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Abstract: Difference equations with a special type of impulses is studied. This type of impulses are called non-instantaneous and they
start their action abruptly at initially given points and then continue to act on given finite intervals. Since the studied type of equation
could not be solved recursively it requires to be proved and applied approximate methods. One of the approximate methods providing
a constructive approach to find solutions for the nonlinear problem via linear iterates is the monotone iterative technique. It uses the
method of upper and lower solutions which generates the existence of solutions in a closed sector. In this paper the approximate solution
of the studied problem is obtained as a limit of successive approximations which are solutions of linear difference equation with constant
coefficients and their explicit formula is given. Each term of the sequences is a lower/upper solution of the studied nonlinear problem.
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1. Introduction

In modeling one of the main problems is connected with time. Some researchers see the real systems as continuous-
time systems and therefore use differential equation-based tools to simulate a system. In the contrary, other researchers
consider the real systems as discrete time systems. Therefore, they select discrete-time simulation tools. In [17] the author
emphasizes that instead of first order systems in continuous time modeling which can not generate oscillated behavior,
first order systems in discrete-time approach can oscillate or even generate chaotic behavior. In [3] a discrete-time version
of epidemic model is developed. In [13] the authors study pattern formation of the discrete-time predator prey model.
Recently, the study of difference equations has caused a greater interest, for example, see [11], [8].

In the real world life there are many processes and phenomena that are characterized by rapid changes in their state. In
the literature these pro- cesses are modeled by two types of impulses: instantaneous impulses (whose duration is changing
relatively short compared to the overall duration of the whole process, see, for example, [6], [9], [16], [7], [10])) and
non-instantaneous im- pulses (which starts at a point and remains active on a finite time interval) ([5]).

Often, the solving of difference equations in a closed form is difficult ([1],[4]). Specially in the case when the unknown
function in the present time is involved on both parts of the equation non-linearly. One of the approximate method is based
on the method of upper and lower solutions, combined by a monotone-iterative technique. It is used to construct two
monotonous sequences of upper and lower solutions of the nonlinear non-instantaneous impulsive difference equation.
This method is applied for difference equations in [14], [15] and for impulsive difference equations in [2].

The main purpose of this paper is the application of monotone iterative technique to the initial value problem for
difference equations with non-instantaneous impulses and providing an applicable algorithm for obtaining successive
approximations to the solution.
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2. Statement of the problem

We will introduce basic notation used in this paper. Most of them are well known and used in the literature. Let Z . denote
the set of all nonegative integers. Let the increasing sequence {n,-}f.’;%l €2y, ni>ni—1+3,i=1,2,...,p and the
sequence {d;}?_ | : di € Zy, 1 <d; <nj;1—n;—2,i=1,2,..., pbegiven. We denote Z[a,b] = {z € Zy :a<z<b},a,be
Zy,a<band I, = Z[nk +di, s — 2], ke Z[O,pf 1], I, = Z[n,, +d,,,np+] — 1] and J; = Z[nk + 1,nk+dk], ke Z[l,p]
where dy = 0.

Consider the initial value problem (IVP) for the nonlinear difference equation with non-instantaneous impulses (NIDE)

P
x(n+1)=f(n,x(n),x(n+1)) forn € U I,
k=0
x(ng) = F(k,x(n— 1)), k € Z[1, p]
p

x(n) = g(n,x(n),x(ny)) forn € () Js,
k=1

1)

x(ng) = xo,

where x,xg €R, [ UF_ok xRxR—= R, F:Z[1,p] x R—>R,and g: Uj_, i x Rx R = R.

