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In this paper, we introduce the notion of m-weak** commuting for a pair of self-maps
on a 2-metric space. Using this general class of mappings we obtain two common
fixed point theorems satisfying contractive and rational contractive type conditions in
complete 2-metric spaces. Our results in this paper are the generalizations of some
known theorems due to Rathore et al. [24] and others.
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1 Introduction

Let (M, d) be a metric space. Two single-valued mappings S, T : M — M are said to
commute iff ST° = T'S. For single-valued mappings the notion of weak commutativity is
introduced by Sessa [26].

Definition 1.1. Let S, T : M — M be two mappings on a metric space (M,d). Then
the pair {S, T} is said to be weakly commuting pair if

d(STz,TSx) < d(Sz,Tzx), forall x € M.

It can be shown that two commuting mappings are weakly commuting but the converse
is false as shown in [26].
In 1989, Pathak [19] gave the following definition:

Definition 1.2. Two self-mappings A and B of a complete metric space (M, d) are called
weak** commuting if A C B and for any x € M, we have

d(A’B%, B*A%) < d(A’Bz, BA%) <d(AB%, B*Ar) <d(ABz, BAz) <d(A%, B).
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Let A, B be mappings of M into itself. Then the map A is called rotative w. r. t. B

(where, ”w. r. t.” means with respect to) if
d(Az, B?z) < d(Bz, A%z) forallxinM (see [24]).

Pathak et al. [20,21] modified and extended Definition 1.2 as defined below and gave the
following definition.

Definition 1.3. Two self-mappings A and B of a complete metric space (M,d) are m-
weak** commute, if A(M) C B(M) and for any x € M, we have

d(A"B™x,B"A™x) < d(A"™Bx,BA"z) < d(AB™x,B" Ax) < d(A™x, B"x),
where m € It set of positive integers.

The concept of a 2-metric space is one of the possible generalizations of the metric
space and it has been investigated initially by Gdahler [9] and has been developed exten-
sively by Gahler and many others.

Definition 1.4. A 2-metric space is a set X with a real-valued function d on X x X x X

satisfying the following conditions:
my) For distinct points x,y € X, there exists a point a € X such that d(z,y,a) # 0,

ma) d(z,y,a) = 0 if at least two of x,y, a are equal,

(

(m2) d

(m3) d(z,y,a) = d(z,a,y) = d(y,a, ),
(my) d

ma) d(z,y,a) < d(z,y,u) + d(z,u,a) + d(u,y,a) foralla,uc X.

The function d is called a 2-metric for the space X and (X, d) denotes a 2-metric space.
It has shown by Gahler [9] that a 2-metric d is non-negative and although d is a continuous
function of any one of its three arguments, it need not be continuous in two arguments. A 2-
metric d which is continuous in all of its arguments is said to be continuous. Geometrically
a 2-metric d(z, y, a) represents the area of a triangle with vertices are x, y and a. Iseki [12],
for the first time, developed a fixed point theorem in 2-metric spaces. Since then a quite
number of authors (see e.g. [2,3,5, 15-17,27], [29-33] and others) have introduced some
different results in these spaces.

Definition 1.5. [9] A sequence {x,,} in a 2-metric space (X, d) is said to be convergent to
a point x € X, denoted by lim,,_,, x,, = x, if

lim d(xy,,z,a) =0,

n—oo

foralla € X.

The point x is called the limit of the sequence {x,,} in X.
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Definition 1.6. [9] A sequence {x,} in a 2-metric space (X,d) is called a Cauchy se-
quence, if

lim d(zm,zn,a) =0,

m,n— 00

foralla € X.

Definition 1.7. [9] A 2-metric space (X, d) is said to be complete if every Cauchy sequence
in X is convergent.

Remark 1. We note that, in a metric space a convergent sequence is a Cauchy sequence
and in a 2-metric space (X, d) a convergent sequence need not be a Cauchy sequence,
but every convergent sequence is a Cauchy sequence when the 2-metric d is continuous on
X (see [18]).

Definition 1.8. [9] A mapping S from a 2-metric space (X, d) into itself is said to be

sequentially continuous at x if for every sequence {x,} in X such that,

lim d(z,,z,a) =0,

foralla € X,
lim d(Sz,,Sz,a) =0.

n—oo

Now we give the following definitions.

