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Abstract: In this paper we have considered an inequality having 11 divergence measures. Out of them three are logarithmic such

as Jeffryes-Kullback-Leiber [4] [5)-divergence Burbea-Rao [1Pensen-Shannon divergenaad Taneja [7Jarithmetic-geometric

mean divergenceThe other three are non-logarithmic suchHallinger discrimination symmetricy? —divergence andtriangular
discrimination Three more are considered are due to mean divergences. Pranesh and Johnson [6] and Jain and Srivastava [3] studied
different kind of divergence measures. We have considered measures arising due to differences of single inequality having 11 divergence
measures in terms of a sequence. Based on these differences we have obtained many inequalities. These inequalities are kept as nested
or sequential forms. Some reverse inequalities and equivalent versions are also studied.

Keywords: J-divergence; Jensen-Shannon divergence; Arithmetic-Geometric divergence; Mean divergence measures; Information in-
equalities.

1. Introduction « Non-logarithmic divergence measures
Let ~ (pi — @:)?
Pll@Q —_—,
n APlQ) = ; Di + ¢
Fn = {P = (p17p2a 7pn) Di > O7zp’b = 1} , 2 27
=1 1 n
h(P||Q) = =
be the set of all complete finite discrete probability dis- (PllQ) 2 ; (Vo= \F)
tributions. Let us consider the two groups of divergence
measures: and .
w(Pl|Q) = SUEKH
e Logarithmic divergence measures P DPid;
I(P||Q) = The logarithmic measureg P||Q), J(P||Q) and

T(P||Q) are three classical divergence measures known

in the literature on information theory and statistics are
) Jensen-Shannon divergendeadivergenceandArithmetic-

Geometric mean divergencespectively [7] [8]. The non-

1 [« 2p; . 2q;
[ () S ()
QLX:; pi +q; ; pi +q;

n 4 logarithmic measured (P||Q), h(P]|Q) and¥ (P||Q) are
J(P||Q) = Z pl) respectively known asriangular discrimination Hellin-
im1 i gar’s divergence and symmetric chi-square divergenhte

2005, the author [9] proved the following inequality among

and ; S i
these six symmetric divergence measures:

< pi+ g pi+q
T(PIQ) =S ( ) ( ) | | |
1 _ALI<hLS-JLT < —VU. 1
P 2VPidi AsishsglsT<qg @)
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50 %ﬂé Inder J. Taneja: Nested Inequalities ...

The above inequality (1) admits many nonnegative dif- No(PlIQ) =/ bi ; e <\/pT + \/@>

ferences among the divergence measures. Based on these i=1 2
non-negative differences, the author [9] proved the follow-
ing result: and

2 2Dp1 LTI

Z pi+ g

DIA<3DhA<{;DJASéDTA}<DTJ< A(P”Q):Z : —1.
i=1
2 1
< 3Drn < 2Dn < §Dwa < The above inequality admits non-negative differences
< tDy; < 2Dy < 1Dy < 3Dy, (2)  givenby

My (P||Q) = Dn,n, (P[|Q)

where, for exampleD;n := I — 1A, Dy =T — §J,

n 2
Dpy = 15 F — 3, etc. The proof of the inequalities (2) =~ (1 /p*;q" (\/E;r @) _ (W) )7

is based on the following two lemmas: =1

Lemma 1If the functionf : [0,00) — R is convex and Mo (P -D P
normalized, i.e.f(1) = 0, then the f-divergencé;; (P||Q) 2(PlIQ) n:6(PlIQ)

e n
o Cy(P||Q) = i%’f (Z) 3) B g l(ﬁ;ﬁ) W_ \/ﬁl

i=1

is nonnegative and convex in the pair of probability distri- M;(P||Q) = Dan, (P||Q)

bution(P, Q) € I, x I,.
(4)- (=) ()

h(P[|Q) = 2Dan, (P||Q) =

n

Lemma2Let f1, fo : I C Ry — R two generating map- _
pings are normalized, i.ef; (1) = f2(1) = 0 and satisfy - Z
the assumptions:

() f1 and f; are twice differentiable offa, b); and
(ii) there exists the real constants Ssuch thaiv < 5 and

a< ;Eg < B, fi(z) >0, Yz € (a,b), = Dac(P||Q) = Dn,c(P||Q).

i=1

then we have the inequalities:

o C(Pl|Q) < O, (PIIQ) < 8 Cp, (P||Q). 1.2. New Measures

The Lemma 1 is due to Csiae[2] and the Lemma 2is  jain and Srivastava [3] and Kumar and Johnson [6] respec-
due to author [8]. The aim of this paper is to consider moreyjyely studied the measures

measures in (1) and improve the inequalities given in (2).
These measures are based on the some well-known mean

n 2
divergences. K (Plloy = S P —a)”
o(PllQ) ; R
1.1. Mean Divergence Measures and
1o~ (7 — )
Author [10] studied the following inequality F(PIQ) = 2 Z Via)? :
i=1 iqi

G(PllQ) = M(PllQ) < N2(PlQ) < A(PIIQ), (4) In total we have 11 divergence measures. By the ap-

plication of Lemmas 1 and 2 we can put them in a single

where ! .
n inequality as
G(PIQ) = Vi,
=1 AT <AM; < §My <h<4Ms <
n 2
Di + Qi)
N1 (P = —_— |,
(Plo) = 3 (Vg CleT<lke<iv<in (@
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1.3. Pyramid 2. Nested Inequalities

The 11 measures appearing in the inequalities (5) admitd? this section, we shall try to put the measures appearing
55 non-negative differences. These 55 non-negative differl? @bove pyramid in terms of nested or sequential form.
ence satisfies some obvious inequalities given below in thd NiS We have done in a theorem below.

form of pyramid or triangular : Theorem 1The following inequalities hold:

1.D} ,; 8 s
1A Dia < §D%r4 < 11D8,4 < 3D < 35Djj,a <
2 3 .
2.DM11§DM1A, %Dm
< iDZ®
3.D4 <D3 ,<DS . s ek 8 )5
Mo My — Mol — Moy A S DhMl S gDMQI S
4D7. < D$ < D ; < Do 8 M8 8 Ml4 9
hM, hM, hA —DhMl < 7DM31 <2Dj;
13 14 .
SDJv[h DM Mo <D]L[3M1 SD DM3A’ DKOA
16 17 18 19 20 . 22
6DJ]\4 <DJh<DJM <DJM <DJI<DJA’ DTJ
22 23 24 25 26 27
1.D7y < Dy, < Dij, < Dy, < Dy, < D < < D%y, ¢ < SD%, < 2D3 b <
< DF%;
§D19
29 30 31 32 33 T IMy
8.D% r < D3y ; < Dy, < Dyl < DRy, <
34 35 .
< Dyom, <DKI<DKA, 8DM11
37 38 39 40 41 42
9D‘I/K DlI/T4<DsI/J<DlI/]\43§DgDhSD!I1M2—
< Dy, < Dy < Dga; <2pls, <opil
- 2 1 )35 8 34
46 47 48 49 50 51 < <3 < <
1ODFq, < DFKO53§ D §4DFJ §5DFM3 < Dy, < §D%31\4 sDw1 = 15 Pkon,
< D, < D, < D3y < DR 9 ?
30
. L. DKOJ 1
The following equalities hold: < 1D
8 33 1 nH45
0 ; . < 5D8 v, < 3DE, < Do <
D}L]\/I] = 3D}LM2 = §DM2M1 =
§D31
9" KoM3
_ 3
DMgh DMJM1 = DMJM2 %Dg%
8 2 M4l
and = 39DQM1 <3 DLDMQ < 5Dy < <
D%, = 1 D2 = D 35D
TJ = Tr — Yur- 3
i | DY
~ Inview of Lemmas 1 and 2, the measures appearing _ 1par < <1pst < 8 ps o
in the above pyramid are convex in a pair of probability = 37%Ko =) | . = 8YFI =637 FM =
distributions and can be written as oD
1 49
. bi 8 152 2 P51 ?DF‘]
1
Dap =Y qifan (> : (6) Sl S sPrs | <
i=1 L DFMg,
1 48
WherefAB(x) = fa(x)—fp(x), A > Bwith the property < §D¥x, < §Di°r < 3Di% (7)
that /% 5 (z) > 0, Va > 0. and
lD17
4~ Jh
In this paper our aim is to extenq the .results given by D2 < DS < 1pis ®)
(2) by taking all possible nonnegative differences given M1 M < 23 Drw-
in the abovepyramlld. These inequalities we have put in 128
nested or sequential form. oV TM;
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ProofIn view of (6) we shall prove the theorem just writ-
ing the expressions fgfs s (z). The rest part is understood
obviously.

1.For D{5 (P||Q) < 3D}, A (P]|Q): After simplifica-
tion, we observe that equivalently, we have to show the
following:

I < 5 [128M; + A]. 9)
Let us consider the functiogy_ns, _a(z) = fwff,(jgw)
then we have
gr_m,_a(z) =
_ (x+1)° Vay2r +2 (0

- 16 \/m<2(x+1)3+z3/2)7
—2 (232 +1) (z +1)°
Here we have
Jay_a(z) =128f, () + fa(2).

Calculating the first order derivative of the function
gr_m,_a(x), we get

g/IJWl alz) =

<\/2x+2(x+1)(\/§—1)>< >><k (2)
X (22 + 232 4 30+ x4+ 1) !

\/m(2(x+1)3+9:3/2)>27

1oV <—2 (32 +1) (z + 1)

where
ki (z) = V27 1 2 <x3/2 + 1) —(x+1)2.
This gives

>0,x<1

g/I,Ml,A('r) { <0,z>1" (11)

Expression (11) is valid only wheky () > 0, Vz >
0, = # 1. Now, we shall show that; (x) > 0, Vo >
0, = # 1. Let us consider

2
hi(z) = [\/Qx +2 (x3/2 + 1)] —(z+1)*.
After simplifications, we have
hi(z) = (z+1) (Vo — 1)2 (372 + 2232 + 2 /z + 1) .

Sinceh;(x) > 0,Va > 0, x # 1 proving thatk; (x) >
0,Vx > 0, = # 1. Also we have

8=

sSup gLMl,A(l‘) =
z€(0,00)

= il_{nl g1, a() = 55. (12)

By the application Lemma 2 over (11) and (12) we get
(9), proving the required result.