3. Preliminaries results

Definition 1We will say that the function o : Z[ng,np1] — R is a minimal(maximal) solution of the IVP for NIDE (1)
in Z[ny,np41) if it is a solution of (1) and for any solution u(n),n € Zng,np+1] of (1) the inequalities a(n) < u(n)
(at(n) > u(n)) hold on Zlng,n 1]

Definition 2The function & : Z[ng,np41) — R is called lower (upper) solutions of IVP for NIDE (1), if:

P
a(n+1) < (2)f(n,a(n),a(n+1)), forne | J I,
k=0

a(nk) < (Z)F(kaa(nk_ 1))) ke Z[],p]

p
a(n) < (2)g(n,a(n),a(ny)), forne | JJy
k=1

a(ng) < (>)xo

Consider the IVP for the linear NIDE of the type

P
u(n+1)=Quu(n)+o0o, ne U I,
k=0

u(ng) = Ta(ng — 1) + W, k € Z[1, p] 2

P
u(n) = Myu(n) + Lou(ng) + %, n€ (JJi
k=1
u(ng) = xo,
where u,xo € R, Qn: n€ Up_oIk. 00t n€ Uy odis Ln, My # 1,% : n € Up_ i, and Ty, i : k € Z[1, p] are given real

constants.
We will give an explicit formula to the solution of the IVP (2).

Lemma 17he IVP for NIDE (2) has an unique solution given by

n—1 n n—1 n n n—1
) =No) Y (TT &0)e; T 0N Y (TT RG)E() 10+ ) 5

forn € Zng,npi 1]
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where G,y = xo, 6, =0, O, = 1 for n € Z[no,np1]/ Uiy Ik
Ly
Nny = { T For € Uik )
1 otherwise
’y’l J
o(n) = for ne UL, Ji 5)
0 otherWlse
N(ni+di) = L”kiﬂi"d for n=n+di+1, ke Z[1,p]
R(n) =<1, for n=mn, keZ[l,p] ©)

1 otherwise

T(ng+dy) = M for n=n+dy+1, ke Z[1,p]

My, 1dy
&(n) = We for n=mny, keZ[l,p)] (7
0 otherwise
Proof.-We will use an induction with respect to the interval.
Let n € Z[ng+ 1,n; — 1]. Then from the first equation of (2) we obtain u(n) = Z’; no—17 Hl i1 Qiforne Zlno +
1,]1] - 1]
Letn=ny. Using 6,1 =0, Oy —1 =1 we get

n|7l f’l]*l }117] ny }117]

ulm) =Tum —)+w="n Y, o [[ ¢+m= Y (][] R@)o; [T Qi+m.

j=no—1 i=j+1 j=no—1 i=j+1 i=j+1

Letn € Jy =Z[n; +1,n; +d;]. Then using 6; =0, Q; =1, j € Z[n|,n; +d;] we get

u(n) = b ni(ﬁR GJHQZ I
1 =M, j=no—1 i=j+1 i=j+1 —M, 1 =M,

n—1 n —
Y, o [] RG) H Oi+Nn)u +t(n), n € Jy.
J=mo—1 i i=jt1

Letn € Z[n; +d, + 1,n, — 1]. Then using the first equation of (2) and the proved above we get

ny+d;—1 ny+di n1+d1 1 n—
u(n)=N(mi +di) Y, o([[ RO [ & H 0i
Jj=no—1 i=j+1 i=j+1 i=nj+d;
n—1 n—1 n—1 n—1
+uNm+d) [ Qi+tm+d) [ ¢+ Y o [[ @
i=nj+d; i=nj+d; j=n1+d; i=j+1
n—1 n n—1 n n n—1
Y ([T R@o; IT @+ X (IT RIS [T
j=no—1 i=j+1 i=j+1 j=no i=j+1 i=j

Let n = ny. Then we get
M(nz) = Tlu(l’lz — 1) + U

nzfl np ny —1 f’lz*l

Z(HR GJHQ”LZ HR j)iI;[_Qi-

Jj=no—1 i=j+1 i=j+1 Jj=ng i=j+1
Letne J, = Z[n2+ 1,n2+d2]. Then
u(n) = N(n)u(ny) + t(n)

n271 n» nzfl nyp np n» —1

=N@m) ), ([] RG@)o; [T @i+Nm) ) ([T RO)EG) H Qi+1(n)

j=no—1 i=j+1 i=j+1 j=no i=j+1

=NG) Y (TT R@)o; [T 0N ¥ ([T R0 [Te+ wto)

j=no—1 i=j+1 i=j+1 j=ng i=j+1
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Continue this process step by step w.r.t. the interval we prove the IVP for NIDE (2) has an unique solution given by (3)
for all n € Z[ng,np41).

