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Abstract: In this paper, we establish a coincidence and a common fixed point for a pair of weakly compatible mappings under(ψ, ϕ)-
weakly contractive condition inG-metric spaces. Our results improve and generalize the results of Khandaqji et al. [20]. We also
provide an example to support our results. Moreover, we prove that these mappings satisfy PropertyQ.
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1. Introduction and preliminaries

Until 1968 Banach’s contraction principle was the main tool used to establish the existence and uniqueness of fixed points.
It has been used in many different fields of mathematics, but suffers from one drawback.

In order to use the contractive condition, a self-mappingf must be Lipschitz continuous, with Lipschitz constant less
than 1. In particular,f must be continuous at all points of its domain. In 1968 Kannan [17] constructed a contractive
condition, like that of Banach, possessed a unique fixed point, which could be obtained by starting at any pointx0 in the
space, and using function iteration defined byxn+1 = Txn (also called Picard iteration). However, unlike the Banach
condition, there exist discontinuous functions satisfying the definition of Kannan, although such mappings are continuous
at the fixed point. Following the appearance of [17] many authors created contractive conditions not requiring continuity
of the mapping. Today fixed point literature of contractive mappings contains many such papers. One survey of a number
of these conditions appears in [34].

Weak contraction principle is a generalization of Banach’s contraction principle which was first given by Alber et al.
in Hilbert spaces [5] and after that extended to metric spaces by Rhoades [35].

Khan et al. [19] initiated the use of a control function in metric fixed point theory, which they called an altering
distance function. This function and its generalizations have been used in fixed point problems in metric and generalized
metric spaces (see [6], [7], [8], [11], [20]).

The notion ofG-metric space was introduced by Mustafa and Sims [26], [27] as a generalization of the notion of
metric spaces. Afterwards Mustafa, Sims and others authors introduced and developed several fixed point theorems for
mappings satisfying different contractive conditions inG-metric spaces, also extend known theorems in metric spaces to
G-metric spaces see [1]-[4], [6], [7], [9], [18], [20]-[32], and many other papers.

The study of unique common fixed points of mappings satisfying strict contractive conditions has been at the center of
rigorous research activity. Study of common fixed point theorems inG-metric spaces was initiated by Abbas and Rhoades
[1]. Consistent with [27], the following definitions and results will be needed in the sequel. Now onwards,N will denote
the set of natural numbers.

Definition 1 LetX be a nonempty set and letG : X3 → [0,∞) be a function satisfying:

(G1)G(x, y, z) = 0 if x = y = z,
(G2)0 < G(x, x, y), for all x, y ∈ X, with x 6= y,
(G3)G(x, x, y) ≤ G(x, y, z), ∀x, y, z ∈ X, with z 6= y,
(G4)G(x, y, z) = G(x, z, y) = G(y, z, x) = . . . , (symmetry in all three variables),
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(G5)G(x, y, z) ≤ G(x, a, a) + G(a, y, z), ∀x, y, z, a ∈ X, (rectangle inequality).

Then the functionG is called aG-metric onX, and the pair(X,G) is called aG-metric space.

Definition 2 Let (X,G) be aG-metric space, a sequence(xn) is said to be

(i)G-convergent if for everyε > 0, there exists anx ∈ X, andk ∈ N such that for allm,n ≥ k,G(x, xn, xm) < ε.
(ii)G-Cauchy if for everyε > 0, there exists ank ∈ N such that for allm,n, p ≥ k, G(xm, xn, xp) < ε, that is

G(xm, xn, xp) → 0 asm,n, p →∞.
(iii) A space(X, G) is said to beG-complete if everyG-Cauchy sequence in(X, G) is G-convergent.

Lemma 3 Let (X, G) be aG-metric space. Then the following are equivalent:

(i)(xn) is convergent to x,
(ii)G(xn, xn, x) → 0 asn →∞,

(iii) G(xn, x, x) → 0 asn →∞,
(iv)G(xn, xm, x) → 0 asn,m →∞,

Lemma 4 Let (X, G) be aG-metric space. Then the following are equivalent:

(i)The sequence(xn) is G-Cauchy,
(ii) for everyε > 0, there existsk ∈ N such thatG(xn, xm, xm) < ε for m, n ≥ k.