Argument: Leta andb two positive numbers, i.ex, >

0 andb > 0. If a2 —b? > 0, then we can conclude that
a > bbecauser — b = (a® — b?)/(a +b). We have
used this argument to provg (z) > 0,Vz > 0,z #

1. We shall use frequently this argument to prove the
other parts of the theorem.

Remarkizrom the above proof we observe that it is suf-
ficient to write expressions similar to (10), (11) and
(12). The rest part of the proof follows by the appli-
cation of Lemma 2. In view of this we shall avoid de-
tails for the proof of other parts. From now onward,
throughout it is understood that > 0, = # 1.

2For D¥; A(P]IQ) < D%, A(P||Q): Let us con-

— 11
sidergan an,a(x) = fi, 4(2)/ fig,4(x), then we
have

ngﬂszﬁ(x) =
<m ((@+1)° — 42%2) )
3
— (%2 +1) (z +1)°
(2\/295 2 {(x +1)P - 6x3/2} —) '
— (232 4+1) (z + 1)?

This gives

8= lm gy, A m,a(z) = %'
rx—1

Equivalently, we have to show that

= %D?\@A - D?wlA =

= 55 (A+24M, — 88M7) > 0.
We can writef2; := >, ¢; fo, (¢;/p;), where

fo,(z) = 25(25?1)* with

ko(z) = 202%/2 + 20v/z + 2322 + 422 + 23
—16v2z +2 (Ve +1) (z +1).

Let us consider

2
ho () = (20333/ 2 4 20V/z + 2322 + 422 + 23)

—[6vzr 2 (Ve +1) (2 +1)]°.

After simplifications, we get
ha(w) = (Vo —1)° [162+16+ (Va - 1)°] .

Sincehs(z) > 0, proving thatks(z) > 0. This proves
the required result.

© 2013 NSP
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3.For D§, A(P||Q) < };D“’ (P||Q) Letus consider This gives
IM A_hA(Z i A(x), then we have _
’ (z) = @)/ fial f = lim gaga_na, (z) =5.
v A_hA(T) = .
Equivalently, we have to show that
22 2[ 1)° — 623/2
z+2|(z+1) e 24 =3§Dija—Dih =
A\ (@P+1) @+ 1
x (22 +22%/2 + 6z + 27 + 1) We can write2, := > ¢i fo, (¢:/pi), where

This gives

f = lim g ana(z) = 1.

Equivalently, we have to show that
2= %D}lOA - D?\/IQA
= 4 (44h + A — 64M3) > 0.

We can writef2, := >"" | ¢; fo, (¢;/pi), where
fo,(z) = 4;17@1) with ks(z) = ko(z) > 0. This
proves the required result.

4For DI (P]|Q) <

gha_msa() = fia(x

D%, A(PHQ)' Let us consider
)/ i1, a(2), then we have

gh,A,MgA(fl?) =
(22 4+ 22%/2 4+ 62 + 2/ + 1) x
x (vz—1)> 2z +2
423/2\/22 + 2} .

2 [(a:3/2 +1) (= + 1)% -

This gives

Gl

0= lim gna aa(z) =

Equivalently, we have to show that
23 = 4D11\33A DhA =

= 5= (64M3 + A — 20h) > 0.

We can writef2; := """, ¢; fo, (¢i/p:), Wwhere
fo,(z) = 25@51_)1), with kq(x) = ko(z) > 0. This
proves the required result.

5.For DI{/?SA(PHQ) < 5D§M1(P\|Q)' Let us consider
()] filar, (@), then we have

9IM3 A_hM, (1‘) =

2 (@2 +1) (z+1) - 42%/2 /20 52|
(z+1)°[2032 42— (z+1)V2z + 2]

IMs A_hM, (517)

fo.(x) = 3, with ks(z) = ks(x) > 0. This
proves the required result.

6.For D11\/?3A(PHQ) < 15p2L (PHQ)' Let us consider

— 16
gmsa_ga(@) = fi,al /f ), then we have

2B/ 11) (z+1)° -
e <(—4x3/2\/2£‘ +2 )
V22 +2 (22 + 62+ 1) (x — 1)

gMaA_ga(x) =

and
ggng,JA(x) =
2(z+1) x kg(x)
V2 teyr(a?+ 6+ 1) (- 1)
where
ke(x) = =162/ 20 + 2 (x +1)° +
(2% + 922 +1) (Vo —1)° +
+ (Vo +1) | 4292 4 2% + 2272 + 2823+

+2822 + 2232 + 2 4z

This gives

, >0,z<1
9M3A,JA(I) <0,z>1"

providedkgs(x) > 0. Now we shall show thats(x) >
0. Let us consider

. 2
he(z) = — [16:03/2\/2:1: T 2(a+ 1)2} +
(z* + 922 +1) (VT —1)° +
+ | (Vo +1) [ 4292 + 2* + 227/2 + 2823+

+2822% 4+ 2232 + x + \/x
Simplifying the above expression, we get

he(z) = (v —1)" x

1+ 4T 4 5382%/2 + 3623/2+
+146027/2 + 21962%/2 + 538z13/2+
x | +15372% + 153724 + 90823 + 122°
+16622 + 122 + 4217/2 4 36215/2+
+146021/2 + 29 4+ 9082°% + 16627

© 2013 NSP
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Sincehg(z) > 0, proving thatke(z) > 0. Also we
have
16 =

sup  gumsa_ga(z) =
z€(0,00)

= lim Mz sa(z) = 12.
7.For D34 (P||Q) < 2D35% (P||Q): It holds in view
of (2).
8.For Dy, (P]|Q) <
gnar,_rA(T) =

1D, (P||Q): Let us consider
x)/ f1A(z), then we have

ghMl,TA(x) =

V@ + 1) [2(2%?+1) - V2r + 2 (x + 1)
B V22 +2 (22 + 4z +1) (z — 1)

fra, (2

and
(x 4+ 1) kr(x)
2 (:1: + 4x + 1)2 ) 7

Q;LMI ralz) = <

x (x —1)° \/zv/21 + 2
where
kr (@) =
(' +522+1) (Vz —1)° +
=2 (Vo +1) | +32* + 292 + 2023+ -

+202% 4+ 3z + \/z
—V2z+2 (2" +62° + 342 + 62+ 1) (z + 1).
This give

' >0,x<1
ghMl,TA(x) <0,z>1"

providedk;(x) > 0. Now we shall show that;(z) >
0. Let us consider

h7(z) =
(z* + 522 +1) (Vo —1)° +
+32% + 292 + 202°+
+202% + 3z + /x
x* + 623+ 2
S vE et (+34x2+6x+1 '
After simplifications, we get

he(x) =2 (Vz —1)"

22+ 4272 4 728 4 24215/2 4 4427+
+164213/2 4+ 10420 + 222411/24

x | +4227/2 (@ + 1) (V7 — 1) + 3002%/2+
+22227/2 4 10423 + 16425/2+
+442? + 24232 + Tx + 4z + 1

Sincehz(x) > 0, this gives thatk;(x) > 0. Also we
have

0=

2(Vz+1)

sup  gnar,_rA(z) = lim gnar, _ra(®) = %.
z€(0,00) z—1

9.For Dll\/}3h(P||Q) 3Dll\,‘l‘sI(PHQ)' Let us consider

IMshs1(2) = fipn(@)/ fi, 1 (2), then we have
(2) = 2232 +1) — (x +1)y2zx + 2
IMsh M1 () = S TS Ty — ayaa 7 2]
and
g?\/[gh,]\/lgl(x) =
_ (Va —1) x ks(z)
2y/av2z + 2 [(3/2 +1) — Vav2r + 2]
where
ks(z) = —(z+1) (Vo +1)V2z +2+
+(z+1) (Vo - 1)2+ (x3/2+1) (Vz +1) + 4z.
This gives

/ > O, <1
gMgh,MgI(af) <0,z>1"

providedks(z) > 0. In order to proveks(x) > 0, let
us consider

(D (-1 2
hg(x) = <+(x3/2+1) (Vx + 1)—|—4a:>

~[@+1) (V& +1) vz +2)°
After simplifications, we have
he(z) = 2z +1) (2 +2) (Va —1)".
Sincehg(x) > 0, this gives thakg(z) > 0. Also we
have

3=

SUP  gaah a1 (%) = lim gargn_arr(a) = 2.
z€(0,00) z—1

10For Dz, I(P||Q) DY (P]|Q): Let us consider

gms1-n1(2) = fip,1(2)/ fi,(2), then we have
2 (092 +1 - \/ay2 + 2]
gMBI,hI(x = 5
(Vz —1)"V2x +2
and

ko(z)
(Ve —1)° (x+1) vz 2z +2

whereky(x) = kg(x) > 0. This give

gﬁwﬂjzl(x) =

/ >0,x<1
QMSI,hI(x) <0,z>1"

Also we have

B= sup garnr(z)=Um gr,rni(x) = %_
x€(0,00) z—1

© 2013 NSP
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11 For DﬁI(P||Q) $D3.,1(P]|Q): Let us consider
gnr_mpr(x) = fi(x)/ iy, (x), then we have

ghl,MzI(SC) =

3(vz—1)° 2z +2
2[V2r+2(22 -3z +2) — (232 41)]

and

() 3(1—[))(]610(%)
ghIJ\lgI 2\F\/W[ (3/2+1)+ )
<+\/2x+ (2x—3ﬁ+2)]2>

whereko(z) = ks(x) > 0. This gives

/ >0,z<1
ghI,MQI(x) <0,z>1"

Also we have

ﬁ = sup gh[,Mﬂ(l’) = hm ghl,MQI(-T) = %_
z€(0,00) z—1

12For D}, (P|IQ) < 3 D%&A(PHQ)' Let us consider

f]MQI

IMyT_KoA(T) = 7 ( , then we have

162 (z + 1)* y
3v20 +2(vz —1)°
y (V22 +2 2z -3z +2) — (z%/2 +1)]

32* + 627/2 4 2023 + 3425/2
+6622 + 342%/2 4 201 + 6/7 + 3

QMQI,KUA(CU) =

and

8(.13 + 1) X kiu(.l?) «
V2 +2(yz —1)°

1

324 + 627/2 + 202 + 34252+ \*
+6622 + 34232 4+ 20z + 6y/7 + 3

QMQI,KDA(@ ==

X

where
ki(z) = V2r +2 (Vo + 1) u(z)—

207 4 2213/2 4 746 4 12211/24
+11a® + 9429/2 + 7624+

+10427/2 + 7623 + 9425/2 + 1122 |’
+1203/2 4 T + 2/ + 2

This gives

’ >0,x<1
gsz,KoA(x) <0,z>1"

providedk;; (z) > 0. In order to proveky; (z) > 0, let
us consider

412 — 9t 4 24410 — 4149+
+60t8 + 50t7 — 48t + 505+
+60t* — 413 + 24¢2 — 9t + 4

v(t) = u(t?) =

Solving the polynomial equation(t) = 0, we observe
that there are no real solutions. All the twelve solutions
are complex and are given by

—0.9437538663 £ 0.3306488166 I,
—0.3823946004 + 2.215272138 1,
—0.07566691909 £ 0.4383503779 I,
0.3872722043 + 0.2946782782 I,
0.5042070498 £ 0.8635827991 I,
1.635336132 £ 1.244339331 1.

