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Abstract: The present paper is devoted to derive some recurrence relations for single and product moments of generalized order
statistics (Gos) for modified Weibull distribution (MWD). Based on these recurrence relations, some characterizations for this
distribution are discussed.
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1 Introduction

Generalized order statistics (Gos) is very important in life-testing and reliability expreriments, because it represents well-
known models in statistics, such as ordinary order statistics and k''record values.

Let F denote a continuous distribution function with density function f . The random variables
X (i,n,m,k);i=1,2,....,n are called Gos based on F, if their joint density function is given by

~ - n—1 n—1
FrOATL KO (o) = k (H ?’j> (H [1- F(xz')]'""f(xz')) [1 = F ()] f ), (1)
Jj=1

=1
on the cone F~1(0) <x; < ... <x, < F~'(1-) of R", with parameters,n € N, n > 2.k > 0,im = (my,my, ...,m, ) € R"~1,
n—1
M, =Y mjsuchthaty, =k+n—r+M,>O0forallr€{1,2,...,n—1}. Moreover,
j=r

n—1
Cr—IZHYJ'ﬂ’:1a2a---7”_1a7r—7r+1—1:mr- (2)
j=1

The following two cases are considered:
Formy=my=...=m,_| =m.
The marginal pdf of the r-th gos X (r,n,m, k) is given by

Cr

=P el P ®
where ( )
—In(1 —x), m=—1
ml(X) = —(1—x)mt1 4
gm (%) {](Lm) Cmit 1, “4)
and the joint pdf of X (r,n,m,k) and X (s,n,m,k), 1<r<s<n is
G r— r— s—r— fs—
T Gs=7) 1= F" " f@)gp " [FE) rn(FO)) = hn(FE) 1= F@I ' £(), (5)
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where C,_ is defined in (2) and y; = k+ (m+1)(n — j).
Fory #v,i,j=1,2,...,n—1.
The marginal pdf of the r-th gos X (r,n,m, k) is given by

Crorf () Y ai(r) [1 = F(x)]" ", (6)
=1
and the joint pdf of X (r,n,m,k) and X (s,n,m,k), | <r <s<nis

o l y a§”<s>(1i”)”] [i a1 -F@) | L IO iy @)

=1 1= F(x) =1 1—F(x) 1-F(y)
where
r > 1 r 1 )
al()(s): H g1 <i<s<n,ar)= H Jd<i<n andai(s):al(.)(s). (8)
j=rt i Vil j=1i i

Recuurence relations are very useful in obtaining moments, moment generating function and characterizting
distributions. Recurrence relations for Gos have been discussed by several authors, see [1,2,3,4,5,6] and [7].

[8] represented the modified Weibull distribution (MWD) as a generalization of the linear failure rate distribution
(LFRD). The pdf and the cdf of the MWD(A, B, 7) are respectively given, by

fx)= (l +ﬁ7x77])exp(—),x—ﬁx7), A,B>0,y>0,x>0, 9)

and
F(x)=1—exp(—Ax—Bx?), (10)

the characterizing differential equation is also given by

fO) = A+ ) [1-F ()], (an
where A is a scale parameter, while  and y are the shape parameters. Eq. (9) involves the following:

(OIf A =0, B =cand y=a, then MWD reduces to Weibull(c,a).See [9].
(i)IfA =0,B =06 and y= 1, then MWD reduces to Exponential(0).See [10].
(ii)If A =0, B = 6 and y =2, then MWD reduces to Rayleigh(0). See [11].
(iVIfa=A,y=2and f = % , then MWD reduces to LFRD(A, 0) . See [12].
To identify various views on recurrence relations of Gos for different distributions, see [13,14,15,16,17] and [18].
Sections Two and Three present new recurrence relations for MDW. Section Four involves characterizations of MWD.

2 Recurrence Relations for the Single Moments
In this section, we obtain recurrence relations for single moment of Gos from MWD with pdf and cdf given by Eq. (9)
and Eq. (10), respectively.