Lemma 2Let m : Zng,np1] — R satisfy the linear difference inequalities

m(n+1) < Qum(n), ne Ulk,
m(ng) < Tim(ng — 1), kGZU p] ®
m(n) < Mym(n)+ Lym(ng), n€ UJk
m(ng) <0,

where Q,, > 0, (n € U,fzolk), T > 0, (k € Z[],p]) and L, >0, M, < 1, (n € Ufzolk).
Then m(n) < 0 for every n € Zng,np1].

The proof is based on an induction w.r.t. the interval and we omit it.

4. Main results
For any pair of function o, 8 : Z[ng,n,11] — R such that &(n) < B(n) for n € Z[ng,np;1] we define the sets

S(o, B) =A{u: Zlng,nps1] = R:a(n) <u(n) < B(n), n€Zng,nyiil}
Qi(a,p)={ueR: r&nn on)<u< max PBn)}

—o Ik n€lUp_o
Q(a,B)={ueck: min on+1)<u< max B(nJrl)}
nGUIF nEU
Ala,B)={ucR: min OC( ) <u< max ﬁ( )}
nely_, Jj nell_, Ji
r R: <y<
(.8) = {r€R: min ]a(m y< max Blm)}
Y R: —1)<z< —1
(o) ={z€ knzlhl}p]a(”k )<z kef%xp]ﬁ(”k )}

Theorem 1Let the following conditions be fulfilled:

1.The functions &, : Zng,np+1] = R are lower and upper solutions of the IVP for NIDE (1) and o(n) < B(n) for
n € Zlng,npi1].

2.The function f: \Uy_o Ik x Qi(0, B) x Q(ax,B) is continuous in its second and third arguments and there exist
functions K : Y _oIx — (—eo,1) and P : \Uy_y Ik — (0,00) such that for any n € Uy_yIx and x1,x, € (., B), with
x1 < x2, and x3,x4 € Qp(at, B), with x3 < x4 the inequality

J(n,x1,x3) = fn,0x2,x4) < P(n)(x1 —x2) + K(n)(x3 — x4)

holds.
3.The function F : Z[1, p] x R — R is continuous in its second argument and there exists a function T : Z[1, p] — (0,e0)
such that for any k € Z[1,p| and 7,20 € Y (o, B) with z; < z5

F(k,z1) —F(k,z2) < T (k)(z1 —22).

4.The function g : \Uy_, Jx x A(a,B) x I'(a,B) — R is continuous in its second and third arguments and there exist
Sfunctions M : Uf::l Jy = (=0, 1) and L : Uf::l Ji — (0,00) such that for any n € Uf::l Ji and y1,y, € A(a,B), with
yi <y2,and y3,y4 € T (@, ), with y3 < y4 the inequality

8(n,y1,y3) — g(n,y2,y4) < M(n)(y1 —y2) +L(n)(y3 — ya)

holds.
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Then there exist two sequences of discrete functions {a\)(n)}g and {BY)(n)}g, n € Zing,np1] with a©) = o and
BO) = B such that:

a) The inequalities

a(n) < ol (n) < aV (n) < BT (n) < BY)(n) < B(n), for n € Zing,npi1l, jEZ

hold;

b) The functions o) (n) and BY)(n), j € Z are lower and upper solutions of the IVP for NIDE (1), respectively;

c) Both sequences are convergent on Z[no,n,1);

d) The limits 1im e /) (n) = A(n), lim ;e ) (n) = B(n) are the minimal and maximal solutions of IVP for NIDE
(1) in S(a, B), respectively;

e) If IVP for NIDE (1) has an unique solution u(n) € S(c,B), then A(n) = u(n) = B(n) for n € Zng,np1].