This means that for ail > 0, eitherv(t) > 0 orv(t) <
0. Calculating a particular value ef(t), for example
fort = 1, we getv(1) = 128 > 0. This means that
v(t) > 0, forall t > 0, and hence:(x) > 0, Vz > 0.
Let us consider

hii(z) = [V22 4+ 2 (Vo + 1) u(m)]2 -

227 4+ 2213/2 4 748 4 12211/2 4
+1125 + 942972 4 7624+
+10427/2 4+ 7623 4 9425/2 4
+112? + 12232 + T2 + 2/x + 2

After simplifications, we have

— |Va(z+1)

hi(z) =z (@ +1)? (Vo —1)"

8 + 260825 + 218z + 11223/2 + 45122+
+24/7 + 19102 4 118025/2 4 561227/2+
+14202%/2 + 1124211/2 4 1124213/24

x | +19102° 4 374528 + 37452* + 218z +
198324 (22 — 1)% 4 142021%/24
+5612217/2 4+ 260827 + 451z10+
+28x12 + 1180419/2 4 24223/2 4 112421/2

Sincehy1 () > 0, this gives thaky; (z) > 0. Also we

have

B= sup guai_koa(®)=lim ganr r,a(z) = &
z€(0,00) z—1

with .
13For D§421(P|\Q) 3D§?J(P|\Q)' Let us consider
2% — 9z1Y/2 4 2405 — 412°9/2+ 911 (x) = fi,1(x)/ fi, (), then we have
u(z) = | 460z + 5027/2 — 4823 4 5025/ +
+60x2 — 4123/2 + 242 — 9\/x + 4 Ima1 T (T) =
(@© 2013 NSP
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CA4[(2r—3vr+2) V22 +2— (2%2 4+ 1)]
a 3v2z + 2 (x — 1)°

and

2 X k12(fl')
3vV2r +2yz (x4 1) (2 — 1)

QMQI,TJ(x) = -

where

klg(aﬁ) = 2¢/2x 4+ 2%

. (x2 (ﬁ2)22+3x(ﬁ1)2+> -
+ 2y —1)" + z (22 + 1)

- (:ﬁ/? 3052 4 40/? 4 30 + 4a? + 1) .
This gives

/ >0z<1
gMQl,TJ(l‘) <0z>1"

providedks(x)
us consider

> 0. In order to provés2(x) > 0, let

hia(z) = (2127 +2)° x

y z2(\/572)22+31‘(\/571)2+ ’
+(2vz—1)" + V(22 +1)

2
—(a:7/2—|—3x5/2—|—4m3/2+3x—|—4x2—|—1) .

After simplifications, we have
hlg(l‘) = (\/.5 — 1)4 X
((a:—l—l) (22 + 4527 + 2) + )

52t (VT —2)° +5(2yz — 1)° +
ta(yz—1)° (4222 + 65 + 42)

Sincehi2(z) > 0, this gives thak(z) > 0. Also we
have

B = SUPsc(0,00)9Mz1 7 (1) = 1 gasyr 7y (2) = 3,

14 For D§42I(P| \Q)
9IM>I_T M, (58)

1D35,, (P||Q): Letus consider

= fIIL/IQI /fT]ul then we have

(Vz —1) x ki3(z)
3V (w4 1) [=2v/x (432 + 1) + ’
25+ 2 (22 — 2232 — 2z +1)]°

where
kis(x) =4 (x4 1) x

x[(a¥2 1) (Va—1)" + 30 (Vo +1)| -

o (a4 272 4 T2 4 5ab 24
a 2x+2<+20m2+5x3/2+79€+\/§+1 '

This gives

/ > 07 r<l1
9MoI_T M, (z) <0,z>1"

providedk;s(z) > 0. In order to provés;3(z) > 0, let
us consider

has(z) = [4 (x+1)2r X
x [<x3/2 + 1) (Vz —1)% + 32 (Vz + 1)}2 _

s (2t 4 27?4 T3 522 2
_{ 2x+2(+20x2+5z3/2+7x+\/5+1 '

After simplifications, we have
his(z) =2(x+1) (Vz —1)" x

625 + 25 (v — 3)° + 302° + 362%/2+
x | 460z* + 11427/ + 4023 4 11425/ +
+6022 + 36232 + 30+ (32 —1)° +6

Sincehy3(x) > 0, this gives thak,3(z) > 0. Also we
have

B= sup g1 (x) = lim gar,r o, () = 5.
z€(0,00) z—1

15For D§42I(P||Q)

gMQI—JMl( ]WzI

3D}§,[1 (P||Q)' Let us consider
)/ ffar, (), then we have

4 (22 — 3z +2) x
x(x\/m( 3/2+1)>

gszfJM1( )_ (ﬁm( ) >
X (x —da+ 1) + 4z (%2 + 1)

g1, (T) = and
g;\/IQI,JMl (z) =
2w <(2x _3/?2)\/54— 2 m_> 2z (Vo — 1) X kia(z)
- \/ﬁ((xz J;1:)3/2 NI _<3(m+1)[4x((3/2 +1) + (:c+1)><>’
3 <+2¢§(x3/2 +1) ) . XVay22 +2(z — 4/ + 1)
and
I, () = kis(z) =222 +2 (Vz 4+ 1) (2 4+ 1) x
@© 2013 NSP
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x [m(\/E—Z)Q—i—(Q\/E—l)Q—i—\/a?(m—i—l)}—
(2t 4272+ 1123 + 32524
+3222 + 3232 + 1z + z + 1

This gives

YN IIYAC) <0z>1"

providedki4(x) > 0. In order to provek 4(x) > 0, let
us consider

2

2V2z+2(Vzx+1)(z+1) x
ha(z) =4 [2(Va2—2)" +@2vz —1)° —~
+Vz(x+1)

B o+ 27/2 4 11a° + 325/ + ?
+320% 4+ 3232 + 11w + o + 1

After simplifications, we have
hia(z) = (Vo —1)% x

(325 + 22572 4 3) (/& — 1)% + 48292+
X | +13627/2 4+ 1362°/2 + 4823/2 + 420+
+442° 4 562t + 5622 + 442 + 4

Sincehy4(z) > 0, this gives thak4(z) > 0. Also we
have

B= sup grprw (@) = lim gar o () = 2.
z€(0,00) z—1

16For DR;,1(P||Q) < 3D3%;,;(P||Q): Let us consider

gnr vy 1(w) = fig, ( /fMlI ), then we have

QMQI,Mlz(x) =

V20 +2(22 -3y +2) — (/2 +1)
32z +2(a— o+ 1) — (a3/2 4 1)]

and
QKIQI,MII(@ =
- (V& = 1) % kis (@)
(3\/5\/293 F2[- (%2 +1)+ ) ’
+V2zx +2(x —xr+ 1)]2
Wherek;5(x) = ks(x) > 0. This give

, >0,x<1
g1 (@) Z 0,xz>1"

Also we have

B= sup gmrmnr(z) = lim garranr(x) = 3.
z€(0,00) z—1

17 For D%(PHQ) g 183Df2r?v12 (P||Q)' Let us consider

griram, (x) = [, (@) ) f1, (2), then we have

o 3(x—1)"V2zr +2
grJ T™M,(T) = 20z (232 + 1) + 2z + 2x
( x (307 — 4a/? — 4/ + 3) )

and
97710, (T) =
3 3(x—1) x kig(x)
(ﬁm 2V (z¥/2 + 1) + > ’
/22 + 2 (322 — 4232 — 4z + 3)]°

where

kig(z) =2(z+1)vV2x +2x
< [(Ve-1)'+ Vi +1)] -
_(VE+1) ( (E =2)" + (27 - 1>2+> .

