,t,E,=y) and (Y,0,F,=;) stand for soft topological
ordered spaces.

Definition 2.24.[31] The composition of two soft maps
f¢ : (X,T,E,j[) — (Y,Q,F,jz) and
gr : (Y,0,F,%5) — (Z,0,K,=3) is a soft map
foogr: (X,7,E,=%1) = (Z,v,K,=3) and is given by
(fo 0 82) () = fo(8n(F7)).

Definition 2.25.[32] A map (X,7,=<1) — (¥,0,=,) is said
to be:

@I (resp. D, B) -pre continuous if the inverse image of
each open set is I (resp. D, B) -pre open.

(i1)I (resp. D, B) -pre open if the image of each open set is
I (resp. D, B) -pre open.

(iii)I (resp. D, B) -pre closed if the image of each open set
is I (resp. D, B) -pre closed.

@GAv)I (resp. D, B) -pre homeomorphism if it is bijective,
I (resp. D, B) -pre continuous and I (resp. D, B) -pre
open.

3 New types of soft pre ordered maps
3.1 Soft I(D, B)-pre continuity

This section introduces the concepts of I(D,B)-pre
continuity with respect to soft point, ordinary point and
the universe set. We give the equivalent terms for each
one of these concepts at the ordinary points and provide
some illustrative examples.

Definition 3.1. A soft subset Hg of (X,7,E, =) is said to
be:

(1)Soft I (resp. Soft D, Soft B) -pre open if it is soft pre
open and increasing (resp. decreasing, balancing).
(i1)Soft I (resp. Soft D, Soft B) -pre closed if it is soft pre
closed and increasing (resp. decreasing, balancing).

Definition 3.2. A soft map f : (X,7,E, =) = (Y,0,F, =<
) is called:

(1)Soft I (resp. Soft D, Soft B) -pre continuous at Py € X
if for each soft open set Hr containing fy (P, ), there
exists a soft I (resp. soft D, soft B) -pre open set Gg
containing P such that f (GE)EHF.

(i1)Soft I (resp. Soft D, Soft B) -pre continuous at x € X if
it is soft I (resp. soft D, soft B) -pre continuous at each
P

(iii)Soft I (resp. Soft D, Soft B) -pre continuous if it is soft
I (resp. soft D, soft B) -pre continuous at each x € X.

Theorem 3.3. A soft map
fo : (X,7,E,=y) = (Y,0,F, =) is soft I (resp. soft D,
soft B) -pre continuous if and only if the inverse image of
each soft open subset of Y is a soft I (resp. soft D, soft B)
-pre open subset of X.

Proof. We prove the theorem in the case of fj is soft D-pre
continuous and the other cases can be achieved similarly.

Necessity: Let Gy be a soft open subset of )7, Then we have
the following two cases:

(i)Either £, (Gr) =0.

(i)Or f~1(Gr) # 0. By choosing P* € X such that
PYe qu' (Gr), we obtain that fy(P)) € Gr. So there
exists a soft D-pre open set Hr containing P, such
that fy (Hg)CGr. Since P is chosen arbitrary, then

—1 _
Fo (Gr) = Upse pr(p e

From the two cases above, we conclude that fq; ! (Gr)isa

soft D-pre open subset of X.

Sufficiency: Let Gr be a soft open subset of Y containing
fo(PY). Then Py € f‘;l(Gp). By hypothesis, f&l(GF) isa
soft D-pre open set. Since f; (f‘;' (Gr))CGr, then foisa
soft D-pre continuous map at Py € X and since PJ is

chosen arbitrary, then f, is a soft D-pre continuous
map.[]

Remark 3.4 From Definition 3.2, we can note the
following:

(i)Every soft I (soft D, soft B) -pre continuous map is
always soft pre continuous.

(ii)Every soft B-pre continuous map is soft I-pre
continuous or soft D-pre continuous.

© 2019 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

710 NS E

T. M. Al-shami, M. E. El-Shafei: Some types of soft ordered maps via...

The two examples below elucidate that the converse
of the two results of the above remark does not need to be
true in general.