Definition 1.9. Two self-mappings S and T of a complete 2-metric space (X,d) are m-
weak** commute, if S(X) C T(X) and for any x € X, we have

d(SmT"x, T™S"x,a) <d(S™Tx, TS"x,a) <d(ST"x, T"Sx,a) <d(S"z, Tz, a),
where m € I, set of positive integers.

Definition 1.10. Ler (X, d) be a 2-metric space and let T, T be mappings of X into itself.
Then the map T is called m-rotative w. r. t. T} if

d(Tz, T"x,a) < d(Tyx,T™x,a) forall x,ainX.
In 1979 Rhoades [25] proved the following theorem :

Theorem 1.11. Let S, T be two self-mappings of a complete metric space (M, d) with T
continuous and satisfying

d(STz,TSy) < ¢ max{d(Tz,TSy) + d(Sy, STx),d(Tx, STx) + d(Sy, STy)}
forallz,y € M and0 < c < % Then S and T have a unique common fixed point.

The intent of the present paper is to improve and extend the results of Diviccaro et
al [8], Rathore et al [24] and Rhoades [25] by using the concept of m-weak** commuting

pair of mappings in complete 2-metric spaces.
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2  Main results

In this section, we extend two fixed-point theorems by transforming the three points
x,y, a in complete 2-metric spaces and using the concept of m-weak** commuting pair of
mappings as defined in this paper. The extensions are subjected by the help of particular
inequalities for two and three maps. The inequalities constructed are generalized the ideas
of Rathore et al. [24].

Theorem 2.1. Ler S, T be two self-mappings of a complete 2-metric space (X, d) with T

is sequentially continuous and satisfying the following conditions:

{8, T} is m-weak**commuting pair, 2.1

d(S™T"x, T™S™y,a) < cmax{d(T"z,T™S™y,a) + d(S™y, S"T™x,a),
d(T™z, S"T™x,a) + d(S™y, TSy, a)}, (2.2)

Sforall z,y,ain X, where 0 < ¢ < 1/2. Then S and T have a unique common fixed point.
Proof. Let x be an arbitrary point in X. Define

(ST™T™)'x =z, T™(S™T™)"x = x9n41, n=0,1,2,3,... .
Then, we have

d(zon, ont1,a) = d((S™T™) "z, T™(S"T™)"x, a)
— d(Sme(Sme)nflx,TmSm(Tm(Sme)nflm%a)’

which implies that,

d(Tan, Toni1,a) < ¢ max{d(T™(S™T™)" Lo, T™S™(T™(S™T™)" 1), a)
+d(S™(T™(S™T™)" 1x), ST T™(S™T™)" ),

d(T™(S™T™)" L, STT™(S™T™)" 2, a)
+d(S™(T™(S™T™) ), T S™(T™(S™T™) " x),a)}.

ie.,

d(Tan, Tont1,a) < ¢ max{d(xan—1,T2n+1,a) + d(Ton, Ton, a),

d(z2n—1, %o, a) + d(Zon, Tant1,0)},

which implies that,
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d(zan, Tant1,a) < ¢ max{d(Ton—1,Ton+1,0a), d(Tan—1,T2n,a) + d(T2pn, Tant+1,a)}

A

< c(d(z2n—1,%on,a) + d(on, Tant1,a)),

and so

C
d($2n, Ton+1, Cl) S Ed(x%z—h Ton, Cl),
it follows that
C

1— C)Qn_ld(xtha Cl),

d(Ton, Tont1,a) < (

2—metr1c space X and so has a limit z in X, that is,

lim xo, = hm Topy1 = lm (STT™)"z = 2.

n—oo n—oo

Since T is sequentially continuous, we have
lim xopt1 = lim T™xg, =Tz = 2.
n—oo n—oo

Further,

d(z,8Mz,a) =d(z,S"T"z,a)

IN
U

(
(2, Zont1, a) + d(xony1, ST z,a) + d(2, S™T™ 2, Tapt1)

(2, Xan11,0) + d(S™T" 2, T™S™(T™(S™T™)" 'x,a) + d(z, S™T™ 2, xon11)
(

(5™

INIA
S

2z, Tont1,a) + ¢ max{d(T™z, xap+1, a) + d(xan, S™T™ 2, a),

d(S™z,S™T™z,a) + d(zan, Tant1,a)} + d(z, S™T" z, uTont1)-

Letting n — oo, we have
d(z,8"z,a) < cd(z,5™z,a),

which is a contradiction as ¢ < % It follows that d(z, S™z,a) = 0,50 z = S™z = T™z.