Proof.For any arbitrary fixed function ) € S(a, 3), we consider the IVP for the linear NIDE

u(n+1)=Pn)un)+Kn)u(n+1)+wyn,nh),nrn+1)), nec UIk

u(ng) =T (k)u(ng—1) +v(k,n(ne— 1)), k€ Z[1,p]

)
u(n) = M(n)u(n)+L(n)u(ng) + & (n,n(n),n(n)), ne UJk
u(ng) = xo,
where u,xy € R, and
P
W(naxvy) = f(n,x,y) 7P(I1)X*K(I’l)y, ne U Ik;
k=0
v(k,x) = F(k,x) — T (k)x, k € Z[1, p] (10)

14
é(n,x,y) :g(nvxay) —M(n)x—L(n)y, nec U Jk'
k=1

According to Lemma 1 the IVP for linear NIDE (9) has an unique solution given by (3) with
Gy = YNNI o Py (), (n))) « = 0k (g — 1)), Ty = T(K), M, = M(n).L, = Lin).

For any functlon nes ((x B) we define the operator W : S(¢a, B) — S(a, B) by Wn = u, where u is the unique solution
of IVP for the linear NIDE (9) for the function 1. The operator W has the following properties:

PHa<Wa,p>Wp

(P2) W is a monotone nondecreasing operator in S(¢t, ).

To prove (P1) set Wa = o)) where a(!) is the unique solution of (9) with n = a and let m(n) = a(n) — o'V (n), n €
Z[n(), I’lp+1]

Forany n € Uf;:o I;, we obtain the inequality

m(n+1) = a(n+1) = P(n)a'V(n) — K(n)aV (n+1)
—y(n,a(n),a(n+1))
< P(n)(a(n) — V() +K(n)(a(n+1) = aV(n+1))
= P(n)m(n)+K(n)m(n+1).
Hence the inequality m(n+ 1) < 5 P ;(”()”) m(n) holds for n € UY_q I

For any n = n; we obtain

m(n) < F(k, ot(mg — 1)) — T(R)otD (g — 1) — F(k, (g — 1))
FTR) (g —1) = T(k)m(ne — 1).
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For any n € Uy_, Ji we get

m(n) < g(n, o(n), a(m)) = M(n)a (n) = L(n) oV ()
—g(n, a(n), a(m)) +M(n)a(n) + L(n)o(n)
= M(n)m(n) + L(n)m(n)

Therefore, the function m(n) satisfies the inequalities (8) with 0, = ("()) Ty = T(k),M, = M(n),L, = L(n).

According to Lemma 2 the function m(n) is non-positive in Z[ng,n,41], i.e. o« < Wa. Analogously it can be proved that
the inequality B > W f3 holds.
To prove (P2) we consider two arbitrary function 1y, 1n, € S(a, B) such that ny(n) < n2(n) for n € Zlng,np1]. Let
u) =Wwn; and u'® = Wn,. Denote m(n) = u'V) (n) — u®(n),
n € Zlng,npi1].
For any n € |J{_, I we obtain the inequality

m(n+1) = Pn)ul) (n) + K (n)ul) (n+ 1) + f(n,m1(n), M1 (n 4 1))
P(n)11(n) = K(n)m (n+ 1) = P(n)u® (n) = K(n)u® (n +1)
—f(n M2(n), M2(n+ 1)) + P(n)na(n) + K(n)na(n +1)
P(n)m(n) + K (n)m(n+1)

Hence the inequality m(n+1) < 1521();;) m(n) holds for n € I, k € Z[0, p].