Example 3.5. Let E = {e],e,} be a parameters set and
X = {1,2,3,4} be the universe set. Consider ¢ : E — E
and f : X — X are two identity maps. Let
<= AU{(1,3)} be a partial order relation on X and
consider that T = {(Z) X ,Fg,Gg} and 6 = {(Z) Y JHg,Lg}
are two  soft topologies on X,  where

Fg = {(e1,{1}),(e2,{3,4})}, Gk = {(e1,0),(e2,{3})},

Hp = {(er,{1}),(e2,{2,3})} and
Ly = {(e1,{1}), (ez,{S})} For a soft map
fo + X,7,E,%) — (X,0,E,%), we note that
f‘;l(HE) = Hg and qul(LE) = Lg are soft pre open sets.
So fy is a soft pre continuous map. On the other hand,
f(; ! (Hg) is neither a soft D-pre open set nor a soft I-pre
open set. Hence fy is not soft I (soft D, soft B)-pre
continuous.

Example 3.6. In the example above, if we replace only
the partial order relation by <= A{(2,4)}(resp.
== AU{(4,1)}), then the soft map f, is soft D-pre
continuous (resp. soft I-continuous), but is not soft B-pre
continuous.

Definition 3.7. For a soft subset Hg of (X,7,E,=<), we
define the following six operators:

(DH’ (resp. Hd”” Hb”") is the largest soft I (resp. soft D,
soft B) -pre open set that is contained in Hg.

(HY cl (resp. ng CZ,HEbp “!) is the smallest soft I (resp. soft
D, soft B) -pre closed set that contains Hg .

Lemma 3.8. For any soft subset Hg of (X,7,E,=), the
following statements hold:

() (HE"")* = (HE)"".

(i) (H )¢ = (Hg )7,

(i (H"")* = (HE)"".

Proof.

G)(HIP"Ye = {UFg : Fg is a soft D-pre closed set

containing Hg }°
={Ff : F§ is a soft I-pre open set contained in
HE}
= (H)'™.
By analogy with (i), one can prove (ii) and (iii).[J

Theorem 3.9. The following five properties of a soft map
fo 1 (X,7,E <1) = (Y,0,F,=,) are equivalent:

(i) fy is soft I-pre continuous;
(i) f, '(Lr) is a soft D-pre closed subset of X for each soft
closed subset Ly of Y;

(i) (f, (MF))d”‘le¢ (cl(MF)) for every MpCY;

(v) fy (NEPC )ch(f¢ (Ng)) for every Ng QX,
(v)qul (int(Mp))i(qu' (M) for every MgCY.

Proof. (i) = (i) : Consider Lr as a soft closed subset of
Y. By hypothesis, fo (LC ) is a soft I-pre open subset of X
and by the fact that f¢ (LS) = (f¢ (Lr))¢, we obtain
that f Y(Lr) is soft D-pre closed as required.

(ii) = (iii) : It follows from statement (ii) that
f‘;l(cl(ME)) is a soft D-pre closed subset of X. So

(fy ' (M) C(f,  (cl(Mp) )Pl = £ ' (cl(MF)).

(iii) = (iv) : From (iii), we have (f;"(fy(Ng))'r!
ﬁfq;‘(cl(fq)(NE)) By
NEPUS(fy (o (NE)) PP, we have

dpel
Fo(NE")Cel(f5 (NE))- -
(iv) = (v) : For any soft subset Mp of ¥, we obtain from

using the fact that

Lemma . 3.8 that
Fo(X = (f5 " (NE))YP?) = fo (((f5 ' (N&))<)%<). Tt follows
from  statement (iv), that £, (((fy Y(Ng))e)dpely

Cel(fo(fy ' (NE)) = el(fo(fy ' (Ng))Eel(Y — Ne) =
Y — int(Ng). Therefore
X = (' WNe)P)Cf (Y~ im(Ng) =
X — f, ' (int(Ng)). Thus f, ! (int (Ng))Z(f, ' (NE))P°.

(v) = (i): Consider My as a soft open subset of Y. Then
fo\Mp) = fy it (ME)C (£, (ME))P?. So
(f‘;l(Mp))"P" = f‘;l(Mp) and this means that qul(Mp)

is a soft I-pre open subset of X. Hence the desired result is
proved.[]

Theorem 3.10. The following five properties of a soft map
fo: (X,7,E <y) — (Y,6,F,=,) are equivalent:

(1)fy 1is soft D-pre continuous
continuous);
(ii)qul (Lr) is a soft I-pre closed (resp. soft B-pre closed)

(resp. soft B-pre

subset of X for each soft closed subset Lp of )7;

(i) (' (M) P C £y (el (M) )( resp.
(f‘;] (Mp))bpdéf‘;' (cl(MF)) for every MpCY;

(V) fo (NF)Cel (fo (NE))( resp. fio (NG Cel (3 (NE))
for every NgCX;

WS, (int(MF))C(f, ' (MF))P( resp.
f‘;' (int(Mp))i(fq;l (Mp))bP° for every MpCY.