Now by using the definition of m—weak** commutativity of pair {.S, T'}, we have that
SMT™Mz=Tm8mz, S"Tz=TS"z and ST"2=T"Sz.

So, S™Tz =Tz and T™Sz = Sz. Now,

d(z,8z,a) d(S™T™ 2z, T"Sz,a) =d(S™T™ 2z, T"S™(Sz),a)
¢ max{d(T™z,T"S™(Sz),a) + d(S™Sz,S"T"z,a),

d(T™z, ST z,a) + d(S™(Sz), T™S™(Sz),a)}.

IN
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ie.,
d(z,8z,a) < ¢ max{d(z, Sz,a) + d(z,5z,a),0} = 2¢cd(z, Sz, a),

which is a contradiction, as ¢ < %, s0 Sz = z.

Similarly we can show that z = T'z. Hence z is a common fixed point of S and 7.

To prove the uniqueness let u(u # z) be another fixed point of .S and 7". Then

d(z,u,a) = d(ST™T™z, TS5 u,a)
< emax{d(T™z,T"S"u,a) + d(S"u, S"T"z,a),
d(T™z,S™T"z,a) + d(S"u, T S™u,a)}.
ie.,
d(z,u,a) < ¢ max{2d(z,u,a),0} = 2cd(z,u, a).

Since ¢ < %, it follows that z = w. O
As a consequence of Theorem 2.1, we have the following corollary.

Corollary 2.2. Let S, T be two self-mappings of a complete 2-metric space (X, d) with T
is sequentially continuous and satisfying the following conditions

{S,T} is aweak**commuting pair, (2.3)

d(S*T?%x, T?S%y, a) < ¢ max{d(T?z, T%2S?y,a) + d(S?y, S*°T?z, a),
d(T?z, STz, a) + d(S?y, T>S%y,a)}, (2.4)

SJorall z,y,a € X, where 0 < ¢ < 1/2. Then S and T have a unique common fixed point.

Remark 2. Assuming S and T are idempotent mappings (A mapping S : X — X is called
an idempotent if S*> = S) of X in Corollary 2.1, we obtain an extension of Theorem 1.11
in the complete 2-metric space setting.

In the following we establish a general common fixed point theorem for three mappings
satisfying a rational inequality in a complete 2-metric space.

Theorem 2.3. Let S, T and T} be three mappings of a complete 2-metric space (X, d) such
that for all x,y,a € X, either

d(S™x, T"y,a) < K'[d(T]"z, S™x,a) + d(T{"y, Ty, a))
d(T{"z, 8" x,a)d(T{"y, T™y, a) +d(T{"z, T™y, a)d(T{"y, S"'z, a)
d(T{"z, Smx,a) + d(T7y, T™y, a)

LK ,(2.5)
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with d(T{"z, S™x,a) + d(T7"y, T™y, a) # 0, where K < 1 and 3K’ < 1, or
d(S"x, T"y,a) =0 if d(T{"x,S™x,a) +d(T]{"y, Ty, a) = 0. (2.6)

Suppose that the range of T{" contains the range of S™ and T™. If either

(b1) T™ is sequentially continuous, Ty is m-weak** commuting with S and T is m-rotative

w. r. t. Ty, or

(be) TT™ is sequentially continuous, T} is m-weak** commuting with T and S is m-rotative

w. r. t. T1, or

(bs) S™ is sequentially continuous, S is m-weak** commuting with Ty and T is m-rotative

w. k. t. S, or

(by) T™ is sequentially continuous, T is m-weak** commuting with Ty and S is m-rotative
w.rtT,

then S, T and Ty have a unique common fixed point z. Further, z is the unique common
fixed point of S and Ty and of T and T} .