Formi=my=...=m,_ 1 =m.
The single moment of Gos is written as follows:

Gt [ (12)

0

where C,—; and g, (x) are defined in Eq. (2) and Eq. (4). The single moment of Gos given in Eq. (12) satisfies the
following:

Relation 1. For n > 1 and 1 < r < n — 1, the following recurrence relation between the single moments of the Gos
from MWD holds

0o X! 0
“(r,n,m,k) - iE (x +B,}/X71) +I'L(r71,n,m,k)' (13)
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Proof. Beginning with Eq. (12), we write

@) C1 [~ o —
Bty = 75 ) 210 FO™ gl P (14)

where C,_1 is defined in Eq. (2) and using Eq.(11) we get,

) S Y 1
Bimmi) = T3 ) ¥ xp (e B [A+ Bt

| o (15)
1 _ Y\ 1m+1
X {erl(] [exp{—(Ax+ Bx7)}] )} dx.
Integrating by parts, we have
. r—1
() JCr—1 /°° o] 1 Yyt
= 1 —
Hitnmy = 2 [T |1 foxp (- (s B
o A{ Y Vr*l f('x)
(r* 1)Cr*l /m j 1 - B N m+1 ?
T [0 el B
xexp{— (% + 1) (Ax+Ba")} [A +Bya?™ ] fexp {—(Ax+ Bx")}]" dx.
After some simplifications, we obtain Eq. (13).H
For y; # vj,i,j=1,2,...,n— 1.
The single moment of Gos can be written as
(@) - (1)
K iige) = E (X(r,n,ﬁl,k))
a7

—c 2ai(r) /O T - F) f)dx,

where C,_; and a;(r) are defined in Eq. (2) and Eq. (8).
Relation 2. For n > 1 and 1 < r < n— 1, the following recurrence relation between the single moments of the Gos
from MWD holds

o) B A (t+1) (t+1)
Rnmp) =V | 7277 1 {'u(r,n,fﬁ,k) 7”(r71,n,fﬁ,k)}

By (%)
(t+ (+7)
l—l—)/{ (rnmk) u(rl,n,rﬁ,k)}]'
Proof. Using Eq. (17) and Eq. (11), we have
Hionasy = Coot L) [ 1= PO [ B! [1 P o
:I+II,
where .
Izac,,IZai(r)/ X [1—F(x)]" dx, (20)
i=1 0
and .
1=B1Cr Yar) [ 7 1= F o) ax, @1
i=1
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integrating by parts Eq. (20) and Eq. (21), we get

AC, 1
I==—"=Y ya I i~ 22
7 L) [ - F@P @2)
using
ai(r_ 1) = (Yr - %’)ai(r) and %.C,»=C_q, (23)
we rewrite
Ay =l %1
= G L) [ - P s
Py _ (24)
Vr “ +1 vi—1
— ' i(r—1 1-F ,
e 2;6! (r=1) [ 1= PP f
SO,
_ l% (t+1) (t+1) 25
- r+1 {{u(r,n,rﬁ,k) _“(rfl,n,rﬁ,k)}} : (25)
Also,using the same manner, we obtain
~ Bryv g, e (+7)
=ity H”(r,n,fﬁ,k) - ”(rfl,n,n?,k)}:| : (26)

Substituting Eq. (25) and Eq. (26)) into Eq. (19), Eq. (18) is obtained. l

3 Recurrence Relations for the Product Moments
This section is devoted obtaining the results for product moments of Gos from MWD considering two cases:

Casellmi=m=..=m,_ 1=m
The product moment of Gos is written as

(i-J) _E(x® ()
u(r,s:n,m,k) =E ( (r,n,m,k) Y(s n,m k))
C —1
5— o r 27)
Fore T o [ I F e )

X [ (F () = hn(F ()] 1= F0)]" ' f(y)dydx,

where C,_; and g, (x) are defined in Eq.(2) and Eq.(4).
Relation 3. For n > 1, the following recurrence relation between the product moments of Gos from the MWD holds.

. i1
T S O ¢ o
I'L(r,r+1:n,m,k) = E(X ) + T E (X Fn ﬁ’yYV*I if s=r+ ], (28)
and -
(i.)) ] XY/~ (i) .
Hisnmt) = 5 B G t) F smtampy 188>+, (29)

Proof. For s = r+ 1 and using Eq. (27),we have

(@:7) _ (@) ()
”(r,rJrl:rz,m,k) =E (X(rn m k)Y(r+1 n m,k))

KA+ By [exp{—(m+1) (Ax+ Bx")}] (30)

