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Abstract: In this article, we present numerical approximations to lower bounds of Structured Singular Values (SSV) for a family of
Pascal matrices. In mathematics, particularly in matrix theory, Pascal matrix is an infinite matrix containing the binomial coefficients
as its elements. The obtained lower bounds of SSV are then compared with the well-known MATLAB routine mussv available in

MATLAB Control Toolbox.
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1 Introduction

Pascal’s triangle is usually represented in the form of a
square matrix which possesses two different forms: the
very first is lower triangular matrix, say a matrix P, or
even as a full symmetric matrix say S,. Also, it’s abvious
that S,,S",, where §', represents a transpose of matrix Sy, is
nothing but the cholesky decomposition of symmetric
matrix S,. While the other side of picture contains a
matrix P, which can be decomposed by a special
summation matrices.

In the present article, our main objective is to discuss
a numerical method in order to approximate SSV for a
family of pascal matrices. The p-values introduced by
Doyle [8] is a well-known mathematical tool in control
which discusses stability and synthesis of the
linear-control systems subject to certain class of
uncertainties. The perturbation structures addressed by
SSV are very generic. These structures allow to cover all
kinds of parametric perturbations which can be
incorporated into the linear control system by means of
both real and complex Linear Fractional Transformations
LFT’s. We refer to [3,5,6,7,8] and the references therein
for more details.

The computation of an exact value of SSV especially
for matrices with higer dimensions appears to be
NP-hard [2]. There has been much written work about the
approximation of the bounds of SSV. Almost all of

numerical methods, which are used in practice,
approximate both upper and lower bounds of SSV. The
computation of an upper bound of the SSV is to provide
sufficient conditions which guarantees the robust stability
analysis of feedback systems, while on the other hand a
lower bound provides sufficient conditions which
guarantees the instability of the linear feedback systems.

The well-known MATLAB function mussv available
in the Matlab Control Toolbox approximates an upper
bound of SSV by means of the well -known
methodologies-the one like diagonal balancing
thechnique and Linear Matrix Inequlaity technique
(LMI) [4]. Furthermore, an approximation of lower
bounds of SSV is by means of the generalization of power
technique [9].

Definition 1. /7]. The (n+ 1) x (n+ 1) Pascal matrix P, is
defined as

Pui,j) = (;) i,j=0,..n

with (;) =0; j>i.
Further we define the matrices like 1,,, Q,,, D, as;
I, :=diag(1,1,...,1);

On(i,j) =1, j<is On(i,j):=0, j>i;
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Dy(i+1,i):=-1, i=0,...,n—1;

D,(i,j):=0, j>iorj<i—1.
The Pascal matrix P, is characterized by its construction
rule, that is,

Py(i,)) :==Py(i,0) =1, i=0,...,n; Py(i,j):=0 j>i.

Let’s consider the n-dimensional either a real (or a
complex) matrix M. The matrix M could be either square
or rectangular in nature. Also consider a family of block
diagonal matrices Ag.

Ag = {Diag(I;, OCjIj) (I e Crm (R aj € C(R)},

where /; is an identity matrix with the dimension j, the
same as the dimension of the given matrix M.

Definition 2.Suppose that M is a n-dimensional either
square or a rectangular, real (or complex) matrix and
also consider a family of block diagonal matrices Ag.
Then the SSV known as [L-value is defined as:

1
- min{||Al2: A € Ag,det(I — MA) = 0}

Hag (M) : - (D)

We also consider the special case when the set Ag allows
us to have only pure complex uncertainties. We denote
Ag, instead of Ag for the family of complex block
diagonal matrices. The matrix A € Af; implies the fact
that exp(ip)A € Af; for any scalar ¢ € R. This lead us
with the fact that A € AZ in such a way that p(MA) = 1
if and only if there exists the perturbation A’ € A%, having
the same unit 2-norm such that the matrix MA’ has the
maximum eigenvalue exactly equal 1, in turn this implies
det( — MA’) = 0. The above discussion allows us to
write down the following alternative expression for
L-value, that is:

1
~ min{[|A[2: A € AL, p(MA) =1}

fas (M) @)

Next, we give the definition of a matrix-valued function
A(t) which acts as local extremizer and maximizes the
modulus of the greatest eigenvalue A, (7).

Definition 3. [11]. A matrix-valued function A(t) € Ag
such that ||A(t)]l2 < 1 and eMA possesses a greatest
eigenvalue A(t) that locally maximizes the modulus of

Af . .
A © (M) is known as a local extremizer.