Proof. The proof is similar to that of Theorem 3.9.C]

Definition 3.11. A map (X, 7,=<;) — (¥,0,=,) is said to
be I (resp. D, B) -pre continuous if the inverse image of
each open set is I (resp. D, B) -pre open.
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Theorem 3.12. Let 7* be an extended soft topology on X.
Then a soft map gy : (X, 7", E, =) — (Y,0,F,=,) is soft
I (resp. soft D, soft B) -pre continuous If and only if a
map g: (X, 7, =1) = (¥, 0, =2) is I (resp. D, B) -pre
continuous.

Proof. Necessity: Let U be an open subset of
(Y, 9¢(3),52). Then there exists a soft open subset Gy of
(Y,0,F,=5) such that G(¢(e)) = U. Since gy is a soft I
(resp. soft D, soft B) -pre continuous map, then g;' (Gr)
is a soft I (resp. soft D, soft B) -pre open set. From
Definition 2.8, it follows that a soft subset
85'(Gr) = (8,'(G)g of (X,7,E,=y) is given by
g;'(G)(e) = g '(G(¢(e))) for each e € E. By
hypothesis, 7° is an extended soft topology on X, we
obtain that a subset g '(G(¢(e))) = g '(U) of
(X,7.,=1) is I (resp. D, B) -pre open. Hence a map g is I
(resp. D, B) -pre continuous.

Sufficiency: Let G be a soft open subset of (Y,0,F,=<3).
Then from Definition 2.8, it follows that a soft subset
g, (Gr) = (8,'(G))r of (X,7%,E,<1) is given by
gal (G)(e) = g7 (G(¢(e))) for each e € E. Since a map g
is I (resp. D, B) -pre continuous, then a subset
g ' (G(¢(e))) of (X,1,=1) is I (resp. D, B) -pre open.
By hypothesis, 7* is an extended soft topology on X, we
obtain that g;' (Gr) is a soft I (resp. soft D, soft B) -pre
open subset of (X,7*,E,=). Hence a soft map g is soft
I (resp. soft D, soft B) -pre continuous.[]

Proposition 3.13. If a bijective soft map
fo 1 (X,7,E =1) — (Y,0,F,=5) is soft B-pre continuous
such that 0 is not the indiscrete soft topology, then < is
not linearly ordered.

3.2 Soft I(D, B)-pre open and soft (D, B)-pre
closed maps

This part presents the notions of soft /(D, B)-pre open and
soft I(D,B)-pre closed maps; and elucidates the
relationships among them with the help of examples.
Some properties and characterizations of each one of
these notions are studied.

Definition 3.14. A soft map
fo 1 (X,T,E,=1) = (Y,7,F, =) is called:

(1)Soft I (resp. Soft D, Soft B) -pre open if the image of
every soft open subset of X isasoft] (resp. soft D, soft
B) -pre open subset of Y.

(i1)Soft I (resp. Soft D, Soft B) -pre closed if the image of
every soft closed subset of X is a soft I (resp. soft D,
soft B) -pre closed subset of Y.

Remark 3.15. From Definition 3.14, we can note the
following:

(i)Every soft I (D, B) -pre open map is soft pre open.

(ii)Every soft I (D, B) -pre closed map is soft pre closed.

(iii)Every soft B-pre open (resp. soft B-pre closed) map
is soft I-pre open or soft D-pre open (resp. soft I-pre
closed or soft D-pre closed).

We construct the following two examples to show that
the converse of the three statements of the above remark
fails.

Example 3.16. Let £, X, ¢ : E — E, f: X — X and < be
the same as in Example 3.5. Consider that 7 = {0,X, Fg }
and 0 = {0,Y,Lg} are two soft topologies on X, where

Fg = {(617{1})7(825{354})} and
Lg = {(e1,{1}),(e2,{3})}. For ~a soft map
fo 1 (X,7,E, =) = (X,0,E,=), we note that f,(Fg) = Fg
is a soft pre open set. So fy is a soft pre open map. On the
other hand, f,(Fg) is neither a soft D-pre open set nor a
soft I-pre open set. Hence fy is not soft I (soft D, soft
B)-pre open. Also, f is a soft pre closed map, but it is not
soft I (soft D, soft B)-pre closed.