Proof. Let xy be an arbitrary point in X. Since the range of 77" contains the range of S™,
let z; be a point in X such that S™xy = T™z;. Since the range of 77" contains the range
of T™, we can choose a point zo such that 7" z; = T7"x5. In general, having chosen the
point x2,, such that

Sm{L‘Qn = T1m$2n+1 and Tm$2n+1 = Tlml‘gn_;,_g forn = 1, 2, 3, e

Put
d2n—1 == d(TmIQH—lv Smﬂana a) and d2n = d(SmIQHa Tml‘Qn-&-la CL)

forn =1,2,3,... . Now, we distinguish three cases:
(i) Letdsp—1 #0and ds, # 0 for n=1,2,3,..., we have

d2n—1 + d2n = d(T{nxQ’ru Smena Cl) + d(T{nxQ’rH—h me2n+17 a') 7é 0
Using inequality (2.5), we obtain

don, = d(S"xon, T xont1,a) < K'[don—1 + dap)

+K don—1dan + d(meQn—la Tm$2n+1; a)d(smenv Sm-TZm a)
don—1 + dan
. dopn—1dan
e., doy < K'(dop_ +dn+K( .
] = ( et ? ) dan—1 + dap

Then,
(1—-K"d3, < K'd%, | +2K'dy,_1da,.
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Now the positive root of the quadratic equation
(1 - K")d3, — 2K'dy, 1d2, — K'd3, 1 =0

is

K +VK' 2K’
dop = I < ﬁdm—ly
which implies that da,, < da,,_1, since 3K’ < 1. Then
d(SmeTM meQn-‘rla (l) S d(Tml'Qn—l, SmeTLa CL) (27)
forn =1,2,3,... . Similarly, it can be obtained that do,,_1 < daj,—2. So

d(T™"w2p—1, 5™ T2n,a) < d(S™Top—2,T"251,0)
It follows that the sequence
{Sm.lﬁo, mel, Sml‘g, ce ,Tml‘gn_l, Sml‘gn, me2n+1, ce } (28)

is a Cauchy sequence in the complete 2-metric space X and so has a limit w in X. Hence
the sequences

{Sm.’EQn} = {T{nx2n+1} and {Tm:cgn,l} = {T{”xzn}

converge to the point w because they are subsequences of the sequence (2.8). Suppose first
of all that 7Y™ is sequentially continuous, then the sequences {77z, } and {17 Sz, }
converge to the point 77" w.

If T1 is m-weak™* commuting with S, we then have

d(S"T" xon, T w, a) < d(S™T{" xap, T{" S Xon, a) + d(T{" S oy, T w, a)
< d(S"xon, T{ " xan, a) + d(T7" S xop, T{ w, a),
which implies by letting n tends to infinity that the sequence {S™T7"x2,} also con-

verges to 77"w. We now claim that 7w = T7"w. Suppose not. Then we have
d(T{w, T™w, a) > 0 and using inequality (2.5), we obtain

d(S" T w2y, T"w,a) < K’ [d(Tfmxgn, ST o, a) + d(T{"w, T™w, a)]

+ K<O‘1+O‘2>7 (2.9)
s

where

o] = d(Tfmxgn, ST &y, a)d(Tw, T w, a),

g = d(TF xo,, T™w, a)d(T{"w, S™ T 4, a)



Common Fixed Point Theorems for m-weak** Commuting Mappings 165

and
az = d(TF" xon, ST Ton, a) + d(T"w, T™w, a)

Letting n — oo in (2.9), we deduce that
AT w, T"w,a) < K'd(T{"w, T™w, a).

ie., (1—-K"d(T{w,T™w,a) <0, a contradiction since 3K’ < 1.
Now suppose that S w # T"*w, then we have

d(S"w, T"w,a) < K'[d(T{"w,S"w,a)+ d(T{"w, T"w,a)]

+ K<)\1;\;>\2) < K'd(S™w, T"w, a).

Therefore, (1 — K')d(S™w,T™w) < 0, a contradiction since 3K’ < 1. Thus
T"w = S"w =T"w,

where,

A =d(T7w, S w, a)d(T] w, T w,a), Ao =d(T{"w, T"w,a)d(T{"w, S™w, a),

and
Az = d(T7"w, S"w, a) + d(T7"w, T™w, a).