x [m—H (1- [exp{—(xxwﬂ)}]m“)]r o
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where -
10) = [ 5/ A+ Br? " exp (=t (Ay -+ By dy &
Integrating by parts I(y), we obtain
X
10) = = expl—ysr (Rt B+~ [y explyar (Ay+ By dy (32)
Simplifying and substituting Eq.(32) into Eq. (30), we obtain Eq. (28).
When s > r+ 1 and using Eq. (29),we have
(@) _ (i) ()
u(r,s:n,m,k) =E (X(r,n,m,k) Y(s,n,m,k))
G [T J v- ¥
FOL &ﬂ‘A /xy A+ B [exp {7 (Ax+ Bx")}] 33)
1 r—1
- o o Y\ m+1
<oy (1= lw (- O™ 1)
where
10)= [ 5 [+ B lexp{—x (At By7))
1 s—r—1 (34)
[y (o e D B} - exp (s D+ Y|
Integrating by parts /(y), we obtain
i 1 s—r—1
10)= L [Ty | et (m+ 1) (bt B} —exp{—(n 1)+ By
s—r—1)(m+1
XeXP[—%(lerﬁyV)]der( Jomt 1)
s (35
o 1 s—r—2
[ | e DR B} —exp - -+ 1) 2y + 1|
< [A+ By exp[—(%-1)(Ay+ By dy,
Simplifying and substituting Eq.(35) into Eq. (33), we obtain Eq. (29). B
Casell: y; # 7;,i,j=1,2,...,n— 1.
The product moment of Gos can be written as
(t2) (1) (@)
Hirsning) = E (X(rn i) Y (s i, k))
L-F()\"
ma 1/ / *y l % ()(1F(x)) (36)

)0
[—F() T—F(y)

dydx,

x[izmnu—mwf

i=r+1

where C;_; and al(r) (s) are defined in Eq. (2) and Eq. (8).

Relation 4. For n > 1 and 1 < r < s < n, the following recurrence relation between the product moments of the Gos

from MWD holds

) A%Ys (tz+1) (t,z+1)
'u(r,s:n,ﬁl,k) = 7+ 1 { (rs:nmk) IJ’(",S*]ZH,I’?I,]{)}

Byys { (2t (eztn) }

+— ity (rs:nmk) — I'L(r,sfl,n,rﬁ,k)

(37
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Proof. It can be proved in the same method as Relation (2),

s 7] 5 0 (50

i=r+1

x [iaimu _F)"

x [A +ﬁ}’y771} [1 —F(y)]dydx

=1+1I,
where
- = X |y T
I=AC,_ A m i:Zlaz(r)(l_F(x)) 1
s FON',
/x yz;I (1 F(x)) ¥
and

= BycH/O T

e (z ) (! ggg)”)dy,

integrating by parts of Eq. (39) and Eq. (40) , we get

P Y 3 C)) liai(r)(lF(x))%]

+1 Jo [1-F(x)] |5

Yi—1
/ yer Z yia” %f(y)dy-

i=r+1 ( F x))%
Using
ai(s—1)=(%—mai(s) and %Csr=Csy,
we obtain
ACiy [~ X f(x) ¢ T
I= i 1-F
1l T | B 0 F)
- (1—F)"!
¥ % %f(y)dy,
/ ,;1 (1—-F(x))"
ACs—1 [ X f(x) " %
— i 1-F
1 Jo T=Fl] l;a(r)( (x))
- 0 (g (L=F o)
yz+1 7]{ y dy.
</ ,21 i—ray
Then,
A% (tat1) (1)
I= 7+ 1 |:“(r,s:n,rﬁ,k) _“(r,sflzn,rﬁ,k)} :
Similarly, we obtain
By 1 ey (t.2+7)
IIr= Z+y [ (rsinmk) — I'L(r,sflzn,rﬁ,k)} :

Simplifying and substituting Eq. (44) and Eq. (44) into Eq. (38), we obtain Eq. (37).H

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)
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4 Characterizations of Modified Weibull Distribution

Characterizations of MWD are presented in subsec. (4.1) and (4.2), respectively.

4.1 Characterization of MWD based on single moments

Theorem 1: Let X be a nonnegative random variable with absolutely continuous cdf F(x) and pdf f(x), with F(0) =0
and 0 < F(x) < 1,forallx > 0. Thenforn>1land r=1,2,....n— 1.
(1) Formy =my = ... =my,_; =m, X has the MWD(A, 3,7) iff

oo X! 0
'u(r,n,m,k) - EE <)~ +ﬁ’)/XY7] > +'u(r71,n,m,k)7 (46)

holds
(ii) For % # v;j,i,j = 1,2,...,n — 1,X has the MWD(A, B,7) iff

o) A (t+1) (t+1)
"L(r,n,rﬁ,k) =% 1 {u(r,n,rﬁ,k) - "L(rfl,n,rﬁ,k)}

BY [ @+ (+7)
+ t+y {I'L(r,n,rﬁ,k) - u(rfl,n,rﬁ,k)} ’

(47)

where m = (my,ma, . m,_») holds.
Proof. The necessary part can be proved immediately from Relation (1). For the sufficient part, consider Eq. (46) is
satisfied. Then, Eq. (46) can be written as:

Crfl R o —

() /0 1= F))" ! f(x)gp, ! [F(x))dx

_ JC—1 [% X/ 1 .

