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Abstract: In this paper, we consider partially step-stress ALT model when the lifetime of units under normal condition follows the
generalized half-logistic lifetime distribution based on Type-1 censored scheme. The likelihood functions of the parameters are derived
and solved to present the Maximum Likelihood Estimators (MLEs) of the model parameters. The approximate confidence intervals are
also proposed. Bayesian point and credible intervals are developed and results are discussed through two numerical examples.

Keywords: Accelerate life tests; generalized half-logistic distribution; ML estimation; Bayes estimation; MCMC.

1 Introduction

The one shape parameter generalized half-logistic
distribution is presented as a special case of shape and

scale  parameters generalized half-logistic ~ with
distribution presented by
X —
F(x)=1-2% (1+exp{z}) , (1)

with A = 1. The random variable X is called generalized
half-logistic distributed random variable with shape
parameter «, if X has the probability density function
(pdf) presented by

f(x) = a2%xp{x} (1 +exp{x})" @D x>0, a>0.
2
And the cumulative distribution function (cdf), survival
function S(#) and hazard rate function h(t), are
respectively given by

F(x)=1-2%(1+exp{x}) %, 3)
S(t)=2%(1+exp{r})”*, )

and
h(t) = ocexp{r} (1+exp{r}) . (5)

The half logistic distribution is considered by
Balakrishnan [1] of the absolute standard logistic variate.

For more detail about generalized half-logistic
distribution see Balakrishnan and Hossain [2],
Ramakrishnan [3] and Arora et al. [4]. Bayesian

viewpoint of generalized half-logistic distribution is
discussed in Kim et al. [5]. The reliability functions of the
reliability functions generalized half-logistic distribution
is discussed recently by Chaturvedi et all [6] and
Awodutire et al. [7].

Accelerate Life Tests (ALTs) is applied in different
area in life testing experiments with different type of
acceleration according to [?]. The type in which stress is
kept in a constant stress level is called constant stress
ALTs but the type in which stress is keep in increasing
form in time as given in [13] called progressive stress
ALTs. In the final one, stress is changed for a given
specified prior time or number of failures, called step
stress ALTs. Different work is presented in the literature
of ALTs see [14,15] and recently see [16]. In several
applications of ALTs, partially ALTs is more common in
the life test experiments, in which the test is run at normal
and stress conditions. The common partially ALTSs is
called partially constant-stress ALTs, the experiment runs
simultaneously at normal and stress condition. Also, for
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partially step-stress ALTs, the experiment is run at normal
condition and stress change at a prefixed time or number
through the experiment.

Censoring in the life test experiments, is more
common because of reducing the time and cost of the
experiment. The simple and famous ones in life testing
experiments are Type-I and Type-II censoring schemes. In
Type-I censoring terminate the experiment is at a prior
pre-fixed time point, but in Type-II censoring is at a prior
pre-fixed number of failures. The general censoring
scheme which allows to remove the units at any point of
the test, is called progressive Type-II right censoring, for
important reviews of the literature on progressive
censoring, see Balakrishnan and Aggarwala [17].

Our objective in this paper is to estimate the
generalized half-logistic distribution under partially
step-stress ALTs in the presence of type-I censoring
scheme. The model parameter and accelerated factor are
estimated by the maximum likelihood and Bayes
methods. Also, interval estimations are obtained with the
two methods. Our results are illustrative through
discussing the two numerical examples.

This paper is organized as follows, the model
described is exposed in Section 2. The point and
approximate interval maximum likelihood estimation are
discussed in Section 3. Bayes point and credible intervals
are developed in Section 4. Numerical studies of two
numerical examples are presented in Section 5. Finally,
some comments are exposed in Section 6.

2 Model description

Let n independent items are tested under normal condition
and the prefixed times, 7° and 7 are given, where 7 < 7*.
The test switches to the higher stress level at prefixed time
T, but 7" is the final time of the test. Thus the lifetime of
a test item W, exposed to different two stages, includes
normal and accelerated conditions. Then, in partially step-
stress ALTSs the lifetime of the items is presented by

T, T<~7
W:{ t+p YT —-1), T>r1, ©)

where the lifetime 7 of the items is computed at normal
condition and p is the accelerated factor. The pdf under
partially step-stress ALTs of random variable W is
presented by

0, w<Q0,
fw)y=4q filw), 0<w<rz @)
Hw), w>rt.
Under consideration, the one-shape parameter for

generalized half-logistic, the pdf f} (w) is presented by (2)
and f>(w) is defined by

f(w) = ap2®exp{T+p(w—1)}
< (1+exp{T+p(w—1)}) "« (8)