2 p-value based on structured € spectral
value sets

The structured epsilon spectral value set of given matrix
M € C*" with respect to a perturbation level say € is given
as:

AZS(M)={A € A(eMA): A € Ag}. 3)
In Equ. (3), the quantity A(-) express the spectrum of a
matrix while the admissible perturbation A possesses a
unit 2-norm that is ||A||, = 1. For the special case when
we have purely complex perturbations that is A, the

structured spectral value set ASA ©(M) is nothing but
simply a disk having its centered at the origin. While for a
more generic case that is: of mixed complex and real
uncertainties, the set

TOM)={E=1-A:A€AM)}. (4
allows us to express LL-value as:
B 1
a argmin{0 € Z7¢ (M)}

For a purely complex uncertainties, the underlying set Ag,
allows us to write down the alternative form of SSV as:

1
Ha (M) = argmin{max|A| =1}

Hag (M) )

(6)

Here, A € ASAG (M).

2.1 The mathematical Problem

We consider the following optimization problem
& (&) = argmin |&], ™

where & € X5€ (M) for a fixed value of perturbation level
g, that is € > 0. From above discussion on SSV, s (M)
is the reciprocal of the minimum value of perturbation
level € so that £(e) = 0 which suggests us to give a
two-level algorithm, that is, inner and outer algorithm: In
the inner algorithm, we solve Equ. (7). While for the
outer algorithm, we first vary perturbation level € by
means of some iterative method which helps to exploits
the knowledge of the computation of exact derivative of
an extremizer say A(€) with respect to perturbation level
€. We solve the optimization problem addressed as in
Equ. (6) by first solving a gradient system of Ordinary
Differential Equations (ODE’s). This computation only
produces a local minimum which, in turn, gives an upper
bound for perturbation level € and hence as a result one
obtains the lower bound for s, (M). The purely complex
uncertainties set A¢, can be addressed by taking the inner
algorithm to compute a local optima for the maximization
problem as addressed below:

A(€) = argmax|A|, 8)

where in Equ. (8) A € AgAé (M) which then produces a
lower bound for fsz (M).
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3 Pure Complex Perturbations [11]

In this section, we establish the solution of the inner
problem as mentioned in Equ. (8). This includes the
estimation of the quantity fss (M) for matrix M € C™"
while taking into account a pure complex uncertainties
set.

A((*} = {diag((xlll yees Ol AL, AF) 104 € C,Aje C™i™Mi}.

)
In the following Lemma 1, we give the eigenvalue
perturbation result in order to approximate the rate of
change in the eigenvalue A (7).

Lemma 1.Consider a matrix family Q(t) : R — C"" and
consider that A(t) is one of the eigenvalue of Q which
converges to a simple eigenvalue say Ay of Qo = 2(0) as
t — 0. Then there exists eigenvectors vy and wy such that
A(t) is analytic near t = 0 with

Here Q1 = Q(0) where Q(0) denotes the time derivative
of matrix Q(t) at t = 0 and vy,wy are right and left
eigenvectors of £y associated to Ay, that s,

(R0 — Aol )vo = 0 and wi(L2o — Aol) = 0.

Since our goal is to give a solution for the maximization
problem as addressed in Equ. (8). This requires the
computation of an uncertainty Ay, such that
p(€AAjpeqs) has the maximum growth among all
admissible perturbations A € Ag; so that A having a unit
2-norm that is ||A||> < I. In the following we call A; to be
the greatest eigenvalue if |4, | equals the spectral radius of
the matrix (€AAjpcar)-

The following theorem provides the characterization of
local extremizers A(t).

Theorem 1. [11]. The block diagonal matrix
Alocal = {Diag(oclll, ceny anln;Al s ...,AF)},

possesses a unit 2-norm, that is, || Ajpcat||2 = 1 and acts as
a local extremizer of structured epsilon spectral value set

ASA ¢ (M) when

lay|=1 Vr=1,...,n and ||Ap|2=1 Vh=1,... F.

3.1 A system of ODEs to compute extremal
points ongAB (M).

In order to approximate a local maximizer A(z) for
greatest eigenvalue |, (1)], with A, (1) € AZS* (M) we first
develop a matrix-valued function A(r) that maximizes the
greatest eigenvalue A;(¢) of (eMA(t)) which attains the
maximal local growth. Secondly, we derive a gradient
system of ordinary differential equations which must
satisfy the choice of this initial valued matrix A (0).