Lemma 5 Let(X,G) be aG-metric space. Then the functionG(x, y, z) is jointly continuous in all three of its variables.

Definition 6 A G metric spaceX is symmetric ifG(x, y, y) = G(y, x, x) for all x, y ∈ X.

Proposition 7 everyG-metric space(X,G) will define a metric space(X, dG) by

dG(x, y) = G(x, y, y) + G(y, x, x), ∀x, y ∈ X.

Proposition 8 Let (X,G) be aG-metric space. Then for anyx, y, z, anda ∈ X, it follows that

(i)if G(x, y, z) = 0 thenx = y = z,
(ii)G(x, y, z) ≤ G(x, x, y) + G(x, x, z),

(iii) G(x, y, y) ≤ 2G(x, x, y),
(iv)G(x, y, z) ≤ G(x, a, z) + G(a, y, z),
(v)G(x, y, z) ≤ 2

3 (G(x, y, a) + G(x, a, z) + G(a, y, z)),
(vi)G(x, y, z) ≤ G(x, a, a) + G(y, a, a) + G(z, a, a),

Jungck [14] proved a common fixed point theorem for commuting mappings as a generalization of the Banach’s
fixed point theorem. The concept of the commutativity has generalized in several ways. For this Sessa [37] introduced
the concept of weakly commuting mappings, Jungck [15] extend this concept to compatible maps. In 1998, Jungck and
Rhoades [16] introduced the notion of weak compatibility and showed that compatible maps are weakly compatible but
the converse need not to be true for example see [33].

Definition 9 Let f and g be self maps of a nonempty setX. If w = fx = gx for somex ∈ X, thenx is called a
coincidence point off, g andw is called a point of coincidence off andg.

Definition 10 [16] Two self mappingsf andg are said to be weakly compatible if they commute at their coincidence
points, that is,fx = gx implies thatfgx = gfx.

We will denote the set all fixed points of a self mappingf fromX into itself byF (f), i.e.,F (f) = {x ∈ X : fx = x}.
It is obvious that ifx is a fixed point off then it is also a fixed point offn for eachn, i. e.,F (f) ⊆ F (fn) if F (f) 6= ∅.
However converse is false. Indeed the mappingf : R → R defined byfx = 1

2 − x has a unique fixed pointx = 1
4 , but

everyx ∈ R is a fixed point forfn, for each evenn > 1.
Jeong and Rhoades [12] showed that maps satisfying many contractive conditions have propertyP. They have [13]

also shown that for a number of contractive conditions involving pairs of maps have propertyQ.
Several works has been done related to Property P and Q (see for instance [9], [10], [20] and [36]).

Definition 11 (PropertyP [12]) Let f be a self-mapping of metric space with fixed point setF (f) 6= ∅. Thenf is said
to have propertyP if F (fn) = F (f), for eachn ∈ N. Equivalently, a mapping has propertyP if every periodic point is
a fixed point.
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Definition 12 (PropertyQ [13] ) Let f andg be self-mappings of metric space withF (f)∩F (g) 6= ∅. f andg are said
to have propertyQ if F (fn) ∩ F (gn) = F (f) ∩ F (g), for eachn ∈ N.

Definition 13 (Altering Distance Function [19]) A functionψ : [0,∞) → [0,∞) is called altering distance function if

(i)ψ is increasing and continuous,
(ii)ψ(t) = 0 if and only ift = 0.