The cdf, Sa(w), and hazard rate function h(w), is
given by

B(w)=1-2%1+exp{t+pw—-1)})"%, (9

Sa(w) =2%(1+exp{t+p(w—1)}) %,  (10)

and

exp{t+p(w—1)}
I+exp{t+p(w—1)}

ho(w) = ap (1)

Under Type-I censoring scheme and partially step-stress
ALTs, the experiment is terminated at W,, when W,, < 7*
and terminated at T* when W, > 7*. Hence, the random
sample of the total lifetime W is defined as, W < W, <
e < Wy <1< Wiy < ... < W, where J is the number
of items failed under normal stress level and r is the total
number failed at all test.

The likelihood function of observed values W; < W, <
o<Wy < T < Wiy < ... < W, in the case of T < W, is
described as

J r
L(glw)=C[JAiwi) [T owi)(Sa(z)"",  (12)
i=1 i=J+1
where C = (nf—!r)!, € is the model parameters vector (., p).

3 Estimations with Maximum Likelihood
Method

3.1 Point estimation

From the likelihood function in (12) and lifetime data
Wi<W < . .< W< 1< W< ..o< W from
generalized half-logistic distributions (2) and (8), the
likelihood function L(a,p|w) without normalized
constant is then given by

J
Lia,plw) = oc’prjexp{nalog2+ Zwi —(o+1)

i=1

X

J r

Y log(1+exp{wi})+ ) (t+p(wi—1))
= i=J+1

— o(n—r)log(1+exp{t+p(t"—1)})

— (a+1) Xr: 10g(1+exp{f+p(wir)})}.

i=J+1
(13)
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Hence the log-likelihood function ¢(a,p|w) = log
L(o,plw) is presented by

La,plw) = rlogo+ (r—J)logp +nalog?2
J

+ Zwi_
i=1

LY (crpOni-1) -

i=J+1
X zr: log(1+exp{t+p(wi—1)})
i=J+1
—a(n—r)log(1+exp{t+p(t*—1)}).
(14)

J
(0+1)) log (1 +exp{w;})

i=1

(¢+1)

Then the likelihood equations of parameters & and p can
be presented after taking the first partial derivatives of
equation (14) and equating each to zero, as follows

w r /
% - a+nlog27;log(lJreXP{Wi})
Xr" log(1+exp{t+p(wi—1)})
=T+
— (n—r)log(1 +exp{t+p(t"—17)})=0
(15)
Then

J
op)=r —nlog2+2]og[1 +exp{wi}]
i=1

+ (n—r)log[1+exp{t+p(r"—1)}]
-1

+ Y log[l+exp{t+pwi—7)}]| ,(16)
i=J+1
As well as
d(a,plw) _ (r—J
= + —(a+1
ap p 1;1 )
Ly G Dew(tpln-1)
=71 1+enﬂf+p0w—fﬂ
=) (T —Dexp{r+p(r — )}
I+exp{t+p(t*—1)} '
(17)
Which is reduced to
MJF Z (wi — 1)
P i=J+1

r

(w1~ exple+ plwi— 1))
BRGNPy wrrery T

i=J+1
on—r)(t*—1)exp{t+p(t*—1)} B
T el ooy M

The profile log-likelihood function can be obtained from
(14) by replaced the parameter o with the value presented
by (16) to obtain

h(p) =t(a(p),plw), (19)

then the initial value of parameters p is obtained to
present the maximum likelihood estimates p of p with
any iteration method such as fixed-point method or
quasi-Newton Raphson. The maximum likelihood
estimates & of o is obtained from (16) after replace p
with p.

3.2 Interval estimation

The Fisher information matrix @(a,p) is the negative
expectation of second derivatives of log the likelihood
function. Practice, ® ! (&, p) is estimated by @~ (&,p).
Hence, the normal approximation is used as follows

(&,p) = N ((a,p), 05" (&,p)) (20)

where @, '(at,p) is observed information matrix,
presented by the second partial derivatives of (14) with
respect to & and p presented by

I*Ua.plw) _ —r

0T o @y
*(a,plw)  I*(a,p|w)
dadp  dpda
v wi—texp{r+pwi—1)}
i 1exp{t+p(wi—1)}
_ (n=r)(T"—texp{r+p(r" - 17)} (22)
l+exp{t+p(t"—1)} '
2%/(c, —(r—J