3.2 The optimization problem [11].

Consider that A; = |A;|¢'® be the simple eigenvalue having
eigenvectors v, w which are normalized such that

wh=|vll2=1,  wv=|wve ™ (10
As aresult of Lemma 1, we get
d u*Av 2|\ .
—122211?(,—): Re(u*Av), 11
dtl 1 |41|Re I W] e(u*Av), (11)

where u = M*w.

By considering A € Ag, we compute the direction A =
U which locally maximizes the growth of the modulus of
greatest eigenvalue A;. From this discussion, we get

U =diag(onl,, ..., 00, Q1,....Q)  (12)
as a solution of the maximization problem
U, = argmax{Re(u*Ux)}
subject to Re(8;@;) =0, i=1:N,
and Re(A;,Q;) =0, j=1:F. (13)

The Lemma 2 gives the solution of the optimization
problem as discussed in the Equ. (12).

Lemma 2.[11] We make use of the notation as introduced
earlier in the above discussion and v,u being partitioned, a
solution U, of the maximization problem discussed in Equ.
(13) is given as

U, = diag(a)llrl sy wNIrN;-Qh cee

,QF), (14)

with

w; = V; (v;‘uifRe(vfuiE,’)s,’), i= 1,...,N (15)

Q; = Cj (MN+jV7v+j—Re<Aj7UN+jV7V+j>Aj), j=1,..(16)

Here in the solution U, the coefficient v; > 0 is nothing
but the reciprocal of the absolute value of the right-hand
side in Equ. (15) and is other than zero while v; =1 else.
Similarly the coefficient §; > 0 and is the reciprocal of the
Frobenius norm of the matrix obtained on the right hand
side in Equ. (16) and is other than zero while {; = 1 else.

The result obtained in Lemma 2 can alternatively be
expressed as:

U. = DiPy; (wv*) — DaA. A7)

Here PA(E(') is the orthogonal projection while Dy,D, €
Ay are diagonal matrices where the orthogonal matrix D
appears a positive matrix.
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4 The gradient system of ODEs

Lemma 2 allows us to consider the following ordinary
differential equation on the manifold A:

A = DiPp; (uv") — D2A. (18)

Here v(t) is an eigenvector having a unit 2-norm and it is
associated to a simple eigenvalue A;(¢) of the matrix
EMA(t) associated with a fixed perturbation € > 0. The
ordinary differential equation (18) represent a gradient
system because right-hand side is nothing but the
projected gradient of U +— Re(u*Uv).

4.1 Choice of initial value matrix Ay and &

In two-level algorithm for approximating & we make use
of the admissible perturbation A obtained for the previous
value £ as the initial value matrix for the gradient system
of ODEs. While in order to gain the locally maximal
growth of |A;(¢)| we choose

A():CPAG(WV*)7 (19)

the positive diagonal matrix C is taken in such a way that
Ap € Ag.
While on the other hand a very natural choice for € is

given as
1

E=~——,
Hag (M)

here [ia, (M) is the upper bound of p-value which is
approximated by well-known MATLAB function mussv.

(20)

4.2 Outer algorithm

In this section, we approximate the lower bound of SSV,
Uagz (M) by means of outer algorithm. But we note
immediately the fact that the principles remain same as
discussed in the previous case, so one can treat the case of
purely complex uncertainties in detail and provide a brief
discussion on the extension to the case of mixed complex
and real uncertainties.

5 Numerical Experimentation

In this section we propose the comparison of the
lower bounds of u-values approximated by mussv
and the algorithm [11].

Case-I: 2-dimensional Pascal Matrix P.

The following matrix P, is generated by using
MATLAB command, that is P, = pascal(2,1). This
returns the lower triangular Cholesky factor (up to

the signs of the columns) of the Pascal matrix. It is
involutary, that is, it is its own inverse.

Consider the perturbation set as:
Ag = {diag(Al) tA € (CQ,Q}.

Using Matlab function mussv, we obtain the

perturbation A with

Ao 0.2764 0.4472
~ |—0.1708 —0.2764 |’
while [|A]> = 0.6180. The upper bound is obtained
as /,L;Zp “" = 1.6180 while the same lower bound is
approximated as /,Lll,"DW” =1.6180.

Now, by making use of the algorithm [11], we
obtain the perturbation €*A* with

AF = 0.4472  0.7236
| —0.2764 —0.4472|°

while €* = 0.6180 and ||A*|| = 1. The same lower
bound is approximated [y, = 1.6180 as the one
approximated by MATLAB function mussv.

Case-II: 2-dimensional Pascal Matrix P;.