Recently Khandaqji et al. [20] proved the following Theorem

Theorem 14. Let (X, G) be a completeG-metric space. Letf be a self mapping onX satisfying the following

ψ(G(fx, fy, fz)) ≤ ψ(M(x, y, z))− ϕ(M(x, y, z)),

where

M(x, y, z) = max{G(x,y, z), G(x, fx, fx), G(y, fy, fy), G(z, fz, fz),
αG(fx, fx, y) + (1− α)G(fy, fy, z),
βG(x, fx, fx) + (1− β)G(y, fy, fy)},

for all x, y, z ∈ X, where0 < α, β < 1, ψ is an altering distance function, andϕ : [0,∞) → [0,∞) is a continuous
function withϕ(t) = 0 if and only ift = 0, thenf has a unique fixed point.

The rest of this paper is organized as follows: in section 2 we establish a coincidence and a fixed point theorem for
two weakly compatible mappings satisfying generalized(ψ, ϕ)-weakly contractive condition in whichϕ need not be
continuous inG-metric spaces. The results in this section improve and extend Theorem (14). Also we give an example
satisfying all requirements of our results. Finally in section3 we prove that the mappings satisfying propertyQ.

In the sequel, we define
Ψ = {ψ : [0,∞) → [0,∞) is a continuous non-decreasing function},
Φ = {ϕ : [0,∞) → [0,∞) is a non-decreasing function withϕ(t) = 0 if and only if t = 0}.

2. Main results

First of all we state the following Lemmas which are fundamental in the sequel.

Lemma 15 [1] Let f andg be weakly compatible self mappings of nonempty setX. If f andg have a unique point of
coincidencew = fx = gx, thenw is the unique common fixed point off andg.

Lemma 16 Let (X, G) be aG-metric space andf, g : (X,G) → (X, G) two mappings such that

ψ(G(fx, fy, fz)) ≤ ψ(M(x, y, z))− ϕ(M(x, y, z)), (1)

where

M(x, y, z) = max{G(gx,gy, gz), G(gx, fx, fx), G(gy, fy, fy), G(gz, fz, fz),
αG(fx, fx, gy) + (1− α)G(fy, fy, gz),
βG(gx, fx, fx) + (1− β)G(gy, fy, fy)},

for all x, y, z ∈ X, where0 < α, β < 1 andψ,ϕ : [0,∞) → [0,∞) with ϕ(t) = 0 if and only if t = 0. Then,f andg
have at most a point of coincidence.

Proof. Suppose thatu = fp = gp andv = fq = gq. Then by (1) we have

ψ(G(fp, fp, fq)) ≤ ψ(M(p, p, q))− ϕ(M(p, p, q)),

where

M(p, p, q) = max{G(gp,gp, gq), G(gp, fp, fp), G(gp, fp, fp), G(gq, fq, fq),
αG(fp, fp, gp) + (1− α)G(fp, fp, gq),
βG(gp, fp, fp) + (1− β)G(gp, fp, fp)},

M(p, p, q) = max{G(u, u, v), 0, 0, 0, (1− α)G(u, u, v), 0} = G(u, u, v).
Then

ψ(G(u, u, v)) ≤ ψ(G(u, u, v))− ϕ(G(u, u, v)).
Thereforeϕ(G(u, u, v)) = 0, henceu = v.
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Theorem 17. Let (X,G) be aG-metric space andf, g : (X, G) → (X, G) satisfying inequality (1) whereψ ∈ Ψ and
ϕ ∈ Φ. If f(X) ⊆ g(X) andf(X) or g(X) is a G-complete metric subspace ofX, thenf andg have a unique point of
coincidence. Moreover, iff andg are weakly compatible, thenf andg have a unique common fixed point.

Proof. Let x0 be an arbitrary point ofX sincef(X) ⊆ g(X) we can choosex1 ∈ X such thatfx0 = gx1. Continuing
this process, we getyn = fxn = gxn+1. If yn = yn+1 for somen, thenyn+1 = fxn+1 = gxn+1 yieldsf andg have a
coincidence point.