For any n = ni,k € Z[1, p] we get

m(ng) =T (k,u'V (mg — 1) — u® (g — 1)) = T(k) (1 (e — 1) — M (mg — 1))
+F(k,n1 (e — 1)) = F(k, M2 (g — 1)) < T (k)m(n — 1)

For any n € U,’(’:1 Jx we obtain

m(n) = Mn)u'V (n) + L(n)u™ (n) + g(n,m ( )M (n))
—M(n)n1(n) — L(n)m1 (ng) — M(n)u'® (n) — L(n)u' (ny)
—g(n,ma(n),Ma(nx)) + M(n)na(n) + L(n) N2 (i)

< M(n)m(n)+ L(n)m(ny)

According to Lemma 2 with Q,, = lf(—K"()n), T, =T(k),M,, = M(n), L, = L(n) the function m(n) <0, i.e. Wn; < Wny,
for m (n) < 1’]2(11),11 S Z[no,np+]].

Let n € S(a,B) be a lower solution of (1). We consider the function Wn = m. According to the proved n(n) <
m(n),n € Z[no,an]

For any n € \J;_, I we get the inequality

m(n+1) = P(n)m(n) + K(n)m(n+1) + f(n,n(n),n(n+1))
P(n)n(n) — K(n)n(n+1) (1)
<f(n m(n),m(n+1))

For any n = ny,k € Z[1, p] we obtain
m(ng) = F(k,m(ng — 1)) = F(k,m(ni — 1)) + T (k)m(n — 1)

+F(k,n(m—1)) =T (k)n(n —1) (12)
SF(kam(nk_l))

For any n € U,’(’:1 Jx we obtain

m(n) = g(n,m(n),m(nc)) — g(n,m(n),m(ni)) +M(n)m(n)
+ L(n)m(ng) + f(n,1(n),n(ne)) — M(n)n(n) — L(n)n (nx) (13)
< g(na m(n)am(nk))
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Inequalities (11),(12) and (13) prove the function m is a lower solution of NIDE (1). Similarly, if 1 € S(e, ) is an
upper solution of NIDE (1) then the function m = Wn is an upper solution of (1).
We define the sequences of functions {a)(n)}y and {BU)(n)}; by the equalities
O =qa, BO =8, a) =wal-D, BU) =wBU~1. The functions a®(n) and B)(n) satisfy the initial value
problem (9) with 17(n) = &= (n) and n(n) = BE~V(n), n € Z[ng,n,1], respecticely.
According to Lemma 2 the following representations are valid:

j=no—1 i=j+1 1-K(j)
o P(i) "*‘ P(i) (14)
X + R(i ~ +1(n),
i:Ij:[rl 1 _K jzn() 11;[1 l:j 1 _K(Z)

forn e Z[no,np+1],

where 7(n) is given by (5) for 1, = &(n, @~V (n),at=V(n;)), n € Ul_, Ji, j € Z[1,p] and &(n) is given by (7) for
Yoy+d, = é(nk+dk7a(87l)(nk+dk)7a( )( ))7 M = v(kva(87l)(nk - 1))) ke Z[l,p]

5) (1 w(i.BYV().BY V(i +1)
B ( ) j g(): 1 le_qILlR 1-K ( )
n-1 =l p(j) . 5)
xizjllll_ +]2;‘011:JIFIR t:j]_K(i)+T( )

forn € Zng,np1),

where 7(n) is given by (5) for %, = & (n, B0~V (n), B4~V (n;)), j € Z[1,p] and &(n) is given by (7) for ¥, 1a, = & (i +
dk7ﬁ(57])(nk + dk)7ﬁ(57])(nk))7 My = v(k’ﬁ(S7l)(nk - ]))7 ke Z[] 7[7]