The following matrix P; is generated by using
MATLAB command, that is P = pascal(2,2). This
returns a transposed and permuted version of
pascal(n,1). Py is a cube root of the identity matrix.

«  |—1-1
Py = { R ] |
Consider the perturbation set as:

Ag = {diag(A,) : A € C*?}.

Using Matlab function mussv, we obtain the

perturbation A with

2 {—0.4472 0.2764]
~1—0.2764 0.1708 |’
while ||AA||2 = 0.6180. For this example, we obtain an
upper bound upl*" = 1.6180 while the same lower
bound is approximated as /.Lll,‘g”e’ = 1.600.
Now by making use of algorithm [11], we obtain the
perturbation €*A* with

AF — —0.7235 —0.0092i 0.4472 — 0.0046i

~ |—0.4472 +0.0046i 0.2763 — 0.0092i |’
while €* =0.6181 and ||A*|2 = 1. The lower bound is
approximated as Woyer = 1.6132 which is much better
than the one obtained by mussv function.
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—#— Upper bound by MUSSV
—#— Lower bound by NewAlgo
—%— Lower bound by MUSSV

Upper/Lower bounds

0 0.5 1 1.5 2 2.5 3 3.5 4
Frequency(rad/sec)

Fig. 1: Comparison of bounds of SSV

Figure 1 shows the comparison of lower and
upper bounds of SSV for the matrix-valued function
P(n,w) for the various values of frequency w that is
w=0,1,2,3,4 and n =2 when computed by MUSSV
and algorithm [11].

Case-III: 3-dimensional Pascal matrix Ps.

The following matrix P; is generated by using
MATLAB command, that is P = pascal(3,1). This
returns the lower triangular Cholesky factor (up to
the signs of the columns) of the Pascal matrix. It is
involutary, that is, it is its own inverse.

1 0
Ps=|1-10
1-21
Consider the perturbation set

Ag = {diag(5111,5211,5311) : 61,62,63 S R}

Using Matlab function mussv, we obtain the

perturbation A with

R 100
A=1010],
001
while ||X |l = 1. For this example, we obtain the
upper bound pph?* =1 while the same lower bound
is approximated as /,Lll,"DW” =1.
Now by making use of our algorithm [11], we
obtain the perturbation €*A* with

while €* =1 and [|[A*|, = 1.

Case-1V: 3-dimensional Pascal matrix P;.
The following matrix P; is generated by using
MATLAB command, that is Psx = pascal(3,2). This

—%— Upper bound by MUSSV
35 —k— Lower bound by MUSSV
—&— Lower bound by NewAlgo

Upper/Lower bounds

0 05 1 15 2 25 3 35 4
Frequency(rad/sec)

Fig. 2: Comparison of bounds of SSV

returns a transposed and permuted version of
pascal(n,1). P§ is a cube root of the identity matrix.

1 11
—-2-10
1 00

P =

Consider the perturbation set
Ap = {diag(A,) : A} € C33}.

Using the Matlab function mussv, we obtain the
perturbation A with

)

100
A=1010
001

while [|All, = 1. For this example, we have
approximated an upper bound " = 2.8059 while
the same lower bound is approximated as
/.Lll,‘g”e’ = 2.8059. Now, by making use of our
algorithm [11], we obtain the perturbation €*A* with

100
A*=1010],
001
and [|[A*[] = 1. In this case, lower bound is

approximated as Wpyer = 2.8059.

Figure 2 shows the comparison of lower and
upper bounds of SSV for the matrix-valued function
P(n,w) for the various values of frequency w that is
w=20,1,2,3,4 and n =3 computed by MUSSV and
algorithm [11].

Case-V: 6-dimensional Pascal matrix Ps.

The following matrix Ps is generated by using
MATLAB command, that is Ps = pascal(6,1). This
returns the lower triangular Cholesky factor (up to
the signs of the columns) of the Pascal matrix. It is
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involutary. —sk— Upper bound by MUSSV
—— Lower bound by MUSSV
1 0 0 0 0 P 332-8: Lower bound by NewAlgo
1-10 000 3 a6
_|1=21 0 00 &
B=11-33 -100 8 s
1-46 410 g
1-510-105 -1 3322
Consider the perturbation set 2 1 2 3 4 5

Frequency(rad/sec)

Ap = {diag(4,) : Ay € COS}.
B = {diag(Ar) : 4 € C°%} Fig. 3: Comparison of bounds of SSV