We may assume thatyn 6= yn+1 for eachn. Then from (1) we have

ψ(G(yn, yn+1, yn+1)) = ψ(G(fxn, fxn+1, fxn+1))
≤ ψ(M(xn, xn+1, xn+1))− ϕ(M(xn, xn+1, xn+1)),

(2)

where

M(xn, xn+1, xn+1) = max{G(gxn, gxn+1, gxn+1), G(gxn, fxn, fxn),
G(gxn+1, fxn+1, fxn+1), G(gxn+1, fxn+1, fxn+1),
αG(fxn, fxn, gxn+1) + (1− α)G(fxn+1, fxn+1, gxn+1),
βG(gxn, fxn, fxn) + (1− β)G(gxn+1, fxn+1, fxn+1)},

yields,

M(xn, xn+1, xn+1) = max{G(yn−1, yn, yn), G(yn−1, yn, yn), G(yn, yn+1, yn+1),
αG(yn, yn, yn) + (1− α)G(yn+1, yn+1, yn),
βG(yn−1, yn, yn) + (1− β)G(yn, yn+1, yn+1)}.

Therefore

M(xn, xn+1, xn+1) = max{G(yn−1,yn, yn), G(yn, yn+1, yn+1)}.

If for somen ∈ N, M(xn, xn+1, xn+1) = G(yn, yn+1, yn+1), from (2) we obtain

ψ(G(yn, yn+1, yn+1)) ≤ ψ(G(yn, yn+1, yn+1))− ϕ(G(yn, yn+1, yn+1)).

Henceϕ(G(yn, yn+1, yn+1)) = 0, implies thatyn = yn+1, which is a contradiction withyn 6= yn+1. Thus
M(xn, xn+1, xn+1) = G(yn−1, yn, yn) for eachn ∈ N and (2) becomes

ψ(G(yn, yn+1, yn+1)) ≤ ψ(G(yn−1, yn, yn))− ϕ(G(yn−1, yn, yn))
≤ ψ(G(yn−1, yn, yn)).

(3)

Sinceψ is an increasing function, then from (3)we have

G(yn, yn+1, yn+1) ≤ G(yn−1, yn, yn) ∀n ∈ N.

Therefore,{G(yn−1, yn, yn), n ∈ N} is a non-increasing sequence of positive real numbers. Hence there existsδ ≥ 0
such that

lim
n→∞

G(yn−1, yn, yn) = δ and 0 ≤ δ ≤ G(yn−1, yn, yn) ∀n ∈ N. (4)

From (3) we get

ϕ(G(yn−1, yn, yn)) ≤ ψ(G(yn−1, yn, yn))− ψ(G(yn, yn+1, yn+1)). (5)

By (4), (5) and Sinceϕ is non-decreasing function we obtain

0 ≤ ϕ(δ) ≤ ϕ(G(yn−1, yn, yn))
≤ ψ(G(yn−1, yn, yn))− ψ(G(yn, yn+1, yn+1)).

(6)

Lettingn →∞, and by continuity ofψ it follows that

0 ≤ ϕ(δ) ≤ lim
n→∞

ϕ(yn−1, yn, yn) ≤ ψ(δ)− ψ(δ).
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Henceϕ(δ) = 0, that meansδ = 0, so we have

lim
n→∞

G(yn−1, yn, yn) = 0. (7)

In other words, from Proposition (8) we obtain

0 ≤ G(yn, yn−1, yn−1) ≤ 2G(yn−1, yn, yn).

Lettingn →∞, and using (7), we find that

lim
n→∞

G(yn, yn−1, yn−1) = 0. (8)

Now, we show that the sequence{yn} is aG-Cauchy sequence inX. Suppose that{yn} is not. Then there existε > 0,
and subsequences{ym(k)}, {yn(k)} of {yn} with n(k) > m(k) > k such that

G(yn(k), ym(k), ym(k)) ≥ ε. (9)

Further, corresponding tom(k), we can choosen(k) in such a way that it is the smallest integer withn(k) > m(k) and
satisfying (9). Then

G(yn(k)−1, ym(k), ym(k)) < ε. (10)

We want to prove that
(i) lim

k→∞
G(yn(k), ym(k), ym(k)) = ε, (ii) lim

k→∞
G(yn(k)−1, ym(k)−1, ym(k)−1) = ε,

(iii) lim
k→∞

G(yn(k)−1, ym(k), ym(k)) = ε.