According to the above proved, functions t*) (n) and B*) (n) are lower and upper solutions of NIDE (1), respectively
and they satisfy for n € Z[ng,n, 1] the following inequalities

oa¥(n) <aV(n) <. <al(m) <pY(n) <. < B(n) < B (m) (16)
Both sequences of discrete functions being monotonic and bounded are convergent on Z[ng,np1].
Let A(n) = limg oo ®) (1), B(n) = limy_eo ) ().
Take a limit in (14) for s — oo we obtain (3) with u(n) = A(n), o; = V(AU A Hl , 0i= ]P(i)

T—K(j K@)
. ADAGL1) 1 P
A( )_ j g(): 1 lIJI»IR K(J) i:I]_'4I»1 17K(i) an
n n n—1 i
£ Y (I R0 TT 5 f(,()(l.) +t(n), forn € Zlng,nps1],
J=np i=j+1 plly

where 7(n) is given by (5) for y, = & (n,A(n),A(n;)), j € Z[1,p] and {(n) is given by (7) for ¥, 4, = & (ny + dj, A(ny +
dk)7A(nk))a Hie = v(kaA(nk - 1))) ke Z[],p]

From (17) it follows the function A(n) is a solution of NIDE (1).

Similarly, we prove the function B(n) is a solution of NIDE (1).

Let u € S(a, B) be a solution of IVP for NIDE (1). From inequalities (16) it follows there exists a natural number p
such that p e N :

aP)(n) <u(n) < BP(n) for n e Zlng,npy1).
We introduce the notation m(n) = a'P*V)(n) —u(n), n € Zlng,np1).
Forany n € Uf;:o I; we get the inequality
m(n+1)=Pn)oP ™ (n) + K(n)a? D (n+1)+ f(n,oP (n),a” (n+1))
—P(n)a'P(n) — K(n)a'P)(n+1) — f(n,u(n),u(n+1)) (18)
<P(n)m(n)+Kn)mn+1).
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Hence the inequality m(n+1) < lfg’()n) m(n) holds for n € UF_o I

For any n = ny, k € Z[1, p] we obtain

m(ng) = T (k)" (g — 1) + T(k)u(ng — 1) — T(k)u(ne — 1)
F(k, (@ (ng — 1)) = T(k)ot'P) (ng — 1) — F(k,u(ng — 1)) (19)
T(k)m(n;—1).

For any n € \UJ;_, Jx we obtain

m(n) = M(n)a? D (n) + L(n)a?* ) (my) + g (n. & (), o”) (my)
—M(n)a'?) (n) = K(n) o) (ny)) — g (n,u(n), u(ng)
< M(n)m(n)+ L(n)m(ny).

According to Lemma 2 with 0, = P( () 7 Te= T (k),M, = M(n),L, = L(n) the function m(n) is nonpositive, i.e.

Pt (n) <u(n), n€ Zing,np1)- SlmllarlyB P+ (n) > u(n), n€ Zng,ny1], and hence (x(”') <u(n)<BUtY, ne
Zlng,np11]. Since a(®(n) < u(n) < BO(n) this proves by induction that @) (n) < u(n) < BY)(n), n € Zlng,n,1], for
every j € Z.

Taking the limit as j — eo we conclude A(n) < u(n) < B(n), n € Zlng,np41]. Hence A(n) and B(n) are minimal and
maximal solutions of IVP for NIDE (1), respectively.

Let the IVP for NIDE (1) has an unique solution u(n) € S(a, ).

Then from above it follows A(n) = u(n) = B(n), n € Zng,np41].

5. Conclusion

In the paper we study the initial value problem for a nonlinear scalar difference equation with so called non-instantaneous
impulses, i.e. impulses which duration of acting is not negligible. An iterative technique combined with the method
of lower ad upper solution is suggested to solve the studied equation. Two sequences of discrete valued functions are
constructed. Each term of the sequences is s solution of a linear discrete equation with non- instantaneous impulses with
an explicit formula for the solution, obtained in the paper.
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