+3y/x (2% + 1)
This give

g7, (%) <0z>1"

providedkig(x) > 0. In order to provei6(z) > 0, let
us consider

hie(z) = (2(z + 1) V22 + 2)° x
x[(VE- 1)+ vVE@+1)] - (Va+1)’
x <x2(x/52)2+(2\/?:1)2+)2

+3v/x (2% + 1)

After simplifications, we have
hlﬁ(I) = (\/E* 1)4 X

o (4222 + 652 + 42) (Vo — 1)° +
x| 452t (Vz -2 +502vz —1)° +
+ (z +1) (22* + 4527 + 2)
Sinceh6(z) > 0, this gives thak(z) > 0. Also we
have

B= sup grjrm,(r)=lim gr; 7, (7) = %.
z€(0,00) r—1

18For D35, (P||Q) < 13D3,,, (P]|Q): Let us con-

sider grar,_ran () = frog, (@ /fTM , then we

have
9T M, T M, (.13) =

<3\/W(z2 —22%2 -2z +1) +>

o\ 2V (232 + 1)

(V22 +2(32% — 4232 — 42+ 3) +
(+2\/5 (232 +1) )
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and
g&“Ml,TMg () =
_ 6 (Vo —1)kir(x)
VEVZE 2 (20 (832 +1) + ’
V22 + 2 (322 — 43?2 — 4z + 3)]”
where
by (z) = — V25 4+2(/r+1)x L
A X (z+1) (22 + 4z +1)
N 24+ 27/2 4 23 4 845/24
+22% + 8232 + 2+ z + 1
This give

/ >0,z <1
97 My T M, () <0,z>1"

providedk;7(x) > 0. In order to showk;7(x) > 0, let

us consider
AT IVES) 2
hiz(z) = — <>< (z+1) (22 +4w>fi- 1)>

- 2t 4+ 27/2 4 a3 4 8y5/2 4 2
202 48232y +1)]

After simplifications, we have
2 (v —1)"x
1+ 6y/x + 302%/2 + 720%/% + 1225+

x | +5722 + 9423 + 57x* + 254
+122 + 6211/2 4 7227/2 4 3049/2

h17(l‘) =

Sincehy7(x) > 0, proving thatk,7(z) > 0. Also we

have

f= sup gra, ra (@) = m gran ra, () =

z€(0,00)

19For D3}, (PHQ) < i3p2 (PHQ) Let us consider

S 12
g, rn(®) = [, (@) / f (), then we have
9rm,_Th(T) =

(\/295 +2 (322 — 42%/? — 4z + 3) +)
+2y/z (252 + 1)

3v2z 1 2 (z + 7+ 1) (Va — 1)°

and
QITMQ,Th(w) = k’;g(.’lﬁ) 5
(6(\/5—1) \/E(x+1)X>
X2z + 2 (x4 z +1)°

wherek;s(z) = ki7(x) > 0. This gives

/ >0,z<1
9, () <0,z>1"

Also we have

B= sup gra,_ra(z) = lim gras,_ra(z) = 3.
z€(0,00) z—1

20For D34 (P||Q) < 3D33,, (P]|Q): Let us consider

), then we have

)/ Fag, (@

9gTh_T M3 ($ ) =

_ @+Vva+) (V-1 Vo +2
S (@24 1) V22 +2 -2y (232 + 1)

9Th_TMs; (x) = f/Th

and
Q/Th,TMS (z) =
B (Vz —1) x kig(x)
Vave +2[(2? + 1) V2r +2 -\
<_2\/5(m3/2 + 1)]2 )
wherekig(z) = k17(z) > 0. This gives

’ >0,z<1
9Th_T M, (z) <0,z>1"

Also we have

/6 = Sup grh_TMs; (‘T) = lim 9Th_T M, ((p) = %
z€(0,00) r—1

21For D33 (P||Q) < £2D3},. (P||Q): Let us consider

), then we have

/fJM2

9Th_JM, (33) =

_6a+vE+1) (Vi 1) ViV +2
N (s/2m+2\/§(:v+l)>< )
x (3 — 8/ +3) + 4z (2%/2 + 1)

9Th I, (T) = fTh

and
g/Th,JM2 (z) =
_ 3(\/.%—1) \/E\/2$+2Xk20($)
@+ [V +2ya@+1)x
x (31 — 8/ + 3) + 4z (232 + 1)]

where
kao(z) = V22 +2 (Vo +1) (z +1) x
x(w(f 2%+ (2vE - 1) + )
+4(z+1) (Vo —1)° + 10z

(T a4 8aS 2
4222 + 8232+ x + x4+ 1
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2
This gives - [\/Zx +2(Vo+1)(z+ 1)2}
' >0z <1 After simplifications, we have
9rh_s0, (T) <0z>1"
4
hot(z) =2 (Vo — 1) x

providedksg(x) > 0. In order to showko(z) > 0, let
us consider

hQO((E) = ].)]2 X

) (x(ﬁ—2)2+(2\/52— 1>2+>2_
+4(z+1)(Vx—1)" + 10z

A 2t 4 27/2 4 23 4 8a5/2 4 2
B 4202 4822w +r+1 )]
After simplifications, we have

hgo(l‘) =2 (\/E* 1)4

(V& — 1)* (9 + 1425/% 4 92°) + 57a+
X | +11827/2 + 825 + 8 + 118x5/% + 572°+
+3922 + 3922 + 3023/2 4 3029/2

Sincehso(x) > 0, proving thatksg(z) > 0. Also we
have

[V2z+2(Vz+1) (z+

m‘g

B= sup gra_sm,(x) = lim grn_su, () =
z€(0,00) r—1

22For D3}, (P||Q) < 5D17(P||Q_) Let us consider

ginty_an(x) = [y, ()] f7,(2), then we have
g, _gh(T) =
V2 + 2z (z+1) X
_ <>< (3x8ﬁ+3)+4x(z3/2+1)>
3v2r+ 2y (z+1) (Vo —1)°
and
g My_n(T) = — o ()
e 3V2r + 2y (x+1) (v - 1)°

where

ko1 (z) =2 [zg +Vz(z+1) (Vo - 1)2} +
42 (613/2 + 1) Va2 (Vo +1) (z+1)2.

This gives

/ >0,z<1

providedka; (x) > 0. In order to proveks; (x) > 0, let
us consider

2 2
i) =4 (YE SO WE Y

2t + 6272 + 623 + 625/2+
+2822 + 623/ + 62 + 6,/x + 1

Sincehs; (z) > 0, this gives thako; () > 0 Also we
have

BIMs_Jh = SUDge(0,00)9 Mo _Jh (T) =
= lim gy, (@) = 3

23 For Di”foA P||Q) <
QKOA,KOI(

3D§’<501(P|\Q : Let us consider

= fiya(x)/ fic,1(x), then we have

IKoA_K1(T) =

3xt + 627/% + 202 + 342°/%+
_ \ 46627 +342%/2 4+ 20z + 61/z + 3
~(z+1)2 (322 + 623/2 + 14z + 6/7 + 3)
and

gIKOA,KOI(x) =
8(x— 1)z (3z+8y/x +3)
) @+ 1) "
(32% + 42%/% + 10z + 4/ + 3)
: (322 4 623/2 + 14z + 6/ +3)”
This gives

/ >0,z<1
IKoA_Ko1(T) <0,z>1"

Also we have

B= sup grea ror(z) = lim gr,a ror(z) = 3.
z€(0,00) r—1

24For D33, (PHQ) < %D (P||Q): Letus consider
)/ [, 1 (@), then we have

gTM3,KOI(IC) =

_ VI —2m (@240
B V2 12 (7 — 1)°

" 81
(332 4 623/2 + 14z + 6/x + 3)

91T M;_Io1(T) fTM3

and
g’_/ng KDI( z) =
4 X koo(x)
VIVIEF 2@+ ) (V- 1) x|
<>< (32 +6x3/2+14x+6\/5+3)2>
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where

kgg(.’ﬂ) =V2r+2x

321/2 + 2822 + 3\/x + 33232+
x | 46023 + 332* + 32° + 602°/2+
+2827/2 + 292 4z +3

6/ + 402%/% + 4027/2+
+9z + 8425/ + 625 + 9at+
+2523 + 6292 + 2522 + 6

_2\/5

This gives

/ >0,z<1
QTM3,KOI(»T) <0,z>1"

providedkss (x) > 0. In order to provekes () > 0, let
us consider

hgg(.%‘) = (\/ 2x + 2)2 X
3211/2 4 2822 + 3/ + 332%/24
x | +602° + 332* 4 32° 4 602°/2+
+2827/2 + 292 + x4+ 3
6y/Z + 40232 + 4027/2+ ?
+9z + 84x5/2 + 62° + 9zt +
+252° 4+ 629/2 + 2522 + 6

N
After simplification, we have

2 (v —1)*

9 + 54/x + 13262* 4 54219/ 4+
+246217/2 4 132429/2 4 1324211/24
+9522:15/2 4 1808x13/2 + 158223+
+95225/2 + 114z + 60122 + 3522°+
+9210 + 1142° + 60128 + 158227+
+132625 + 180827/2 + 24623/2

h22 (Z‘) =

Sincehss(x) > 0, proving thatkss(z) > 0. Also we
have

B= sup grm, x.r(r) =
z€(0,00)
= lim 9 M5 _Ko1 () = .
25For D%, 1(P||Q) < 15D 1(P||Q): Let us consider
)/ [, 1 (%), then we have

My I_Ko1(T) =

B 16x[\/2x+2(m—f+1) (232 +1)]

(\/2 2(vz — 1) x )
x (32% + 62%/2 + 14z + 6\/z + 3)

g 1_K,1(T) = fMlI

an
ngLKOI(x) =

8 x k‘gg(]})
((ﬁ1)3f2x+2(a;+1)x )

x (322 + 6232 4 14z + 6,/z + 3)°
where

kas(z) = V2x 4+ 2 (x4 1) (Vo +1) x
x<6<x2+1><ﬁ—1>2+2x3/2 )
+322 (Vo +4) + 3z (4/z + 1)

62°/2 + 4027/ 4 842°/? + 4023/% + 6./x
+62° 4+ 92* + 2523 + 2522 + 92 + 6

This gives

/ >0,z<1
91 ko1 () <0,z>1"

providedkss(z) > 0. In order to provéess(z) > 0, let
us consider

hos(z) = [V2z +2(z +1) (Vo + 1)]

(BEWE- D Y
+32% (Vo +4) + 3y (4y/T + 1)

(62%/% 4 4027/2 4 8425/ + 40232 + 67\
+62° + 9z + 2523 + 2522 + 97 + 6

After simplification, we get

has(x) = (Vo — 1)6 X

36 + 72/ + 1982 + 13142%/2+
+39623/2 + 13142°%/2 + 396211/2+

X | 4171723 + 76522 + 201227/2+
+72213/2 4 7652° + 171724+
+3627 + 1982°

Sincehqs(z) > 0, this gives thakqs(z) > 0 Also we
have

B= sup ga1_x,r(r) = lim garr rer(z) = -
x€(0,00) z—1

26 For Dﬂ(PHQ) 3D ((P||Q): Let us consider

9in_tcor(®) = [, (x)/ fit, 1 (@), then we have
9in_kor(z) = 4/ (z +1)

0 322 + 623/2 + 147 + 6/7 + 3
osep(e) = —2E D@D + @ -]
-Ko (3$2+6m3/2+14$+6\/§+3)

This gives

’ >0,x<1
th,KOI(l“) <0,z>1"