By (9), (10) andG5 we have

ε ≤ G(yn(k), ym(k), ym(k)) ≤ G(yn(k), yn(k)−1, yn(k)−1) + G(yn(k)−1, ym(k), ym(k))

< ε + G(yn(k), yn(k)−1, yn(k)−1).
(11)

Now, lettingk →∞ in (11) and by (8) we conclude that

lim
k→∞

G(yn(k), ym(k), ym(k)) = ε. (12)

Moreover, we obtain

G(yn(k), ym(k), ym(k)) ≤ G(yn(k), yn(k)−1, yn(k)−1) + G(yn(k)−1, ym(k)−1, ym(k)−1)

+ G(ym(k)−1, ym(k), ym(k)),

G(yn(k)−1, ym(k)−1, ym(k)−1) ≤ G(yn(k)−1, yn(k), yn(k)) + G(yn(k), ym(k), ym(k))

+ G(ym(k), ym(k)−1, ym(k)−1).

Lettingk →∞, in the two above inequalities and using (7), (8) and (12) we have

lim
k→∞

G(yn(k)−1, ym(k)−1, ym(k)−1) = ε. (13)

similarly,

G(yn(k), ym(k), ym(k)) ≤ G(yn(k), yn(k)−1, yn(k)−1) + G(yn(k)−1, ym(k), ym(k)),

G(yn(k)−1, ym(k), ym(k)) ≤ G(yn(k)−1, yn(k), yn(k)) + G(yn(k), ym(k), ym(k)).

Lettingk →∞ in the two above inequalities and using (7), (8) and (12) we find that

lim
k→∞

G(yn(k)−1, ym(k), ym(k)) = ε. (14)
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Now, we have

M(xm(k), xm(k), xn(k)) = max{G(gxm(k), gxm(k), gxn(k)), G(gxm(k), fxm(k), fxm(k)),

G(gxm(k), fxm(k), fxm(k)), G(gxn(k), fxn(k), fxn(k)),

αG(fxm(k), fxm(k), gxm(k)) + (1− α)G(fxm(k), fxm(k), gxn(k)),

βG(gxm(k), fxm(k), fxm(k)) + (1− β)G(gxm(k), fxm(k), fxm(k))}
= max{G(ym(k)−1, ym(k)−1, yn(k)−1), G(ym(k)−1, ym(k), ym(k)),

G(ym(k)−1, ym(k), ym(k)), G(yn(k)−1, yn(k), yn(k)),

αG(ym(k), ym(k), ym(k)−1) + (1− α)G(ym(k), ym(k), yn(k)−1),

βG(ym(k)−1, ym(k), ym(k)) + (1− β)G(ym(k)−1, ym(k), ym(k))}.
Taking the limits ask →∞, and using (7), (13) and (14) we obtain

lim
k→∞

M(xm(k), xm(k), xn(k)) = max{ε, 0, (1− α)ε} = ε. (15)

Settingx = y = xm(k) andz = xn(k) in (1) we conclude that

ψ(G(ym(k), ym(k), yn(k))) = ψ(G(fxm(k), fxm(k), fxn(k)))

≤ ψ(M(xm(k), xm(k), xn(k)))− ϕ(M(xm(k), xm(k), xn(k))).

This gives that

ϕ(M(xm(k), xm(k), xn(k))) ≤ ψ(M(xm(k), xm(k), xn(k)))− ψ(G(ym(k), ym(k), yn(k))).