" (wi—1)?exp{t+p(wi—1)}

i (I+exp{t+p(wi—1)})°
el —Pep{rp(e — )
(tepltip(e o)

(23)
Then observed information matrix is presented by
jzfga,fm _ a2g<aépm>
— A A a aop
@R = | 2dlapw)  lapwm | - @D
dpda dp? ap

From the normal distribution of (é&,p). Hence, the
100(1-20)% approximate confidence intervals of & and p
is presented by

(6 Fz9v/Vi1) and (p FzovV22) (25)
Where Vi1 and V;; are the elements of the diagonal of
o ' (&,p) and zg is the percentile right-tail with
probable of 0 standard normal distribution.
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4 Estimations with Bayes Method

The Bayesian estimation of model parameters considers
the assumption of independent gamma prior distributions
of the model parameters o and p with prior densities
functions as follows

(o) < a® Lexp{—ba}, (a, b>0) (26)

and

w3 (p) o pexp{—dp}, (¢, d>0). (27

Hence the joint prior density 7; (&, p) of parameters ¢ and
p can be written as

i (a,p) e e’ plexp{—ba—dp}.  (28)

From the likelihood function (13) and the joint prior
density 7*(ot, p), the joint posterior density given the data
m(a,p|w), can be written as

J
77:(05,[)|E) o ar+a71pr+c‘7]71 GXP{ZWi

i=1
J
— (Ochl)Zlog(l+exp{w,’})foc(b7nlog2)
i=1
—dp—a(n—r)log(l+exp{t+p(t"—1)})
+ ) (t+pwi—1)

i=J+1

(i) Y log<1+exp{r+p<wi—r>}>}.

i=J+1
(29)

Different loss function can be applied, but we consider
squared error loss function to present Bayes estimate of
any function of parameters g(ot,p), as follows

s(.p) =E(g(@p) = [ [ s(a.p) <(crplw)dudp.
(30)
MCMC Approach
Integral (30) can not be obtained in a closed form, but
different approximate methods can be used. In this paper,
we adopt the important one, called the MCMC method as
follows. The Bayes point and interval estimation of the
model parameters with the help of MCMC method is
considered for different classes of MCMC method. The
Gibbs with Metropolis algorithms is more general
technique called by Metropolis within-Gibbs is applied
here, for more detail, see Soliman et all [18] and
Abd-Elmougod et al [19].
From the joint posterior density function in (29), the
conditional posterior pdf’s of parameter o is Gamma(A, B)

distribution with A=r+ a and B, presented by

B = (b—nlog2) + ilog(l +exp{wi})
=1

l
-
+ ) log(1+exp{t+p(wi—17)})
i=J+1
+ (n—r)log(1+exp{t+p(*—1)}) (31)
and the pdf’s of parameter p is given

i=J+1
—dp —a(n—r)log(1+exp{t+p(t* —1)})

— (a+1) Zr: 10g(1+exp{f+p(wir)})}

i=J+1

7 (plot,w) «p’““em{p Y wi—1)

(32)

The plots of (32) show that the similarity of normal
distribution that is wused to generate from these
distributions, the MH method is used, see Metropolis et
al. [20] with normal proposal distribution as the following
algorithm.

MCMC algorithm (MH under Gibbs sampling):

1: With initial vector (a®,p°) = (&,p), set k= 1.

2: Generate of from Gamma(A, B).

3: Generate pk from (32) with MH under the
N(p¥~' o) proposed distribution, where o is
obtained from variances-covariances matrix.

4: After obtaining the parameters vector (aX,pk), set
k=k+1.

5: Steps from 2 to 4 is repeated N times.

6: The Bayes estimate of ¢¢ under the MCMC methods
is given by

A (IR
OCB:E(‘XM):N_—M )y o
i=M+1

(33)

where M is the number of iterations, we need to get
into stationary distribution. The posterior variance of
a is given by

1 N

V(elw) = v— ;l(atag)z.
=M+

(34)

Also, the credible intervals of ¢, by ordering the value

aMl oMtz oV as o), a@ ... ,a™M) Then
the 100(1 —26)% symmetric credible interval is

(aG(N—M), a(lfﬂ)(NfM))' (35)

7: The Bayes estimate of p under the MCMC methods

is given by
1 i :
pr=E(plw)=—— Y p',  (6)
N*Mi:MH
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and the posterior variance of p is given by

1 N N
Viplw) = v—= Y. (p'=ps)". (37

N—-M i=M+1

Also, the 100(1 —26)% symmetric credible interval is
(pG(NfM), p(lfe)(N—M)) (38)

4.1 Numerical Computations

The theoretical results presented in this paper are
discussed and illustrated in this section through the two
numerical examples. The quality measure of estimation
method can be discussed as follows.