Also we have

B= sup ginror(x)=1Um g g,1(z) = i_
z€(0,00) z—1
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- [M(m + 1)3}2

27For D (P||Q) < }SD%MI(PHQ)' Let us con-
sider ), then we
have grcotsiorts (7) = St (2)/ ficoan, (@ After simplifications, we get
YKol KoM,y (:E) = 4
VIr T2 (V7 —1)? x has(x) = (Ve -1)
< x (32% + 62%/% + 142 + 6,/z + 3) > 905 1 829/2 4 1024 + 2027/2 4
+292°% + 4225/2 + 2922+

X
)) +202%/2 + 8y/z + 10z + 2
Sincehgys (z) > 0, this gives thakss(x) > 0. Also we

- <\/2m—|—2(x+1)><

x (322 — 14z + 3) + 16z (z3/2 + 1

and
g/KOI,KOJVIl (z) = have
16 (/T — 1) X koa(x) B= sup grom Koy (T) =
T Vavae 2 (162 (2 1) + ’ ree)
<+\/m(x+1) (3% — 14x+3)]2> = lim grconn, ko, (7) = 13-
wherekay(z) = koz(x) > 0. This gives 29 For D%{30M2 (P|lQ) < }3D3K20h (P||Q): Let us con-
>0r<1 sider gy ns,_kon(T) = fieoar, ()] Fiec,n(2), then we
have

g/KUI,KoMl (z) { <0x>1"
JKoMs_Koh(T) =

<\/m(fc+1)>< )

x (922 — 26z +9) + 16z (z%/2 + 1)

Also we have
B= sup gror_kom (T) =
z€ (0,00 -
c(0,00) 9v2r +2(z+ 1) (x — 1)°
= iim IKoI_KoM, (T) = %' and
28ForD: \;, (P]1Q) < 15D§’<‘”0M (PIIQ)' Letus con- J (z) = — S haole)
/fKoMz then KoMz-Koh 9 ((ﬁ - 1)3 ((E + 1)2 \/m’

sider gronr, _kons () = fieoar,

we have
wherekqg(z) = kos(x) > 0 This gives

>0,z<1

) <¢m<x+1> x )
glKgszKoh(m) { < O7 r>1"

IKo M, KoM, (T) =

x (32% — 14a + 3) + 162 (23/2 + 1)

(\/2x+2(x+1)>< )
Also, we have

x (922 — 262 +9) + 16z (z%/2 + 1)
6 = Sup gKoszKoh(x) =

and
g/KOMl,KOMg (z) = z€(0,00)
B 288(x — 1)(x 4+ 1) X kos(x)
o (\/m(xﬂ) (922 — 262 +9) +) ’ = Jim gxoa—scon(7) = 13
+16z (¢%/2 +1) 30For D |, (P||Q) < 4D§<1 M, (P|/Q): Letus consider
where IKoh KoMy (T) = [l (@ /fKOM3 ), then we have

9Koh_KoMs3 (‘T) =

—V2r+2(z+1)>. 3(z—1)2(x+1)v2r 12
(\/m( 1) x >

x (32% + 2z 4 3) — 162 (z%/2 +1)

kos(x) = (2x7/2+x5/2+5m2+5x3/2+x+2)—

This gives
, () >0z <1
KoM KoM, <0zx>1" and
/ —
providedksys () > 0. In order to provekss(z) > 0, let Iron-iconts (¥) =
us consider a function L 24 (x — 1) V2 + 2 X kor(x)
. 907/ 1 45/2 4 5p21\ 2 (V22 +2(z+1) x 7
25() = 5082 4 oo - x (322 + 22 + 3) — 16z (/2 +1)]°
(© 2013 NSP
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wherekar(z) = ko5(x) > 0 This gives

/ >0,x<1
IKoh_KoMs () <0,z>1"

Also we have

B= sup groh Koy (2) = M grcon_ronss () = 3

z€(0,00)

31For D2 h (P||Q) 3Di”<"OJ(P|\Q)' Let us consider

9koh-ko () = fic,n ()] fic, ;(x), then we have
B(WE+1)°
IKoh_KoJ(T) = Iy

glKoh,KoJ(x) =
_ 6(x—1) {>0,x<1
VzBr+2yz+3)° | <0z>1

and

ﬂ = sup gKoh,KO.](x) = hm gKoh,KoJ(-T) = %
z€(0,00) r—1

32 For Df’goh (PllQ) <
IKoh WA (CU) =

1Di11,5A(P\|Q)' Let us consider
z)/ fg (z), then we have

3z (z +1)°
4 (x* + 523 + 1222 + 5z + 1)’

f}éoh

IKohwA(T) =

gKOh WA

8(:5—1 w+12><
o \x@? +533+1 {>O,x<1

3 <0,x>1
37 x* + 53+
+1222 + 5z + 1

and

B= sup gxohwa(r)=lm grpwa(z)= 3.
2€(0,00) o1

33For D, (P||Q) 1D3,4I(P\|Q)' Let us consider

9roswa(x) = fit, ;(x)/ i A(x), then we have
(z) = VI (3x + 2/ +3) (z+1)
IKod 42?32+ 1) (Va+1)°
and
g/KOJ,m(l’) = Vr=D@Brtvets)

8V7 (@ 130+ )2 (Vi + 1)

y ((x5/2+1)(\/3?+1)+ )
22 (z+ D) +a(Vz—172)"

This gives

, >0,z <1
Kot wr(T) <0,2>1"

Also we have

B= sup gxoswr(®)=lim gx,swr(z) = 1.
2€(0,00) z—1

34For DPA (P||Q) < SDE4(P||Q): Itis true in view
of (2).

35For D\, (PIQ) < & D§P3M1(P||Q)' Let us con-

713

siderg,ar,_wan, (2) = fieoar, (€)/ fiar, (), then we
have
IKoMs_wi, (T) =
JE V2 +2(x+1)x
_ x(3x2+2x+3)—16x (x3/2+1)
B 4 V2 +2(x+1)x
X <x3 — 473/2 4 1) + 423/2 (£C3/2 + 1)
and
g/KOMS,q/Ml (z) =
3\/5\/ 2x + 2 (\/E — 1) X ng(ﬂZ‘)
8vZ(vz—1)7° (@ +1) V2 +2x |
x (422 + 5232 4 63 + 5z + 4)°
where

kos(z) = V22 + 2 (Vo + 1) x

4 3 5/2
+ 3z° + 8x°/°+
(e -
X(@+1) <+8x2 +82%/2 + 3z + 1)
42 + 6292 + 624 + 13272+
+1823 + 3425/2 4+ 1822+
+132%/% 4 62 + 6/ + 4

—4x

This gives

/ >0,z<1
9K Ms_ WM, (z) <0,x>1"

providedkss(x) > 0. In order to proveksg(x) > 0, let
us consider

hQS (J?) =

4 3 5/2 2
2 [ x* 4 3x° + 8x°/*+
% {(x—l—l) (+8x2+8x3/2+3x+1>} B

2

(V2 +2 (Vo +1)]"

425 + 6292 + 624 4+ 1327/2+
+1823 + 3445/2 + 1822+
+132%/% 4 62 + 6/ + 4

After simplification, we have

2 (Vz—1)*

— |4x

h28 ((E) =
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1 4 8y/x + 452 + 176025/ + 69822+
+361623 + 102432* + 1854125+
+185412° + 361628 + 1024327+

x | 42t + 69829 + 45210 4 821/24
+641627/2 + 1471229/2 4 20823/2+
+14712213/2 4+ 176021 7/2+
+6416215/2 + 208219/2 4 20112211/2

Sincehsg(x) > 0, proving thatkas(z) > 0. Also we
have
B= sup gr,ms o, (T) =
z€(0,00)
= lim grco s o, () = 3.

36For D34 (P(|Q) < 39D, (P||Q): Let us consider

gwrwn, (x) = fi;(x)/ fyar, (x), then we have
gur_wnm, () =

(22 + 3z +1) (z — 1)* V22 + 2

\/2x—|—2(x3 —4x3/2+1) X
X (m+1)+4m3/2 (m3/2+1)

and
!JIMJ/Ml (z) =
_ 223/2\/20 + 2(x — 1) X kag()
@+1) \/2x+2(x3—4333/2+1) % \2
x (x4 1) + 4232 (2%/2 + 1)
where

kog(z) = V2 +2(x+1) x

(3T =17 (22 +1) (z+ 1) + B
+227/2 + 32 4+ 1022 + 3z + 2/x

(3212 4 6292 + 62 + 1027/ + 152°+
+152%/2 £ 1022 + 623/2 + 62 + 3 )

This gives

Gw 1w, (%) <0z>1"

provideskag(x) > 0. In order to provekag(x) > 0, let
us consider

hao(x) = [V22 +2(z + 1)}2 X

L (3T =17 (22 +1) (z+ 1)+ B
+227/2 4+ 323 4+ 1022 + 32 4 2\/x

(3212 46292 1 62t + 1027/2 + 1523+
+1525/2 + 1022 + 62%/% + 62 + 3 '

After simplifications, we have

hao(2) = (V& —1)" x s(x),

where

9 + 56z + 17922 + 36023+
+4912* + 4912° + 36025+
417927 + 5628 + 92°

s(z) = (& +1)

W 6 + 32z + 81a2 + 14423 + 17924+
T\ +14425 + 8126 + 3227 + 62° :

We know thatz +1 > 24/z, this allows us to conclude
that

9 + 56z + 17922 + 36023+
+4912* + 4912° 4 36025+ | —
+17927 + 5628 4+ 929

s(z) > 2y/x

(64 32z + 812 + 14423 + 1792 +
+1442° + 812° 4 3227 + 62° '

After simplifications, we have

328 + 1527 + 5125+
+842° 4 84z* + 8423+ | > 0.
+5122 + 152+ 3

s(x) > 2y

This gives ushag(z) > 0. Hencekag (z) > 0. Also we
have

B= sup gurwn (x)=lim gor e, (z) = 33.
z€(0,00) z—1
37For DP, (P|IQ) < 22DEA ., (P||Q): Let us con-

sider gy s, wan, () = fia, )/ fiar, (@), then we
have

9w M, WM, (90) =
3 V2x + 2 (:E3 — 4232 4 1) X
x (x+1) + 423/2 (333/2 + 1)