Example 3.17. In the example above, if we replace only
the partial order relation by <= AUJ{(2,4)}, then the
soft map fj is soft I-pre open and soft D-pre closed, but it
is neither a soft B-pre open map nor a soft B-pre closed
map. Also, if we replace only the partial order relation by
== AU{(1,2)}), then the soft map f; is soft D-open and
soft I-pre closed, but it is neither a soft B-pre open map
nor a soft B-pre closed map.

Theorem 3.18. The following three properties of a soft
map fy : (X,7,E =1) — (Y,0,F, =) are equivalent:

(1) fy is soft I-pre open;

(ii)int(fq;1 (Mp)lgqul (Mg”) for every MF%Z;

(iii) fy (int (Ng)) S (f (NE) )P for every Np CX.

Proof. (i) = (ii): Given a soft subset My of Y, it is
obvious that int(qul(Mp)) is a soft open subset of X.
Then, by hypothesis, it follows that f; (int( f¢’~1 (MF))) is
a soft I-pre open subset of Y. Since
olint (£, (Mp) S fy (fy ' (MF)) M, then
int (£, (Mp))Cfy (M)

(ii) = (iii): Given a soft subset Nz of X, from (ii), we
obtain that in(f, " (fo(Ng)))CS, ' ((fo(NE))™?). Since
int(Ne) £ o it (f (£ VeSS, (fo (NE))™),
then £, (int(Ng))C (fy (Ng))'?° as required.

(iii) = (i): Let Gg be a soft open subset of X. Then

fo(int(Gg)) = f3(Gg)Z(fy(GE))'"°. Hence f, is a soft
I-pre open map.[]

© 2019 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

712 NS E

T. M. Al-shami, M. E. El-Shafei: Some types of soft ordered maps via...

In a similar manner, one can prove the following
theorem.

Theorem 3.19. The following three properties of a soft
map fy : (X,7,E =1) — (Y,0,F,=,) are equivalent:

(i)f is soft D-pre open (resp. soft B-pre open);

(ii)int(qul(Mp))éf‘;l(Mg”o)( resp.
int(f‘;] (Mp))if(;l (M2P°)) for every MpCY;
(iii) £y (int (N ) (f (NE))“P°( resp.

folint(NE))C(fo (Ng))PP°) for every NgCX.

Theorem 3.20. The following three statements hold for a
soft map fy : (X,7,E <1) = (Y,0,F,=»):

()fy is soft I-pre closed if and only if
(f¢ (GE))ipCléfq) (CZ(GE)) for every GE §X.

(ii)fy is soft D-pre closed if and only if
(f¢ (GE))del§f¢ (CI(GE)) for every GE §X.

(iii)fp is soft B-pre closed if and only if

(fo (GE))bpdif(p (cl(Gg)) for every GpCX.

Proof. We only prove the first statement and the others
follow similar lines.
Necessity: Since fy is soft I-pre closed, then fs(cl(Gg))

is a soft I-pre closed subset of Y and since
1o(GE)S S (cl(GE)). then (fo(Gk))P'C [y (cl(GE)).
Sufficiency: Consider Hg as a soft closed subset of X.
Then  f,(Hp)C(fy (He))P'Cfy(cl(HE)) = fo(HE).
Therefore fy(Hg) = (fy(Hg))P*. This means that
fo(HE) is a soft I-pre closed set. Hence the proof is
complete. []

Theorem 3.21. The following three statements hold for a
bijective soft map fy : (X,7,E <1) = (Y,0,F,=%):

(1) fy is soft I (resp. soft D, soft B) -pre open if and only if
fo is soft D (resp. soft I, soft B) -pre closed.

(ii)fy is soft I (resp. soft D, soft B) -pre open if and only if
f(; Uis soft I (resp. soft D, soft B) -pre continuous.
(iii) fy is soft D (resp. soft I, soft B) -pre closed if and only

if f¢" is soft I (resp. soft D, soft B) -pre continuous.

Proof. For the sake of brevity, we only give proofs for the
cases outside the parenthesis and the cases between
parenthesis can be made similarly.

(i)To prove the necessary condition, let Hr be a soft
closed subset of X and consider fo 1s a soft I-pre open
map. Then H is soft open and fy(Hf) is soft I-pre
open. It follows from the bijectiveness of fy, that
fo(HE) = [fs(HE)]°. This automatically implies that
fo(HE) is soft D-pre closed. Thus f, is a soft D-pre
closed map. In a similar manner, we can prove the
sufficient condition.