4.2 Example 1

An estimation procedure discussed in this paper is
illustrated through the numerical example as follows. The
simulated data sample is generated from generalized
half-logistic distribution with parameters (a,p)= (0.2,
2), n = 30 and independent two time (7, T%)=(3, 6). The
simulated data is presented in Table 1 below. The point
maximum likelihood estimates and related Bayes MCMC
estimates are presented in Table 2. Also, the 95%
approximate confidence intervals as well as credible
intervals are presented in Table 2. The plan of MCMC
method is described by running the chain for 11, 000
times and discarding the first 1000 values as burn-in. Fig.
(1-4) show simulation number of o and p generated by
MCMC method and the corresponding histogram. We
observe that the credible intervals are narrower than the
approximate intervals and always include the population
parameter values.

4.3 Example 2

The simulated data sample is generated from generalized
half-logistic distribution with parameters
(a,p)=(1.5,,1.5), n = 30 and independent two time (T,
7)=(1.0, 1.5). The simulated data are presented in Table
3 below. The results as the last example is presented in
Table 4. Also, Fig. (5-8) show simulation number of o
and p generated by MCMC method and the
corresponding histogram.

5 Perspective

In this section, we give some comments observed from
the two discussed examples about the type-I censoring
generalized half-logistic data under the step-stress ALTs
model. The MLEs and asymptotic confidence intervals
are compared with the Bayes estimators and credible
intervals.

1 F 3 4 3 1]

Fig. 4: Histogram of p obtained by MCMC method.

S T i g it EE
L 2000 4000 5000 8000 10000

Fig. 5: Simulation number of ¢ obtained by MCMC method.
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Table 1: The simulated samples (Example 1).

0.2475 03226  0.3538 0.4732 0.6495 1.0717 1.6324

28161 2.8343 29326 3.03 3.2768 3.2804 3.6353

37106  3.8711, 4.1109 42032 4.2514 4.2693 4.8369

4.938 5.039 5.5608
Table 2: MLEs and Bayes estimate with 95% approximate and credibale confidence intervales
Pass | (OmL (JBaye | 95% MLE Length 95%Bayes Length
o= | 0.176401 | 0.3118 | (0.0672038, ,0.285598) | 0.2184 | (0.1652,0.5330) | 0.3678
p= | 2.35727 2.1211 | (0.464876, ,4.24966) 3.7848 | (1.1366, 3.7244) | 2.5878

Table 3: The simulated samples (Example 2).

0.0183 0.0222 0.0474 0.1524 0.1567 0.1924  0.3399
0.3652 03740 0.4085 0.4675 0.4943 0.5752 0.5941
0.7097 0.7416 09177 09595 1.0667 1.0863 1.2491
1.2719  1.3197 1.327 1.3389
Table 4: MLEs and Bayes estimate with 95% approximate and credibale confidence intervales
Pas | (OmL (JBaye | 95% MLE Length 95%Bayes Length
o= | 1.5245 | 2.1366 | (0.818694, 2.23046) | 1.4118 | (1.1164, 3.7669) 2.6505
p= | 1.4201 | 2.1048 | (0.248406, 2.59174) | 2.3433 | (1.1161, 3.6782) 2.5621
sof soof
w00 | it 600 Al
400 400
200} 200}
1 2 3 4 3 §I_ 1 2 3 4 5 46 I

Fig. 6: Histogram of o obtained by MCMC method.

10000

Fig. 7: Simulation number of p obtained by MCMC method.

the
the

1. The credible intervals are narrower than
approximate intervals and always include
population parameter values.

2. For different sample sizes, different schemes and
different censoring parameters (7, 7*) results are more
acceptable .

Fig. 8: Histogram of p obtained by MCMC method.

3. Different figures in the approximation with the help of
MCMC method are expressed the normal distribution
of the simulated estimates around the mean estimate
shows the convergence in estimations procedure .

References

[1] N. Balakrishnan, Order statistics from the half logistic
distribution, Journal of Statistical Computation and
Simulation, 20, 287-309(1985).

[2] N. Balakrsihnanh and A. Hossain, Inference for the
Type-1I generalized logistic distribution under progressive
Type-1I censoring, Journal of Statistical Computation and
Simulation, 77, 1013-1031(2007).