V2 +2 (32 — 82%/2 + 3) x
X (z+1) +4a? (232 + 1)

and
gl/I/MlJI/Mg (z) =
36y (%2 — 1) (x + 1) X kso(z)

(\/2x+2[\/23§+2(x+1)x )
X (33:3 — 8g3/2 +3) + 423/2 (J;3/2 +1)}2

where
2
kso(z) =2 (x4 +32%/2 4 323/% 4 1) -
2z 2 (x3/2 + 1) (z+1)?
This gives

/ >0,z<1
Gwnr, s, () <0,z>1"
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providedkso(z) > 0. In order to provekso(z) > 0, let
us consider

hao(x) = [2 (334 + 325/ 4 323/ ¢ 1)]2 -

~[varE(e 1) @)

After simplifications, we have
2 (v —1)" x

20 + 42112 4 525 4 1029/2 4 1522+
x | +1827/2 4 2423 + 1825/2 + 1522+
+1023/2 + 52 + 4y/z + 1

Sincehso(z) > 0, this gives thaks,(z) > 0. Also we
have

8=

hjo(x) =

sup  gwar,_war, () = lim goar,_war, (2) = 52
z€(0,00) z—1

38For D%, (P||Q) < 31Dy (P||Q) Let us consider

gunt, wn(x) = fi o, (@ / ), then we have
g, wn(x) =
V2z 42 (32% — 823/% + 3) x
x (x4 1) + 4232 (2%/2 + 1)
3 [\/E(x +1)V2x +2 (232 - 1)2]
and
T X k31 (x
glszg,q/h(af) == Ve 2(2)

V2T +2(x+1) (232 —1)%
whereks; (z) = kso(x) > 0.This gives

/ >0,z<1
9wz, o () <0,z>1"

Also we have

B =

SUp  gw s, wn(x) = lim goas,_wn(z) = 3¢
z€(0,00) r—1

39For D4, (P(|Q) <
of (2).

D% (P||Q): Itis true in view

40.ForDi‘I,1h(P|\Q) <3 D?I,OMS (P||Q)' Let us consider

and
g&/h,lpl\/l;; (z) =

31?3/2\/21‘—|— ( 3/2—1) Xk32(ZIJ)
\/295—1—2 T —|—1) >
(z%/2+1)

x(x+1)—
wherekss(z) = kso(x) > 0. This gives

’ >0,x<1
QWh,WMS() <0,z>1"

Also we have

8=

Sup  gwh_wns () = Um gop_wn, () = %
z€(0,00) z—1
41For D\, (PlIQ) < llD?JKU (P||Q): Let us con-

sider gg s, wi, (r) = )/ ik, (), then we

have
9w M;_PK, (33) =
4 V2r+2 (2% +1) x
x (x4 1) — 4232 (2%/2 + 1)

((m+1)\/72x+2(\/5—1)2>< >
x (427 +52%/2 + 62 + 5y/z + 4)

!PMg

and
QIWMg,&DKO (z) =
6 X kss(x)
(Vi—1)°Var+ 2z (x+1)7 % )
<>< (422 + 52%/2 4 62 + 5\/§+4)2>

where

_(VEFEVELD @+ 1) X
k33($)— (x(1—|—3x—|—8$2+3$3+$4))_

gy (422 + 20+ 627 +11x3/2+2f+
+1425/2 4 623 + 1127/ 4 4a® + 229/2

This gives

’ >0z<1
gWMs,WKO(x) <0x>1"

providedkss(z) > 0. In order to proveiss(z) > 0, let
us consider

_[VETE(E+ ) @17 x ]
h33(37)_[x(1+3x—|—8x2+3x3+5€4)} -

gun oy (2) = fip,(2) ] fiar, (), then we have At 90t 4 20 4 6?4 112¥24\ 12
Guh_wy (T) = — 4z | +2v/z + 14252 + 625+
+1127/% + 425 + 22°/2
2

(z*? 1) (@ + 1) V2r + 2 After simplifications, we have

V2x + 2 sc + 1) A

X (z+1)— (232 +1) has(z) = (Vo —1)

@© 2013 NSP
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1+ 30z + 21442° + 6/7 + 23122+
+69823 + 3802°/2 + 110x3/2+
+105627/2 + 14752* + 1874292+

x | +229825 + 69829 + 30zt + 231210+
+214427 4 380x19/2 + 1056217/2+
+147528 4+ 212 + 6223/2 4+ 1102222+
+2366213/2 + 2366211/2 + 1874215/2

Sincehss(z) > 0, this gives thakss(z) > 0. Also we
have
11

/3 = Sup govM; ¥K, (x) = lim guMs WK, ("Ij) = %
z€(0,00) z—1
42 For D?I,QJ(PHQ) 4D§I,7KO (P||Q)' Let us consider
9ok, (x) = fy,(x)/ f§x, (x), then we have
2
4(Vz+ 1) (z+1
g g vk, () = (Vz+ 1) ( )

422 4 523/2 + 62 + 5/x + 4’

g,WJJ/KO (r) =

25 —1) 3a? + 4232+
+10z + 4/ + 3 {>0,x<1

422 + B3/24 2 <0,z>1
NG
+6x + 5z +4

and

8=

ol

sSup gwr wk,(x) = lm gws ok, (T) =
z€(0,00) r—1

43For DY (P||Q) < DP(P||Q): Itis true in view

of pyramid.

44For DY (PHQ) 1D51;5A(P||Q)' Let us consider
9wk, Fa(x) = fig, ()] ffA(x), then we have

oK, FA(T) =

422 + 523/2+ 3
4\/5<+6x+5\/5+4 (z+1)
15 + 90z + 2572 + 49223+
+25724902° + 1525 + 30\/z+
+15023/2 4 36425/ +
+36427/2 + 1502%/2 + 30x11/2

)

QIWKO,FA(JS) =
2@+ @-1%z-1)°
15 + 90z + 2572 + 49223+
+257x% + 90x° + 1525+
+30y/x 4 15023/2 4 3642/ +
+36427/2 4+ 1502%/2 + 30211/2

Jz

10 + 110z + 48622+

+7402° + 4862* +
{ >0,x<1

5 6
x| +1102° + 1025 + 25./z+ 20 o1

+20523/2 4 5862°/2+
+58627/2 + 20529/2 4 25211/2

and

B=

sup  guk, ra(®) = lim gog,_ra(z) = 3.
2€(0,00) z—1

45For D32.(P||Q) < 2D§1(P||Q): Let us consider
gor_r1(z) = fyr(x )/fF,( ), then we have

gq/T,FI(ﬂC) =

B 16y/7 (22 +z +1) (vVz + 1)°
~(152* 4 3027/2 + 6023 + 9025/2+
+12222 + 902%/2 + 60z + 30\/x + 15

and
Q/WT,FI(x) =
8(x—1)
152 4 3027/2 4 6023+
+902%/2 4+ 12222 + 9023/24+
+60z + 30z + 15

1520 + 26211/2 4 402° 4 862°/% 4 9zt +
X | +922 + 862/ + 40z + 26/7 + 15+
+(2% — 1)2y/x (34z + 65/x + 34)

This gives

Jz

>0,r<1
wren@ {2075

Also, we have

0=

sup glpT,F](x) = lim gIPT,FI(x) = %
z€(0,00) z—1

46 For D%\ (P||Q) < 2D31(P||Q): Let us consider
QWA,FI( )= foalx )/f}é,(:v),then we have

gra_r1(x) =

15 + 90z + 25722 4 49223+
+257z* + 90z° + 1525+

+304/z + 15023/2 4 3642°/2+
+36427/2 4+ 15029/2 4 30211/2
152* + 3027/2 + 6025+
+902°/2 4 12222 + 9023/ +
460z + 30y/ + 15

(x + 1)2

Q%A,FI(SC) =
32232 (x — 1)
1524 4+ 3027/2 + 6023+

+9025/2 4+ 12222 + 9023/2+
+60z + 30/ + 15

(x4 1)3

752 + 3002%/2 + 675z* + 120027/2+
x | +168223 + 19282%/2 + 168222+
+120023/2 4+ 6752 + 300\/Z + 75

© 2013 NSP
Natural Sciences Publishing Cor.



66 %m S\

Inder J. Taneja: Nested Inequalities ...

This gives

’ (2) >0,z<1
JrA_FI <0,z>1"

Also, we have

8=

sup gFA,FI(I‘) = lim gFAfFI<x) — %
z€(0,00) r—1

47For D31(P||Q) < &5DE3,, (P||Q): Let us consider
gri_rm, () = [ (@) ] fioar, (), then we have

9gFI_FM, (!13) =

(Vz—1)V2z +2 y
V2z 42 (15334 — 6222 + 15) X
x (x4 1) + 6422 (23/2 4+ 1)

1524 + 3027/2 + 6023 + 9025/2+
+12222 + 902%/2 + 60x + 30\/z + 15
and

g%‘I,FMl (z) =

64 (\/5— 1) X k‘34($)

(Va2 (150t — 6222 + 15) x |
x (z+ 1) 4 6422 (23/2 + 1)

where

k’34($) =V 2x —+ 2 %

—1525 + 24225/2 + 1652+
+30223 + 452° 4 24224+

x | +22522 4 22529/ 4 60+ -
+4523/2 + 60213/2 — 15,/z+
+30227/2 + 165x11/2

60 + 1352 + 2552° + 60/z + 25522+
+47823 + 48425/2 + 24023/2+
+67227/2 4 478z + 484292+
+13525 4 60213/2 + 240211/2 + 6027

This gives

/ >0,x<1
grr_ru, (7) <0,z>1"

providedksy(x) > 0. In order to proveks,(x) > 0, let
us consider

h34(5€) = (\/ 2x + 2)2 X

—152% + 2422°/2 4+ 165z + 302z +
+45x5 4 2422* + 22522 4 22529/2+
+60 + 4523/2 4 602'3/2 — 15/z+
+30227/2 4+ 165211/2

60 + 1352 + 2552° + 60y/Z + 25522+ \

+47823 + 48425/2 + 24023/2+
+67227/2 4 478z + 4842%/2 4+ 13520+
+60213/2 4 240211/2 + 6027

After simplification, we get

h34($) = (\/.E— 1)4 X

3600 + 4412502% + 202502+
439683225 + 3600+/Z + 6187522+
+1472702 + 900002:5/2 + 2610023/2+
+20826027/2 4 277740x*+
+3528602%/2 4 20250211 4
+451980211/2 + 45198013/2 4+
+35286021%/2 + 36002:23/2 + 3600212+
+1472702° + 39683227+

+2610022Y/2 4 27774028+
+208260217/2 + 9000021972 + 61875210

Sincehsq(z) > 0, this gives thaks,(z) > 0. Also we
have

8=

sup  grr_rar, (€)= iLITII gr1_ru, () = G5

z€(0,00)

48For D33, (P||Q) < $2D33, (P||Q): Letus consider
g, Py (2) = fiar, (2) ) fia, (), then we have

9F M, _F M, (x) =
o (V2o +2 (152" — 6222 4 15) x
B x (x4 1) + 6422 (23/2 4+ 1)

(V22 + 2 (452 — 12227 + 45) x
x (x4 1) + 6422 (23/2 4+ 1)

and

5760z (z — 1) (z + 1)° y
V2x 4+ 2

gﬁle,FM2 (z) =

k35 (iE)

V2T 2 (4524 — 12222 + 45) x \*
x (x4 1) + 6422 (23/2 4+ 1)

X

where

kas(z) = (Vo +1) x
<[ (2F 1) 4672 4+ (V5 - 2)7] -
—2v2z+2(2* +1) (z +1).