(ii)Necessity: Let Gg be a soft open subset of X and
consider f; is a soft I-pre open map. Then f (Gg) is
soft I-pre open. It follows from the bijectiveness of
fo that fy(Gg) = (f;')""(GE). This automatically
implies that (f,')~!(Gg) is soft I-pre open. Thus f, '
is a soft I-pre continuous map. In a similar manner,
we can prove the sufficient condition.

(iii)The proof of this statement comes immediately from
(i) and (ii) above.

O

Theorem 3.22. Let 6* be an extended soft topology on Y
and ¢ 1is an injective map. Then a soft map
8o (X,7,E, =) = (Y,0%,F, =) is soft I (resp. soft D,
soft B) -pre open If and only if a map
g (X,1,=1) = (Y, 9$(e)a =») is I (resp. D, B) -pre open.

Proof. To prove the necessary part, let U be an open
subset of (X,7,,<;) and ¢(e) = f. Then there exists a
soft open subset Gg of (X,7,E, =) such that G(e) =U.
Since gy is a soft I (resp. soft D, soft B) -pre open map,
then g4 (Gp) is a soft I (resp. soft D, soft B) -pre open set.
From Definition 2.8, it follows that a soft subset
g¢(GE) = (g¢(G))p of (Y,0,F,=,) is given by
89(G)(f) = Ueeyp-1(y)8(G(e)) for each f € F. By
hypothesis, 6* is an extended soft topology on Y, a subset
Ueco1(r)8(G(e)) = g(U) of (Y,6y(),=2) is I (resp. D,
B) -pre open. Hence a map g is I (resp. D, B) -pre open.
To prove the sufficient part, let Gg be a soft open subset
of (X,7,E,=1). Then from Definition 2.8, it follows that
a soft subset g4(Gg) = (g4(G))r of (Y,0*,F,=,) is
given by g¢(G)(f) = U,ep-1(y)8(Gle)) for each f € F.
Since a map g is I (resp. D, B) -pre open, then a subset
Ueco-1(r)8(G(e)) of (Y, 95(8),52) is T (resp. D, B) -pre
open. By hypothesis, 6* is an extended soft topology on
Y, g4(Gg) is a soft I (resp. soft D, soft B) -pre open
subset of (Y,0*,F,=,). Hence a soft map gy is soft I
(resp. soft D, soft B) -pre open.lJ

The result above is restated in the case of soft I (resp.
soft D, soft B) -pre closed maps and one can prove them
similarly. So the proof will be omitted.

Theorem 3.23. Let 6* be an extended soft topology on Y
and ¢ is an injective map. Then a soft map gy : (X, 7,E, <
) — (Y,0%,F,=,) is soft I (resp. soft D, soft B) -pre closed
If and only if a map g: (X, 7,=<;) — (¥, 95@)752) is T
(resp. D, B) -pre closed.

Proposition 3.24. Consider that 7 is not the indiscrete
soft topology on X. If an injective soft map
fo 1 (X,7,E =1) — (Y,0,F,=,) is soft B-pre open or soft
B-pre closed, then <, is not linearly ordered.
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Proposition 3.25. Let f : (X,7,E,=;) — (Y,0,F,=%2)
and g, : (Y,0,F,=<3) = (Z,v,K,=3) be two soft maps.
Then for x € {I,D, B}, the following properties hold.

(DIf fy is a soft x-pre continuous map and g is a soft
continuous map, then g o fy is a soft x-pre continuous
map.

(iD)If fy is a soft open (resp. soft closed) map and g, is a
soft x-pre open (resp. x-pre closed) map, then g o fy
is a soft x-pre open (resp. x-pre closed) map.

(ii)If g4 o fy is a soft x-pre open map and f is surjective
soft continuous, then g, is a soft x-pre open map.
(iv)If g, o f is a soft closed map and g is an injective soft
X-pre continuous map, then fy is a soft x-pre closed

map.

3.3 Soft I(D, B)-pre homeomorphism

We define and investigate in this section, the concepts of
soft I(D, B)-pre homeomorphism maps. We discuss their
main features and verify some findings related to them.

Definition 3.26. A bijective soft map
8o (X,7,E,=%1) = (Y,0,F,=,) is called soft I (resp. soft
D, soft B) -pre homeomorphism if it is soft I-pre
continuous and soft I-pre open (resp. soft D-pre
continuous and soft D-pre open, soft B-pre continuous
and soft B-pre open).

Remark 3.27. From Definition 3.26, we can note the
following:

(i)Every soft I (soft D, soft B) -pre homeomorphism map
is soft pre homeomorphism.

(ii)Every soft B-pre homeomorphism map is soft I-pre
homeomorphism or soft D-pre homeomorphism.