Using the Matlab function mussv, we obtain the
perturbation A with

0 0.0001 0.0004 0.0010 0.0022 0.0042
—0.0001 —0.0005 —0.0017 —0.0043 —0.0093 —0.0180

Ao 0.0002 0.0009 0.0030 0.0075 0.0162 0.0313 —0.0042 0.0180 —0.0313 0.0277 —0.0124 0.0022
| —0.0002 —0.0008 —0.0026 —0.0067 —0.0143 —0.0277 |’ —0.0022 0.0093 —0.0162 0.0143 —0.0064 0.0012
0.0001  0.0004 0.0012 0.0030 0.0064 0.0124 ~ —0.0010 0.0043 —0.0075 0.0067 —0.0030 0.0005
0 —0.0001 —0.0002 —0.0005 —0.0012 —0.0022 A= —0.0004 0.0017 —0.0030 0.0026 —0.0012 0.0002 | °
R —0.0001 0.0005 —0.0009 0.0008 —0.0004 0.0001
while ||Al]x = 0.0548. For this example, we 0  0.0001 —0.0002 0.0002 —0.0001 0
approximate the upper bound i’ = 18.2441 while R
the same lower bound is obtained as  while ||A], =0.0548. For this example, we obtain the
plower = 18.2441. upper bound pph’*" = 5.3454 while the same lower
Now, by making use of our algorithm [11], we bound is approximated as pkye" = 5.3440. Now, by
obtain the perturbation £*A* with making use of our algorithm [11], we obtain the
0.0004 00023 0.0074 00186 0.0401 0.0775 perturbation €*A* with €* and A* is given as follows.
—0.0019 —0.0098 —0.0314 —0.0790 —0.1701 —0.3288
A+~ | 00032 0.0170  0.0546  0.1373 0.2956 0.5713 —0.0781 0.3278 —0.5712 0.5064 —0.2274 0.0416
—0.0029 —0.0150 —0.0483 —0.1214 —0.2614 —0.5052 |’ —0.0403 0.1693 —0.2951 0.2616 —0.1175 0.0215
0.0013 0.0067 0.0217 0.0544 0.1172 0.2264 ; —0.0186 0.0783 —0.1364 0.1209 —0.0543 0.0099
—0.0002 —0.0012 —0.0039 —0.0099 —0.0212 —0.0410 A" = —0.0073 0.0308 —0.0536 0.0476 —0.0214 0.0039
—0.0024 0.0099 —0.0172 0.0152 —0.0068 0.0013
while &” = 1.0000. And [[A*[[> = 1. In this case the ~0.0008 0.0032 —0.0055 0.0049 —0.0022 0.0004
obtained lower bound takes the form as
Liower = 18.2441. +
. . . —0.0025; 0.0001; 0.0008:; 0.0002i —0.0002i —0.0004:
Case-VI: 6-dimensional Pascal matrix Fy. —0.0014i 0.0004i —0.0001i 0.0004i —0.0003i —0.0002i
The following matrix Fg is generated by using —0.0007i 0.0004i —0.0005; 0.0005; —0.0003i —0.0001i
MATLAB command, that is Pgx = pascal(6,2). This —0.0001i —0.0004i 0.0008; —0.0007i 0.0003i —0.0001i
returns a transposed and permuted version of 0.0002i —0.0013; 0.0024; —0.0021i 0.0009i —0.0002i
pascal(n,1). P is a cube root of the identity matrix. 0.0005i —0.0024i 0.0042i —0.0037i 0.0017; 0.0003i
1 -1 —1—1—1—1 and ||A*|l> = 1.0000 and &* = 0.0548. The obtained
5 4 3 2 1 0 lower bound is as Wyer = 5.3454.
. “10-6-3—-10 0 Figure 3 shows the comparison of lower and
Fs = 10 4 1 0 0 0 upper bounds of SSV for the matrix-valued function
510 0 0 0 P(n,w) for the various values of frequency w that is
1 00 0 0 0 w=0,1,2,3,4,5. and n = 6 when computed by

MUSSV and algorithm [11].
Consider the perturbation set

Ag = {diag(61r, 022, 8312) : 61,62,03 € R}. 6 Conclusion
Using the Matlab function mussv, we obtain the  In this article we have presented the approximation of
perturbation A with u-values for the family of Pascal matrices. Different
© 2019 NSP
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experiments have been performed while taking into
account the different pascal matrices with varoius
dimensions. The experimental results show how the lower
bounds of SSV approximated by mussv function and the
one approximated by alogorithm [11] are related to each
others.
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