This gives

’ >0,z <1
9F M, _F M, (z) <0,z>1"

providedkss(x) > 0. In order to provéss(z) > 0, let
us consider

h35(.’b) = (\/E-l- ].)2 X
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<[ v 1) e s (v -2 -
—[2V2r 2 (e +1) (@ + 1))

After simplifications, we have

4
has(z) = (Vo —1)" x
825 + 3229/2 4 324% + 2427/24
x | +4923 + 82252 4 4922+
+2423/2 4+ 322 + 32\/x + 8

Sincehss(z) > 0, this gives thakss(z) > 0. Also we
have

63

f= sup gran ru,(r) = lim gean ras () = G-

z€(0,00)
49For D3, (P||Q) < & D31 (P||Q): Let us consider
(z)/ [, (@), then we consider

9FM,_FR(T) =
V22 + 2 (4521 — 12222 + 45) x
x (z+ 1) + 6422 (z%/2 + 1)
45v2x + 2 (x +1)% (2 — 1)°

9FM,_FR(T) fFM2

and

322 X kag(x)
45 (x —1)° 2z + 2 (z + 1)*
whereksg(x) = k3s(x) > 0. This gives

g/FM2,Fh(x) = -

9rrt,_rh(T) <O0z>1"
Also we have
B= sup gra,_rn(z) = lim gpar,_pr(z) = &
z€(0,00) z—1
50For D31, (P||Q) < 12D#5 (P||Q): Let us consider
grn_ry(x) = fp, (2 )/fFJ( ), then we have

15 (va+1)* (z + 1)°

x) = R
9rnrI(8) = e 0 § 5t
+4423/2 + 452 4 30\/z + 15
and
g;“h,FJ(x) =
_ 120@-1)(z+1)Vz (Bz+4/2+3)
1503 + 3025/ + 4502+ 2
+4423/2 + 452 4 30\/z + 15
This gives

' () >0,z<1
IFh_FJ <0,z>1"
Also, we have
15

B= sup grnrs(z)=1limgpr, rs(z)= 1.
2€(0,00) z—1

S51For D*;:lh(PHQ) < ngE’O

9Fh_ FM3 th

(P||Q): Let us consider
/fFM3 ), then we have

9Fh_FMs (Z) =

-1 @+ 1) V2 2
~(V2z 2 (152t + 22° + 15) x
X (z+1) — 6422 (232 + 1)

and
Q%h,FM3 (z) =
B 960z (z — 1) (z + 1)* x ksr(z)
V2z 42 [—642? (232 + 1) + V22 +2x )
x (z + 1) (152* + 222 + 15) ]
Whereks7(z) = kss(x) > 0. This gives

/ >0,z<1
9Fh_FM; (z) <0,z>1"

Also we have
20

/3 = SuUp grh_FMs; (x) = lim th,FMg(x) = 19
2€(0,00) a—1

52 For D%‘l’ws(PHQ) < 19D4F}(0(P|\Q)' Let us consider

— 16
gFMg,FKo( fF]\/[g /f then we have

9FM;_FK, (37) =

2x+ 153: + 222 + 15) x
— 642 (232 +1)

(z + x—1)2\/2x+ (522 + 6z + 5)

and
4 x kgg( )

(z—1)° f\/2x+2>< ’
x (2 + 1) (522 + 62 +5)°

gIFMg,FKo (z) = (

where
k?gg(x) =V2r+2 (.’E + 1)3 X
x (152 + 202° + 5827 + 20z + 15) —
1025 + (v —1)% x
(102* + 23 + 2 4 10) +

+26x% + 2223 + 1225/24
+2222 + 262 + 10

—8x (Vo +1)

This gives

/ >0,z<1
9FM;_FK, (z) <0,x>1"

providedksg(z) > 0. In order to proveiss(z) > 0, let
us consider

has(e) = [VEr 7 2(e +1)°]
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x (152" 4 202° + 582> + 20z + 15)” —

5 2 2
10z° + (Vz —1)" x

x (102* + 2 + z + 10) +
+262* 4 222° + 122°/24
+2222 4 262 + 10

— |8z (Vz +1)

After simplifications, we have

hag(z) =2 (Vo — 1)4

225 + 4425z + 2789022 + 13576027/2+
+3492152° + 900/ + 942902°+
+27890x ! + 436976213/2 + 389920x15/2+
+34921528 + 20879122 + 1320023/2+

x | +491602°/2 + 225213 + 265724217/2+
+2087912* + 45385227 + 389920x11/2+
+4425212 4 94290210 + 3200223/2+
+900225/2 + 49160221 /2 +

+135760219/2 + 45385225 + 2657242°/2

Sincehss(x) > 0, proving thatkss(z) > 0. Also we
have

—

SUp  grms_FK,(*) = lim gpa,_ri, () = Tg'
z€(0,00) z—1

8=

53For D%?,(P| \Q)
grJ_FK,(x) = /

7D§:§<0 (PIIQ)' Let us consider
), then we have

JFJ_FK, (CE) =

152° + 3025/ 4 4522+
+4423/% + 452 + 30y/z + 15

3(522 4624 5) (VI +1)°

and
Q%J,FKO (z) =
1523 + 3025/ + 6522+
4(yr—1
B Ve =1) <+68x3/2 + 65z + 30y/ + 15
3(522 + 6z +5)° (v +1)°
This gives

/ >0,z<1
gF.],FKQ(x) <O7m>1 :

Also, we have

8=

(BN

sup grJ_rk,(z) = lim gry rr,(z) =
z€(0,00) z—1

54For D%, (P||Q) < DE%(P[|Q): It holds in view of
pyramid.

55For D£%:(P||Q) < 2D%5, (P||Q): Let us consider
x)/ fir(x), then we have

9gFT_Fw (l‘) =

9rK, FT(T) = frg, (z

152* 4 3027/2 + 602> + 58x°/2+
_ \ 45827 4+ 5823/ 4+ 602 + 30\/x + 15
B @+ 1) 1523 + 1425/2 4+ 1322+
+1223/2 132 + 14/2 + 15

and
Q%T,ng(x) =
8(zx—1)

1523 + 1425/2+
+1322 4 122324
+13z + 14/ + 15

v (z+1)°

1528 + 60x11/2 + 10525 + 18429/2+
x | 42652 4 380x7/2 + 38223 4 380x°%/2+
+265x2 + 18423/2 4 105z + 60/x + 15

This gives

/ >0,x<1
grr_rw(T) <0,z>1"

Also,we have

8=

sup grr_rw(r) = lim gpr_po(z) = 2.
z€(0,00) z—1
56 For D}ﬂ(PHQ) <4D}%,. (P||Q)' Let us consider
gan_amy (x) = f5,(2)/ f]ar, (2), then we have

W 1) @+ 1)V2r+ 2

97n-75(®) = (m(x +1) —)
Cayz (32 1 1)

and

/ o 2(1 = /z) (z+ 1) X ksg(z)

9ih_JMs - \/E\/m [\/mx } s
( x (x4 1)% — 4w (23 + 1)} )

whereksg(z) = k21 (x) > 0. This gives

’ >0,z<1
9n_in (%) <0,z>1"

Also, we have

8=

sup  gyn_sms () = lim grn s, () = 4.
z€(0,00) z—1
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. 202z + 2 (x—1
57 For D2 (PHQ) < D16M (P||Q): Let us consider - V22 +2 (@ —1) X ki () 7
Y 3 (z+1) V& [V22 +2x
gy 1_ams () = [y (@ /fJM3 ), then we have ( )

x (4 1)% — 4/ (2% + 1)}2

M I_JMs (90) =

where
4z [V2r +2(x — o+ 1) — (232 +1)]
— _ 7/2 5/2 2 3/2 _
\/m(x+1)2_4\/5($3/2+1) k41($) (SC + 3z + 4x” + 4x +3!E+1)
and —2VzV2z + 2 (z +1)%.
, 2z (Ve — 1)3 This gives
I 1, (T) = _WX
/ ((L’) > 0, r<l1
« Kao(7) 9T M- Ms <0,z>1"
29
[\/255 T2 (x+1)° — 4T (232 + 1)} providedk,; (z) > 0. In order to proveky; (z) > 0, let
us consider
where
27/2 + 305/2 4 422+ 2
kao(z) = V2x + 2 (Va + 1) (z+1)°— hai(x) = <+4x3/2+3x—|—1 -
(.3 5/2 3/2
3 8 3 1). 2
(m +32%% 4+ 825 4+ 3V + ) 7[2\/5\/2x+2(x+1)2}
This gives S
g After simplifications, we have
/ >0,z<1 4
9,175 (%) <0,z>1" hai(z) = (Vo —1)
providedk,o(z) > 0. In order to proveks(z) > 0, let z® + 42°/? + 82 + 2027/2 + 2423+
us consider +3425/2 4 2422 4 202%/% 4 8x + 4T + 1
2 Sincehy () > 0, proving thatks; () > 0. Also we
2 _ . _
B (ms 4 325/2 4 8082 4 37 + 1) 8= IES(ISF;O) 9T M5 _J M, (T) = il_)ml 9T Ms_JM, () = 9.
After simplifications, we have 59 For D}g/la (P|Q) < 214D46 (P||Q): Let us consider
(o) = (V= 1) x v o) = £, (2)/ o ) then we have

x® 4+ 4292 + 8% + 20272+

ginMs_rw(x) =
X —|—241‘3 + 34135/2 + 24$2+ 3/2 2 3/2
12009 ¢ Sy 8/ p 1 160%2 [+ 1) VIT 2 - 4VE (072 4 1))