B %F(r) /0 A+ Byxr-! (1 _F(x)]y f(x)ghn ! [F(x)]dx (48)

Cr72

PR I gl ()

Integrating the second part of right side of Eq. (48) by parts gives

Cr
r'(r—1)

| = Py pwg P o] ds

= % /Omxf*‘ [1 = F ()" gy, ' [F(x))dx (49)

'errfz

s [P el P

Substituating Eq. (49) into Eq. (48) and simplifying, we get

lCr,1 * j—1 o Yr—1 _r—1 f(x) _ _ —
L [T - PP g 1P| 2y~ 1 Pl ax=o. (50)
Making use of Muntz-Szasz Theorem [19], we obtain

fx)=A+B" ") [1-F(x)], (51

which proves X has the MWD(A, 3,7)

© 2020 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

340 ~N S B Nagwa M. Mohamed: Characterization on Modified Weibull Distribution

(ii) For ; # v;,i,j = 1,2,...,n — 1, the fundamental part is proved in Relation (2). For the sufficient part, if Eq. (47)
holds, then

Co i"ai(r) /Om)a (1= F))" ! flx)dx

= e L al) [ 1= r ) s

—rzzazr—l |- Fe f<x>dx] (52)
ﬁwr

o rllzal ) [ =P fds

- rzfz]a,(r— D[ e —F(x)]yf"f(x)dx] .

Using
ai(r—1)= (¥ —nai(r) and %Crp=Cr, (53)

we obtain

¢ iai(r) /O T =) f)dx

AC,— 1 +l i—
= Lt [ = P (54

Bt”i’y‘ ;a : /0 T P f(x)d,

Integrating by parts of the right hand side of Eq. (54), we obtain
Cor Yoailr) [ ¥ 1= F@"™ [£(0) =21 = F(o] - et~ [1 = F(x)]] dx =0, (55)
i=1 0

Applying Muntz-Szasz Theorem [19] yields , we have

fO) = (A+Br™ ) 1= F(x)], (56)
which proves X has the MWD(A, 3,7).

4.2 Characterization of MWD based on product moments

Theorem 2: Let X be a nonnegative random variable with absolutely continuous cdf F(x) and pdf f(x), with F(0) =0
and 0 < F(x) < 1, forall x > 0. Then forn > land r = 1,2,...,n — 1. (1) Formy =my = ... =m,,_1 =m, X has the
MWD(A,B,7) ift

(i.) o j . y/i-1 .
u(r,r+1:n,m,k) - E(XlJrj) + Yr+l E (XIW) lf 5= r+ ]7 (57)
and 1
(i.J) J X'y’ (i) .
Hirsinmp) = %E (k Jrﬁ,yyyl) +u(r,s71:n,m,k) if s>r+1, (58)
holds.
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(i) For % # ¥j,i,j = 1,2,...,n— 1,X has the MWD(A, B,7) iff

(t,2) o A’ys (t,z+1) (t,2+1)
'u(r’sm’ﬁl’k) o Z+—1 { (rsnmk) — ”(r,sfl:n,ri,k)} .
ﬁy’ys (r.z+7) (t,z+7)
+Z+,}/{ (rs:nmk) — (mfl’nﬂyk)}.

holds.
Proof. For s =r+ 1. The necessary part can be proved immediately from Relation (3). For the sufficient part, if Eq.
(57) holds, then

iyl (1= PP £(0gs [P [1 = )71 £(y)dydx

7’_] X = x
*r<r> /0 =P f g F () w“

xiyi—1
i / = ey Pl (1~ FO) 1 )y

%HF +Byyr- rl

Integrating by parts the first part of Eq. (60), we get
/ | @ g P
Gl / Ay L= F@)” f(gyr ! IF @)1= FO) dyd
r+ F
Cr 1

_ ﬁ?)/o S F@P gy )

7r+1r

(61)

X 1
IV R g PN - FO) £y

7r+1r +ﬁ'yyy A+ Byt

Then,

j G /'°° /x‘wxiyjfl 1 —F(x)]mf(X)g:nfl [F(x)|[1 _F(y)]?’rﬂﬂ

Y1 ' (r) Jo
/)
g [/Hﬁw“

Applying Muntz- Szasz Theorem [19], we obtain
fo)=A+Bpy" ) [1=F)]. (63)

—[1=F(y)]| dydx=0. (62)

which leads to X has the MWD(A, 3,7)
For s > r + 1,the necessary part can be proved immediately from Relation (3). For the sufficient part, if Eq. (58) is
satisfied, then

FOEeTa b L =PI F0 (F ) P 0) — (PG
x[l—F(y)]% ' F0)ddx
_ JCs 1s - / / Aj[yg’y;yl — F@)" £@)gh ! [F 0] [ (F () — i (F ()]
[1— ()1% f(3)dyd,
T [ - P @ () ) ~ (P 0)
<1 —F(y)]“"’f( )dyd.