The two items of the above remark are not conversely
as the following examples show.

Example 3.28.LetE, X, ¢ :E —E, f: X — X and < be
the same as in Example 3.5. Consider that
T = {6,?,FE,LE} and 6 = {5,?,LE} are two soft
topologies on X, where Fr = {(e1,{1}),(e2,{3,4})} and
Ly = {(e1,{1}),(e2,{3})}. Then we find that
fo @ X,7,E,X) — (X,0,E,X) is a soft pre
homeomorphism map, but it is neither a soft D-pre
homeomorphism map nor a soft I-pre homeomorphism
map. Hence fy is not soft I (soft D, soft B)-pre
homeomorphism.

Example 3.29. In the example above, if we replace only
the partial order relation by <= AUJ{(2,4)}, then the
soft map fy is soft I-pre homeomorphism, but it is not a
soft B-pre homeomorphism map. Also, if we replace only
the partial order relation by <= AJ{(1,2)}), then the
soft map fy is soft D-homeomorphism, but it is not a soft

B-pre homeomorphism map.

Theorem 3.30. Consider a bijective soft map
fq) : (X,T,E,jl) — (Y,G,F,jz) and let (%l) S
{(I — pre,dpcl),(D — pre,ipcl),(B — pre,bpcl)}. If
(fo(GE) = folclp(GE)) = cly(fo(Ge)) = fo(GH) for
every GgCX, then fj is soft y-homeomorphism.

Proof. We make a proof for the theorem in the case of
(7,A) = (I — pre,dpcl) and the other follows similar line.
The equality relation

(fo(GE)™ = fo(elp(GE)) = clyp(fy(GE)) = fo(GE™)
implies that f,(G2)Ccl,(f(GE))Cel(fy(GE)) and
(fo(GE))™Cfy(clp(GE))Cfo(cl(GE)). So fo is soft
I-pre continuous and soft D-pre closed map. Hence the
desired result is proved.lJ

Theorem 3.31. If a  bijective soft map
fo: (X,7,E,=1) = (Y,0,F,=,) is soft I-pre continuous
(resp. soft D-pre continuous, soft B-pre continuous), then
the following three statements are equivalent:

(1)fp is soft I-pre homeomorphism (resp. soft D-pre
homeomorphism, soft B-pre homeomorphism).

(ii) f¢’ ' is soft I-pre continuous (resp. soft D-pre
continuous, soft B-pre continuous).

(iii) fy is soft D-pre closed (resp. soft I-pre closed, soft B-
pre closed).

Proof. (i) = (ii) Since fy is a soft I-pre homeomorphism
(resp. soft D-pre homeomorphism, soft B-pre
homeomorphism) map, then f; is soft I-pre open (resp.
soft D-pre open, soft B-pre open). It follows from item
(i1) of Theorem 3.21, that f(; ! is soft I-pre continuous
(resp. soft D-pre continuous, soft B-pre continuous).

(if) = (iii) The proof follows from item (iii) of Theorem
3.21.

(iti) = (i) It is sufficient to prove that f, is a soft I-pre
open (resp. soft D-pre open, soft B-pre open) map. This
follows from item (i) of Theorem 3.21.[]

Theorem 3.32. Let 7" and 6* be extended soft topologies
on X and Y, respectively. Then a soft map
8o+ (X, 7, E,=1) = (Y,0",F,=») is soft I (resp. soft D,
soft B) -pre homeomorphism If and only if a map
g (X,t,=x1) — (Y,B‘;(E),jz) is T (resp. D, B) -pre
homeomorphism.

Proof. The proof is obtained immediately from Theorem
3.12 and Theorem 3.22. [

Proposition 3.33. Let the two soft topologies T and 6 on
X and Y, respectively, such that T and 6 are not the
indiscrete  soft  topology. If a  soft map
fo ¢+ X,T,E =y) — (Y,0,F,%,) is soft B-pre
homeomorphism, then =<; and =, are not linearly
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4 Conclusion

In 2018, we have formulated the concept of soft
topological ordered spaces as an extension of the concept
of soft topological spaces [30]. Then we have utilized
monotone soft sets to define some soft ordered maps and
have investigated their main properties [31]. In this work,
we have used soft pre open sets to give the concepts of
soft x-pre continuous, soft x-pre open, soft x-pre closed
and soft x-pre homeomorphism maps, where
x € {I,D,B}. We have given various characterizations for
these concepts and have showed the relationships among
them with the help of examples.
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