— . -
Sincehyg(x) > 0, proving thatk(z) > 0. Also we ( V20 +2(z +1) (Vo = 1)" x (152° + 15 )

have +142°/2 + 1322 + 122%/2 + 132 + 14,/7)
. and
B= sup gnnigms(®) = lim garogn,(2) =1.
z€(0,00) z—1 , 8\/5
9oty ru () = — 2 3 X
58 For D23, (PHQ) < QD}ﬁ,I3 (P||Q): Let us consider V2o +2(@+1)" (Vo - 1)
g ns (€) = fag, (2)/ f, (), then we have y ko (2)
g7z _a0; (T) = 1527 + 15 + 142°/% + 1322+ )’
. +1223/2 + 132 + 14\/x
_2[(#®+1) V22 +2-2ya (232 +1)] where
V22 + 2 (z +1)° — 4y (23/2 + 1) kao(z) = V2z + 2 (z + 1)% x
and 45092 4+ 132 + 88x7/% + 2423 4 222724+
9Ty, (T) = +2222 + 242%/% + 88z + 13,/ + 45
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2025 + 4211/2 4 925 + 4429/2+
—12vz | +122* 4 3227/2 + 142° + 3225/ + Both these solutions are negative. Since we are work-
+1222 4 44232 + 9z + 4/x + 20 ing with ¢ > 0, this means that there are no real posi-
o tive solutions of the equatiom(t) = 0. Thus we con-
This gives clude that eithef(t) > 0 orm(t) < 0, forall t > 0.

>0,z<1
<0,x>1"

e |

providedk,s(z) > 0. In order to provées(z) > 0, let
us consider

has(z) = [m (z + 1)2}2 X

452972 + 132% + 8827/2+
x | +2423 + 2225/2 + 2222+
+2423/2 4 882 + 13/ + 45

2020 + 4211/2 4 995 4 4449/24
+122% + 3227/2 4 1423 + 3225/2+
+1222 + 44232 + 92 + 4/z + 20

—144 x

After simplifications, we have

has(x) = 2 (vVa —1)" x v(x),

where

v(x)

2025212 + 9270223/2 4 1434421 +
+8634221/2 + 27498210+
+15106219/2 4 995229 — 2034217/2—
—900128 — 938021%/2 — 1277627+
+1444213/2 — 3643626 + 1444211/2—
—127762° — 93802%/2 — 900124 —
—2034z7/2 + 995223 + 1510622+
+2749822 + 8634x3/2+

+143442 4 9270/ + 2025

Now we shall show that(z) > 0. Let us consider

202524 + 9270¢23 + 1434422+
4863421 + 27498¢%9 + 15106¢19+
+9952¢18 — 2034¢17 — 9001¢16—
—9380¢t1% — 12776¢1* 4 1444¢13—
—36436t12 4 1444411 — 12776¢10—
—9380¢7 — 9001¢8 — 2034t"+
+9952¢6 + 15106¢° + 27498t*+
+8634¢3 + 14344¢2 + 9270t + 2025

The polynomial equatiom(t) = 0 of 24" degree ad-
mits 24 solutions. Out of them 22 are complex (no
written here) and two of them are real given by

—1.125443752 and—0.8885384079.

In order to check it is sufficient to see for any particu-
lar value ofm(t), for example when = 1. This gives
m(1) = 73728, hereby proving thatn(t) > 0 for all

t > 0, consequentlyy(z) > 0, for all z > 0, proving
thathgs(xz) > 0, Vo > 0,  # 1. Sincehygz(x) > 0,
proving thatkss (z) > 0. Also we have

B= sup gy, pu(x)=lim gsu, re(z) = L

z€(0,00)

Parts 1-55 refers to the proof of the inequalities given
in (7) and the parts 56-59 give the proof of (8). Combining
the parts 1-59 we get the proof of the Theorem 1.

2.1. Remark

1.Theorem 1 connects 54 members out of 55 appearing
in the pyramid. Since some them are equals by multi-
plicative constants, the Theorem 1 contains 47 differ-
ent measures. In this way we can make a sequential
inequality connecting 34 divergence measures.

2.From the inequalities given in (7) and (8), it is inter-
esting to observe that all the measures remain between
D}, and D35, i.e., in between the first members of
first and last line of the pyramid.

3.The last members of each line (corners members) of
the pyramid are connected in an increasing order, i.e.,

<D6

Dix < 3D¥ A Mo =

< 3D} <

8 15 1 21 1 28
< 35000 S 5D74 < 3D7, <
1 36 1 45 1 55
<1p¥% < 1ph, < 1Dy (13)

3. Equivalent Inequalities

As a consequence of Theorem 1, the sequences of inequal-
ities appearing in (7) and (8) can be written in an individual

t form. This means that the 59 results proving the Theorem

1 can be written in an equivalent form. This we have done
below in two groups. The first group is with three measures
in each case and the second group is with four measures.
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Group 1
A+128M; . F+1280M5 .
1. I %7 21. h S W7
A4A+ Ky . 31+16Ms3 .
2. <8tk 22. h > 3MH16Ms,
2044, 2A415J .
3. < AN 23. My < 244187,
32A+F . 3J48h.
4. <2858 24. M < 348,
5. M, <&M 95 )y < TESA,
6. M <Ko 26 My < Kotk
62414V, F+304h .
7. M < 256+O ) 27. Ms < 1280 )
100871+4+F'. Y+4176h
8. M < 1SEL. 28, My < HETOR
9. M >342Ma. 29 J < Kodl6h,
A+44h . 2A416T .
10. M, < S50 30. J < 2440
11, M, < T28Mi. 31, J < ALk,
12, M, < K380 3 g < Fi22dh,
U41184M; . 12074256 M> .
13. M, < ZHIBUL . 33 J > 120TH2500L,
F+1952M, . 814256 M-
14, M, < B2, 34, > BTA250Ms
15. M, > 3459k, 35. Ko< S
A+64Ms . 12J4+F .
16. h < A+0Ms, 36. Ko < 2L
17. h S 3J+112208M2; 309. KO S 31P+;;2M3;
T4+16M- . 3F+1024 M5 .
18. h < THSM, 38. K< 102N,
Ko+128M5 . F+16T
19. h< KotlZMe. 39 g < EHOT
Y4768 M, .
20. h< T,
Group 2
1. 80M; +16M5 < A+ 20h;
2. A+32h < 4T + 128My;
3. 6A+256My < 1921 + 3K;
4. 288M; + 224Ms < 1681 + 9.J;
5. 12M; +20My < 51 + 3T;
6. 9J+256M, < 1921 + 72T}
7. 10T + 32M; < 3J + 10h;
8. 721 +128T < 9K, + 512M3;
9. 8I+4J < Ko+ 32h;
10.  4A+ 8Ky < W + 64h;
11. 161+ 10Ky < ¥ +10J;
12, 26K, + 192M; < 3¥ + 832Msj;
14. 4A+3¥ < F + 6K;
15. 481 + 8% < 3F + 1287}
16. 487 + W < 2F + 1536 Ms.

Direct relations of the inequalities given in Groups 1 and 2
to the inequalities given in (5) shall be dealt elsewhere.

4. Reverse Inequalities

In view of Theorem 1, we shall derive some inequalities in
reverse order for the last three lines of thgamid.

1.Combining the inequalities given in the'?0ine of the
pyramid and the one given in (7) having the measure
F(P||Q), we have the following extended inequality

46 47 48 49 50 51
Dyy < Dy, < Dpp < Dp; < Dgpy, < Dy, <

52

< Dy, <

53 54 55 954
Dy, S Dpp S Dppy < D7 <
49
FJ

D
{ D%OMS } =

9
54
19

< 3D3k, < 3DE. <3D15,. (14)
According to inequalities given in pyramid we have
D3, < D¥),, butaccording to our approach we don't
havereverse relationamong the measure®?’, and
Dy, Also DY s related toD?; and D, with
different multiplicative constants. We call the expres-
sion (3.20) aseverse inequalities

52

F Mo, <

8 M53 72 6 N51
< 7Dy, < 61Dy, < 5D

2.Combining the inequalities given in thé"dine of the
pyramid and the one given in (7) having the measure
¥ (P||Q), we have the following extended inequality

37 38 39 40 41 42
DJIKO < DWT < DJI.I < DWJVI3 < Dqlh < DLT/MQ <

43 44 45 6 44 16 143
SDlle SDLDI SD&DA < ngPI < ED

<8pg2, <4iDil < 2D
—= 37Vh =

UM, =
—= 37 WM, %6 40
3 l )
117 ¥ Ms

<
< 2Dy, < 2D (15)

According to inequalities given in pyramid we have
D}, < Dy, but according to our approach we don't
have reverse relation among the measurtgs, and
Dy, Also Dy, is related toD3?; and Dy, with
different multiplicative constants. Again we call the
expression (15) agverse inequalities

3.Combining the inequalities given in thé"8ine of the
pyramid and the one given in (7) having the measure
U(P||Q), we have the following extended inequality

29 30 31 32
DKoT < DKoJ < DK0M3 < DKoh S

33 34 35 36
<Dy, < Dgar, S DR S Dia <

24 133
< 13DKUM2 <

3DY0 } |

%D%()Afg
We observe that the measuf&? ;. don't appears in
the reverse side. Moreover, it don’t appears in Theorem
1 too.

3 N35 8 N34
< 9D%r < 5Drom,

<20 < { (16)

Similarly we can writeeverse inequalitiefor the other
lines of the pyramid.
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