(64)
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Integrating by parts the second part of right hand side of Eq. (64), we obtain

[ = PO (P 0)) = (P )] £5)dy

= [ e (PO) (PG Oy 65)
Py Y IO ) PO )y

Simplifying and substituting Eq.(65) into Eq. (64), and simplified, we get

e T 0 P g (P F ) = (P )
x [1—F(y)*! [% —[1=F(y)]| dydx=0. (66)
Applying Muntz-Suasz theorem [19] to Eq. (66), we obtain
fO)=[A+Br 1= F(y). 67)

(ii) For ¥; # vj,i,j = 1,2,...,n— 1,The necessary part can be proved immediately from Relation (4). For the sufficient part,

if Eq. (59) holds, then
e (" 1F(y)>7"
G Km/ ¥ ,ZH“I' () <1 —F(x)

x lia,.(r)m_F(x))”’] [ fO __FO)

I=Fx)] [1-F(y)]
e[ g0 ()]

x[iai(r)(l—F(x))n fO SO gy

[1=Fx)][1-F()]
jys Cs— 2/ / Kyt [ Z ar (s—1) (igg;)%}

a fx) f)
< |La = F] - FO
%Q#MW%M(R”
4 X f(x) f(y)
[E [T F G [T - O™

,—%Cs 2/ / x]yzﬂ’L;rlar (s—1) <i_§g§)%]

S
" Lzla"(”“ IR T ke

using
ai(s)(s—1) = (ks —n)ai(s) and %Ciz=Co.
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So,

c”//xzy[zar (= ggﬂ

i=r+1

x [ia,(r)(l —F(x)"

Integrating by parts of the right hand of Eq. (68), we get

/ lz a’(s (1_58)1 1f()( =G+ yl H]ai’ s (}_;g;)%dy,

i=r+1

/ [Z a" (s ( ;8)1 1f(z dy = z+y/ yotr-l Z a(s ( gg;)yidy_

i=r+1 i=r+1
Then, substituting Eq. (69) and Eq. (70) into Eq. (68), we obtain

o [” ey [ X (s)<}_ z)] lz )

] [

Applying Muntz-Suasz theorem [19] to Eq. (71), we have
F6) = A+By" exp(—[Ay+By).m

which proves X has the MWD(A, 3,7).
Remarks:

— a—ﬁyyY'] dydx = 0.

(68)

(69)

(70)

(71)

(72)

1- Setting A = 0,8 = 6 and y = 2 in Relations (1), (2), (3) and (4), the results for Rayleigh distribution in [11] are

deduced.

2- Putting B = % and Y = 2 in Relations (1), (2), (3) and (4), the results for linear exponential distribution and its

characterization in [12] are deduced.

3- Setting m = 0, k = 1 in Relations (1), (2), (3) and (4), recurrence relations of ordinary order statistics from MWD

are derived.
4- Putting m = —1, k = 1 in Relations (1), (2), (3) and (4), our results agree with the results of [13].

5-Putting m = —1, k=1 and A = 0 in Relations (1), (2), (3) and (4), our results agree with the results of [16].

6- Settingm = —1, k=1, o = A and v = 2 in Relations (1), (2), (3) and (4), the results of [16] for linear failure rate

distribution are deduced.
7- Puttingm = —1, k=1, A =0and y=2 in Relations (1), (2), (3) and (4), the results of [16] are obtained.
8- Settingm = —1,k =1, = A and B = 0 in Relations (1), (2), (3) and (4), the results in [17] are deduced.
9- Settingm = —1, k=1, = A and B = 0 in Relations (1), (2), (3) and (4), the results of [20] are deduced.

10- Setting m = —1,k=1, =2 and B = ¥, y =2 in Theorem (1) and Theorem (2), characterizations of exponential

distribution are deduced, see [21].
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5 Discussion

The present paper addresses the generalized order statistics from the MWD. Recurrence relations between the single
and product moments are derived. Characterization of the MWD based on a recurrence relation for single and product
moments are discussed. Special cases are also deduced.
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