A similar conclusion is achieved if 77 is m-weak**commuting with 7. Let us now sup-
pose that S™ is sequentially continuous instead of 77". Then the sequences {S*™x5,}
and {S™T{"x2,} converge to the point S™w. Since S is m-weak** commuting with 77,
we have that the sequence {77"S™xa,} also converges to S™w. Since the range of 77"

contains the range of S™, there exists a point w’, such that
T"w' = S™w.
Then if 7w’ # S™w = T{"w/, we obtain

d(S*xy, T™ ' a) < K'[d(T{"S™ 22, S ™ 22p, a) + d(T7"w', T™w', a)]

+K(/\’1+A’2)

As
where,
N = d(TM S8 xay, S* " Top, a)d(Tw', T™ W', a),
Ny = d(T S xg, T™ W', a)d(T"w', S* " x2,,, @),
and

Ny = d(T]" S w9, S*™ 29y, a) + d(T"w', T™w', a).
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Letting n — oo, we deduce that

d(S™w, T"w',a) < K'[d(S™w, S™w,a) + d(T{"w', T"w', a)]
d(S™w, S"w, a)d(T"w', T™w', a)
d(S™w, S™w, a) + d(T{"w', T™w’, a)
d(S™w, T™w', a)d(T{*w', S™w, a)
d(Smw, S™w,a) + d(T7"w', T™w', a)

< K'd(S™w, T™w', a)

+ K

ie, (1—K"d(S™w,T™w’) < 0, which is a contradiction since 3K’ < 1. Thus
S"w =T"w =T’
Now suppose that S™w’ # T™w’ = T{"w’, then

d(S™w', T™w',a) < K'[d(T{"w', S™w', a) + d(T{"w', T™w’, a))
ATy w’, S™w', a)d(T7w', T™w', a)

d(Tmw', S™w' ) a) + d(T7w', T™w', a)
AT, T, a)d(TMw', S™ ', a)

d(T/w', S™w', a) + d(T{"w', T’ a) |

+K

Letting n — oo, we deduce that
d(S™w', T™w' a) < K'd(T]"w', T"w', a),

which is a contradiction since 3K’ < 1. Thus

S'rnw/ _ mel _ me/

= =T’

A similar conclusion is obtained if one assumes that 7™ is sequentially continuous and T’
is m-weak** commuting with 77.
(i) do,_1 =0 for some n. Then

m m m
T xon =T 2op—1 = S"2op.

We claim that 77"z, = T™xa,, since otherwise if d(T7" 2, T T2y, a) > 0, inequality
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(2.5) implies,

0 < d(T{"zon, T xop,a)

d(S™xoy, T xop, a)

< K’ [d(Tlma:gn, S xop, a) + d(T]" xon, T Top, a)]
K { d(T" zon, S™Tan, a)d(T" Ton, T Tay, )
AT xay, S™Tap, a) + d(T"Ton, T Tap, a)
N d(T{" @, T xon, a) (T Tapn, S™Xopn, @) }
d(T{"xap, S™Tap, a) + d(T"xon, T Top, a)
= K'[don—1+ d(T{" 020, T 21, a)]
K |:d2n1d(T{n.'If2n, T™xon, a) + d(T" oy, T™Top, a)d2n1:|
dan—1 + d(T"xon, T X2, a) ’

ie., 0<d(Tzon, T"xon,a) < K'd(T"xon, T xon,a),
thatis 0 < (1 — K')d(T{"x2pn, T %2, a) < 0, which is a contradiction. Thus

m m m
Tl Top = S Top = T Xon.

(iii) Letds, = 0forsomen :=1,2,3,.... Then T{"x9,4+1 = S™x9, = T 22,41 and

reasoning as in (ii), we have
T"Tont1 = S"xont1 = T xont1.
Therefore in all cases, there exists a point w such that
TTw = S5"w=T"w.
If 71 m-weak** commutes with S, we have
d(S"Tiw, Th1S"w,a) < d(ST]"w,T{"Sw, a) < d(S™w, T{"w,a) =0,
which implies that
S™"Tyw =Ty S™w, ST{"w =T{"Sw andso T{"Sw = S™ " w. (2.10)

Thus d(T{"Sw, S™Sw,a)+d(T7"w, T™w, a) = 0, and using condition (2.6), we deduce
that
ST{"w = S™Sw =T"w = T{"w.

It follows that T7"w = z is fixed point of \S. Further,
A1 Thw, S"Thw, a) + d(T7"w, T"w,a) = 0.
Using the condition (2.6), we obtain

Tiz=S8"Tw=T"w=z.
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Now, using inequality (2.5), on the assumption that 7"z # z, we have

d(z,T™z,a)
=d(S™z,T"z,a)
< K'[d(T{"2,8™z,a) + d(T]"2,T" z,a)|
ATz, 8™z, a)d(T" 2z, T"z,a) + d(T{" 2, T z,a)d(T{"z, 5™z, a)

K
+ d(T/mz,S™z,a) + d(T"z, T™z, a) ’

ie, d(z,T"z,a) < K'd(z,T™z,a),
thatis (1 — K')d(z,T™z,a) < 0, a contradiction since 3K’ < 1. Thus z = T™z.
Now using the m-rotative of T w. 1. t. T1(or w. 1. t. S), we have

d(Tz,z,a) =d(Tz,T"z,a) < d(T12,T"z,a) = d(z,z,a) = 0,

so z is a common fixed point of 73, S and 7.