Since
lim

k→∞
M(xm(k), xm(k), xn(k)) = ε and lim

k→∞
G(yn(k), ym(k), ym(k)) = ε,

we get 1
2ε ≤ M(xm(k), xm(k), xn(k)) for sufficiently largek. Sinceϕ is non-decreasing we obtain

0 ≤ ϕ(
1
2
ε) ≤ ϕ(M(xm(k), xm(k), xn(k))),

for sufficiently largek. Therefore we find that

0 ≤ ϕ(
1
2
ε) ≤ ϕ(M(xm(k), xm(k), xn(k)))

≤ ψ(M(xm(k), xm(k), xn(k)))− ψ(G(ym(k), ym(k), yn(k))).

for sufficiently large k.
Lettingk →∞ and by (12), (15) and the continuity ofψ in the last inequality we get

0 ≤ ϕ(
1
2
ε) ≤ lim

k→∞
ϕ(M(xm(k), xm(k), xn(k)))

≤ lim
k→∞

(ψ(M(xm(k), xm(k), xn(k)))− ψ(G(ym(k), ym(k), yn(k))))

= ψ(ε)− ψ(ε) = 0.

Henceϕ( 1
2ε) = 0. Thus from the property ofϕ we haveε = 0 which is a contradiction sinceε > 0. Then{yn} is a

G-Cauchy sequence.
Suppose thatg(X) is G-complete subspace ofX, so there exists a pointq ∈ g(X) such that lim

n→∞
yn = lim

n→∞
fxn =

lim
n→∞

gxn+1 = q. Also, we can find a pointp ∈ X such thatgp = q.

Now, we prove thatfp = q. By (1) we have

ψ(G(fxn, fp, fp)) ≤ ψ(M(xn, p, p))− ϕ(M(xn, p, p)), (16)
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where
M(xn, p, p) = max{G(gxn, gp, gp), G(gxn, fxn, fxn), G(gp, fp, fp),

G(gp, fp, fp), αG(fxn, fxn, gp) + (1− α)G(fp, fp, gp),
βG(gxn, fxn, fxn) + (1− β)G(gp, fp, fp)}

= max{G(gxn, q, q), G(gxn, fxn, fxn), G(q, fp, fp),
αG(fxn, fxn, q) + (1− α)G(fp, fp, q),
βG(gxn, fxn, fxn) + (1− β)G(q, fp, fp)}.

Lettingn →∞ we have
lim

n→∞
M(xn, p, p) = G(q, fp, fp). (17)

From (16) one gets
ϕ(M(xn, p, p)) ≤ ψ(M(xn, p, p))− ψ(G(fxn, fp, fp)). (18)

Since
lim

k→∞
M(xn, p, p) = G(q, fp, fp),

we get 1
2G(q, fp, fp) ≤ M(xn, p, p) for sufficiently largen. Sinceϕ is nondecreasing we have

0 ≤ ϕ(
1
2
G(q, fp, fp)) ≤ ϕ(M(xn, p, p)), (19)

for sufficiently largen. Therefore, (18) and (19) imply that

0 ≤ ϕ(
1
2
G(q, fp, fp)) ≤ ϕ(M(xn, p, p))

≤ ψ(M(xn, p, p))− ψ(G(fxn, fp, fp)),

for sufficiently largen. Further more, lettingn →∞ and using (17) and the continuity ofψ in the last inequality we get

0 ≤ ϕ(
1
2
G(q, fp, fp)) ≤ lim

n→∞
ϕ(M(xn, p, p))

≤ ψ(G(q, fp, fp)))− ψ(G(fxn, fp, fp)) = 0,

henceϕ(1
2G(q, fp, fp)) = 0, so thatG(q, fp, fp) = 0, and thenfp = q.

Thenq is a point of coincidence off andg. So from lemma (16)q is the unique point of coincidence, and from lemma
(15) q is the unique common fixed point off andg. The proof is similar when we assume thatf(X) is complete since
f(X) ⊆ g(X).