[3] V. Ramakrsihnan, Generalizations to half logistic distribution
and related inference, Acharya Nagarjuna University, India,
(AP), (2008).

[4] S. H. Arora, G. C. Bhimani and M. N. Patel, Some results on
maximum likelihood estimators of parameters of generalized

© 2019 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 13, No. 4, 553-559 (2019) / www.naturalspublishing.com/Journals.asp

half logistic distribution under Type-I progressive censoring
with changing, International Journal of Contemporary
Mathematical Sciences, 5, 685-698(2010).

[5S1Y. Kim, S. B. Kang and J. I. Seo, Bayesian estimation in
the generalized half logistic distribution under progressively
Type II censoring, Journal of the Korean Data and
Information Science Society, 22, 977-987(2011).

[6] A. Chaturvedi, S. B. Suk-Bok Kang and A. Pathak,
Estimation and testing procedures for the reliability functions
of generalized half logistic distribution, Journal of the Korean
Statistical Society, 45, 314-328(2016).

[7] P. O. Awodutire, A. K. Olapadeand and O. A. Kolawole, The
Type I generalized half logistic survival model, International
Journal of Theoretical and Applied Mathematics, 2, 74-
78(2016).

[8] W. Nelson, Accelerated Testing: Statistical Models, Test
Plans and Data Analysis, Wiley, New York, (1990).

[9] C. M. Kim and D.S. Bai, Analysis of accelerated life test data
under two failure modes, International Journal Reliability,
Quality and Safety Engineering, 9, 111-125(2002).

[10] E.XK. AL-Hussaini and A. H. Abdel-Hamid, Bayesian
estimation of the parameters, reliability and hazard
rate functions of mixtures under accelerated life tests,
Communication in Statistics - Simulation and Computation,
33, 963-982(2004).

[11] E.K. AL-Hussaini and A.H. Abdel-Hamid, Accelerated life
tests under finite mixture models, J. Statist. Comput. Simul.,
76, 673-690(2006).

[12] D.S. Bai and S.W. Chung, Optimal design of partially
accelerated life tests for the exponential distribution under
Type-I censoring, IEEE Trans. Reliab., 41, 400-406(1992).

[13] R. Miller and W.B. Nelson, Optimum simple step-stress
plans for accelerated life testing, I[EEE Trans. Reliab., 32 59-
65(1983).

[14] D.S. Bai and S.W. Chung, Optimal design of partially
accelerated life tests for the exponential distribution under
Type-I censoring, IEEE Trans. Reliab., 41, 400-406(1992).

[15] A. Tahani Abushala and A. A. Soliman, Estimating the
Pareto parameters under progressive censoring data for
constantpartially accelerated life tests, Journal of Statistical
Computation and Simulation, 85, 37-41(2015).

[16] G. A. Abd-Elmougod and E. M. Emad, Paramters estimation
of compound Rayleigh distribution under an adaptive type-
II Progressively hybrid censored data for constant partially
accelerated life tests, Global Journal of Pure and Applied
Mathematics, 12, 3253-3273(2016).

[17] N. Balakrishnan and R. Aggarwala, Progressive Censoring-
Theory, Methods, and Applications, Birkhauser, Boston,
(2000).

[18] A. A. Soliman, A. H. Abd Ellah, N. A Abou-Elheggag
and G. A. Abd-Elmougod, A simulation-based approach to
the study of coefficient of variation of Gompertz distribution
under progressive first-failure censoring, Indian Journal of
Pure and Applied Mathematics, 42, 335-356(2011).

[19]G. A. Abd-Elmougod, M. A. El-Sayed and E. O.
Abdel-Rahman . Coefficient of variation of Topp-Leone
distribution under adaptive Type-II progressive censoring
scheme: Bayesian and non-Bayesian approach, Journal of
Computational and Theoretical Nanoscience, 12, 1-8(2015).

[20] N. Metropolis, A. W. Rosenbluth, A. H. Teller and E. Teller,
Equations of state calculations by fast computing machines,
Journal Chemical Physics, 21, 1087-1091(1953).

Faten A. Momenkhan PhD degree in Mathematical
Statistics at Girls College of Education Departments in
Jeddah, Saudi Arabia. Her research interests are in
Statistical Inference, Distribution Theory, Simulations
Studies and Order Statistics. She has published research
articles in journals of mathematical and statistical
sciences.

© 2019 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

	Introduction
	Model description
	Estimations with Maximum Likelihood Method
	Estimations with Bayes Method
	Perspective