If one assumes that T; is m-weak** commuting with 7" and rotatively of S w. r. t. T}
(or w. r. t. .S) the proof is of course similar.

Now, suppose that z’ be another common fixed point of 7} and S. Then

d(T2', 8™ ja) + d(T7"2, T z,a) = 0,
and condition (2.6) implies that
Z =82 =8" =Tz ==z

‘We can prove similarly that z is the unique common fixed point of 73 and 7'. This completes
the proof of our theorem. O

Assuming S = T in Theorem 2.3, we have the following corollary.

Corollary 2.4. Let S and T| be two mappings of a complete 2-metric space (X,d) into
itself such that for all ©,y,a € X, either

d(S™z, Sy, a)
< K'[d(T{"z, 8"z, a) + d(T]"y, S™y, a)]
d(T{"x, S™x,a)d(TT"y, S™y, a) + d(T{"x, Sy, a)d(T{"y, S™x, a)

K
* ATz, Smx,a) + d(T{"y, S™y, a)

If d(T{"x, 8™z, a) + d(T{™y, S™y,a) # 0, where K < 1and 3K' < 1, or
d(S™x,S™y,a) =0 if d(T"x,S"x,a)+ d(T]"y,S™y,a) = 0.

If the range of T|" contains the range of S™, if T\ is m-weak™** commuting with S and if

T7™ or S™ is sequentially continuous, then S and Ty have a unique common fixed point.
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Remark 3. Ifwe put m = 2 in Theorem 2.3, we obtain an extension of the result of Rathore
et al (see [24] ) in the complete 2-metric space. Assuming T{" = I (where, I be identity
mapping on X), m = 2 and dropping the rotatively of T (or S), we obtain a generalization
of Corollary 2 of [24].

Remark 4. It is still an open problem to extend Theorem 2.3 by considering more than
three mappings in 2-metric space setting using the notion of m-weak** commuting map-
pings. In [2, 10, 11] the authors have extended some theorems by considering more than
three mappings but they used another spaces (not 2-metric spaces) also, they have applied
another types of mappings.

Remark 5. It is still an open problem to generalize our main results in this paper to the
class of compatible or weakly compatible mappings. For more details about these types of
mappings we refer to [1,4,6,7, 13, 14,22, 28] and others.

Acknowledgments

The author thanks the referees for their useful suggestions.

References

[1] M. A. Ahmed, Common fixed point theorems for weakly compatible mappings, Rocky
Mt. J. Math., 33(2003), 1189-1203.

[2] A. Ahmad, M. Imdad and R. Rauf Khan, Four mappings satisfying a rational inequal-
ity, Bull. Calcutta Math. Soc., 87(1995), 323-328.

[3] B. Ahmad and M. Ashraf, Fixed point theorems in quasi semi 2-metric spaces, Int. J.
Pure Appl. Math., 7(2003), 137-146.

[4] G.V.R.Babuand K. N. V. V. Vara Prasad, Common fixed point theorems of different
compatible type mappings using Ciric’s contraction type condition, Math. Commun.,
11(2006), 87-102.

[5] A. Constantin, Common fixed points of weakly commuting mappings in 2-metric
spaces, Math. Jap., 36(1991), 507-514.

[6] Lj.B. Ciric andJ. S. Ume, Some common fixed point theorems for weakly compatible
mappings, J. Math. Anal. Appl., 314(2006), 488-499.

[7] A. Djoudi, General fixed point theorems for weakly compatible maps, Demonstr.
Math., 38(2005), 197-209.



170 A. El-Sayed Ahmed

[8] M. L. Diviccaro, S. Sessa and B. Fisher, Common fixed point theorems with a rational
inequality, Bull. Inst. Math. Acad. Sinica, 14(1986), 277-285.

[9] S. Gihler, 2-metrische Rdume und ihr topologische structur, Math. Nachr., 26(1963),
115-148.