Corollary 18 Let (X, G) be aG-metric space andf, g : (X, G) → (X,G) satisfying the following inequality

G(fx, fy, fz) ≤ λ max{G(gx,gy, gz), G(gx, fx, fx), G(gy, fy, fy), G(gz, fz, fz),
αG(fx, fx, gy) + (1− α)G(fy, fy, gz),
βG(gx, fx, fx) + (1− β)G(gy, fy, fy)},

for all x, y, z ∈ X, where0 < λ,α, β < 1, If f(X) ⊆ g(X) andf(X) or g(X) is a G-complete metric subspace of
(X, G), thenf andg have a unique point of coincidence. Moreover, iff andg are weakly compatible, thenf andg have
a unique common fixed point.

Proof. Defineψ, ϕ : [0,∞) → [0,∞) by ψ(t) = t, andϕ(t) = t− λt, then it is clearly thatψ ∈ Ψ andϕ ∈ Φ. So the
result follows by takingψ(t) = t andϕ(t) = t− λt in Theorem (17).

If we putg = I, whereI is the identity mapping, in Theorem (17), we have the following Corollary.

Corollary 19 Let (X, G) be a completeG-metric space. Letf be a self mapping onX satisfying the following

ψ(G(fx, fy, fz)) ≤ ψ(M(x, y, z))− ϕ(M(x, y, z)),

where

M(x, y, z) = max{G(x,y, z), G(x, fx, fx), G(y, fy, fy), G(z, fz, fz),
αG(fx, fx, y) + (1− α)G(fy, fy, z),
βG(x, fx, fx) + (1− β)G(y, fy, fy)},

for all x, y, z ∈ X, where0 < α, β < 1, whereψ ∈ Ψ andϕ ∈ Φ. Thenf has a unique fixed point.
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The following example was give by Abbas [4], which satisfying the hypotheses of Theorem (17).

Example 1. Let X = {0, 1, 2} be a set with G-metric defined by

(x, y, z) G(x, y, z)
(0, 0, 0), (1, 1, 1), (2, 2, 2), 0
(0, 0, 1), (0, 1, 0), (1, 0, 0), (0, 1, 1), (1, 0, 1), (1, 1, 0), (0, 0, 2), (0, 2, 0), (2, 0, 0), 1
(0, 2, 2), (2, 0, 2), (2, 2, 0), (1, 1, 2), (1, 2, 1), (2, 1, 1), (1, 2, 2), (2, 1, 2), (2, 2, 1), 2
(0, 1, 2), (0, 2, 1), (1, 0, 2), (1, 2, 0), (2, 0, 1), (2, 1, 0), 2

One note thatG is a non-symmetric asG(0, 0, 2) 6= G(0, 2, 2). Forf andg are self mappings ofX defined by

x f(x) g(x)
0 0 0
1 1 2
2 0 1

It is clearly thatf(X) ⊆ g(X) and the pair of mappings(f, g) is weakly compatible where0 is the only coincidence
point off andg andfg0 = f0 = 0 = g0 = gf0. Also, M(x, y, z) ≤ 2. If we defineψ, ϕ : [0,∞) → [0,∞) by

ψ(t) = t3 + 1 and ϕ(t) =





t
4 , if 0 ≤ t < 1
1
3 , if t = 1
t3

2 , if t > 1.

Thenψ andϕ have the properties mentioned in Theorem (17). If

(x, y, z) ∈{(0, 0, 0), (1, 1, 1), (2, 2, 2), (0, 0, 2), (0, 2, 0),
(2, 0, 0), (0, 2, 2), (2, 0, 2), (2, 2, 0)},

thenG(fx, fy, fz) = 0 andM(x, y, z) ∈ {0, 1, 2} therefore

ψ(G(fx, fy, fz)) = 1 ≤ ψ(M(x, y, z))− ϕ(M(x, y, z),

then (1) holds.
On otherwise one find thatG(fx, fy, fz) = 1 andM(x, y, z) = 2. Hence

ψ(G(fx, fy, fz)) = 2 ≤ ψ(M(x, y, z))− ϕ(M(x, y, z)) = 9− 8
2

= 5.