[10] M. Imdad and Q. H. Khan, Six mappings satisfying a rational inequality, Rad. Mat.,
9(1999), 251-260.

[11] M. Imdad and T. Iqgtadar Khan, On common fixed points of pairwise coincidentally
commuting noncontinuous mappings satisfying a rational inequality, Bull. Calcutta
Math. Soc., 93(2001), 263-268.

[12] K. Iseki, Fixed point theorem in 2-metric spaces, Math. Semin. Notes, Kobe Univ.,
3(1975), 133-136.

[13] G. Jungck, Compatible mappings and common fixed points, Internat. J. Math and
Math. Sci., 9(1986), 771-779.

[14] G. Jungck and N. Hussain, Compatible maps and invariant approximations, J. Math.
Anal. Appl., 325(2007), 1003-1012.

[15] Z. Liu, C. Feng, S. M. Kang and S. H. Shim, Common fixed point theorems for a pair
of compact mappings in 2-metric spaces, Far East J. Math. Sci., 14(2004), 185-191.

[16] R. K. Namdeo, S. Dubey and K. Tas, Coincidence and fixed points of non-expansive
mappings on 2-metric spaces, International Mathematical Forum, 2(2007), 803-811.

[17] S. V. R. Naidu, Some fixed point theorems in metric and 2-metric spaces, Internat. J
. Math. Math. Sci., 28(2001), 625-636.

[18] S. V. R. Naidu and J. R. Prasad, Fixed point theorems in 2-metric spaces, Indian J.
Pure Appl. Math., 17(1986), 974-993.

[19] H. K. Pathak, Common fixed point theorems for weak** commuting mappings, Bull.
Calcutta. Math. Soc., 81(1989), 455-466.

[20] H. K. Pathak and V. V. S. N. Lakshmi, m-weak** commuting mappings and fixed
point, Studii, Si cercetari stintifice ser. Math., 3(1993), 83-88.

[21] H. K. Pathak, V. Popa and V. V. S. N. Lakshmi, A fixed point theorem for m-weak
commuting mappings, Demonstr. Math., 28(1995), 697-702.

[22] H. K. Pathak, R. K. Verma, S. M. Kang and S.M. Khan, Fixed points for weak com-
patible type and parametrically (e, d; a)-contraction mappings, Int. J. Pure Appl.
Math., 26(2006), 247-263.



Common Fixed Point Theorems for m-weak** Commuting Mappings 171

[23] I. H. N. Rao and K. P. R. Rao, Common fixed points of four mappings in 2-metric
spaces, Bull. Pure Appl. Sci., 10(1991), 13-18.

[24] M. S. Rathore and U. Dolas, Extension of fixed point theorem of Diviccaro, Sessa and
Fisher, J. Indian. Acad. Math., 17(1995), 178-186.

[25] B. E. Rhoades, Contraction type mappings on a 2-metric space, Math. Nachr.,
91(1979), 151-155.

[26] S. Sessa, On a weak commutativity condition of mappings in fixed point considera-
tions, Publ. Inst. Math., 32(1982), 149-153.

[27] S. Sharma, R. Dawar and B. C. Dhage, A fixed point theorem in 2-metric spaces,
Math. Stud., 63(1994), 224-226.

[28] B. Singh, S. Jain and S. Jain, Common fixed points for a limit weak compatible pair of
a multivalued mapping and a single valued mapping in D-metric spaces, East Asian
Math. J., 22(2006), 35-51.

[29] D. Singh and S. S. Pagey, Related fixed point theorems for two pairs of mappings on
2-metric spaces, Vikram Math. J., 18(1998), 65-71.

[30] S. L. Singh, C. Adiga and C. Giniswamy, A fixed point theorem in a 2-metric space
and an application, J. Nat. Phys. Sci., 15(2001), 55-64.

[31] S. P. Singh, D. P. Sahu and R. N. Patel, A common fixed point theorem in 2-metric
spaces, Appl. Sci. Period., 4(2002), 44-46.

[32] D. Tan, Z. Liu and J.K. Kim, Common fixed points for compatible mappings of type
(P) in 2-metric spaces, Nonlinear Funct. Anal. Appl., 8(2003), 215-232.

[33] W. Z. Wang, Common fixed points for compatible mappings of type(A) in 2-metric
spaces, Honam Math. J., 22(2000), 91-97.