Then condition (1) satisfied for allx, y, z ∈ X. Hence all hypotheses of Theorem (17) are satisfied and0 is the unique
common fixed point off andg. We note thatϕ is not a lower semi-continuous function.

3. Mappings with Property Q

Theorem 20. Under the condition of Theorem (17), Iff andg are commuting thenf andg has propertyQ.

Proof. From Theorem (17),F (f) ∩ F (g) 6= ∅. ThereforeF (fn) ∩ F (gn) 6= ∅ for each positive integern. Let n be a
fixed positive integer greater than1 and suppose thatp ∈ F (fn) ∩ F (gn). We claim thatp ∈ F (f) ∩ F (g).

Let p ∈ F (fn) ∩ F (gn). Then, for any positive integersi, j, k, l, r, s satisfying1 ≤ i, j, k, l, r, s ≤ n, we have

ψ(G(f igjp, fkglp, frgsp)) = ψ(G(f(f i−1gjp), f(fk−1glp), f(fr−1gsp))

≤ ψ(M(f i−1gjp, fk−1glp, fr−1gsp))− ϕ(M(f i−1gjp, fk−1glp, fr−1gsp)),

where

M(f i−1gjp,fk−1glp, fr−1gsp) = max{G(f i−1gj+1p, fk−1gl+1p, fr−1gs+1p),

G(f i−1gj+1p, f igjp, f igjp), G(fk−1gl+1p, fkglp, fkglp),

G(fr−1gs+1p, frgsp, frgsp),

αG(f igjp, f igjp, fk−1gl+1p) + (1− α)G(fkglp, fkglp, fr−1gs+1p),

βG(f i−1gj+1p, f igjp, f igjp) + (1− β)G(fk−1gl+1p, fkglp, fkglp)},
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Define
δ = max

1≤i,j,k,l,r,s≤n
{G(f igjp, fkglp, frgsp)}

Assume thatδ > 0, then from (1) it follows that

ψ(δ) ≤ ψ(Mδ)− ϕ(Mδ) (20)

whereMδ is M(x, y, z) correspondingδ.
SinceMδ ≤ δ, thenψ(Mδ) ≤ ψ(δ), so we get

ψ(δ) ≤ ψ(Mδ)− ϕ(Mδ) ≤ ψ(δ)− ϕ(Mδ).

Henceϕ(Mδ) = 0, soMδ = 0. SubstitutingMδ = 0. in (20) ψ(δ) ≤ ψ(0) − ϕ(0), thereforeψ(δ) ≤ ψ(0), sinceψ
is non-decreasing thenδ ≤ 0, which is a contradiction forδ > 0. Henceδ = 0. In particular if

i = 1, j = l = k = s = r = n and j = 1, i = l = k = s = r = n,

we conclude that

G(fgnp, fngnp, fngnp) = 0 and G(fngp, fngnp, fngnp) = 0,

this means
G(fp, p, p) = 0 and G(gp, p, p) = 0.

Hencefp = gp = p, implies thatp ∈ F (f) ∩ F (g). Hencef andg have PropertyQ.

Example 2. Let X = R with theG-metric space

G(x, y, z) = |x− y|+ |y − z|+ |z − x|,
andf andg are self mappings ofX defined byf(x) = 2 andg(x) = 2x − 2. We takeψ(t) = t andϕ(t) = 1

2 t, for
t ∈ [0,∞) andα, β ∈ (0, 1]. So we have

ψ(M(x, y, z))− ϕ(M(x, y, z)) =
1
2
M(x, y, z).

It is clearly thatf(X) ⊆ g(X) and(f, g) is commuting and hence weakly compatible. Also,

0 = ψ(G(fx, fy, fz)) ≤ 1
2
M(x, y, z), ∀x, y, z ∈ X.

Therefore condition (1) holds for allx, y, z ∈ X, and hypotheses of Theorem (17) are satisfied, and2 is the unique
common fixed point of the mappingsf andg.
Moreover, ifp ∈ F (fn) ∩ F (gn), thenp = 2 and sof andg have PropertyQ
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