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BOUNDARY VALUE PROBLEMS FOR PSEUDOHYPERBOLIC
EQUATIONS WITH A VARIABLE TIME DIRECTION*

S.V. POTAPOVA!

ABSTRACT. In this paper we study the solvability of boundary value problems for pseudo-
hyperbolic equations with a discontinuous coefficient at the highest time derivative and forward-
backward time sgn zusy — Uzst + c(z,t)u = f(x,t). We establish the existence and uniqueness
theorems.
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1. INTRODUCTION

This paper is an investigation of the solvability of boundary value problems for the one-
dimensional linear pseudohyperbolic equation with variable time direction. The equations with
variable time direction arise in many applied problems. For example, such equation arises
in describing the electrons diffusion process (in a plate), in hydrodynamics (the study of fluid
motion with an alternating viscosity) and many other physical processes. The first work devoted
to parabolic equations with changing time direction was the work of M. Gevrey [1]. The most
intensive exploring of such kind equations began in 1960-70. S.A. Tersenov in several studies
investigated a contact parabolic equation with changing time direction

SENT UL = Ugy, (z,t) € (—1,1) x (0,7,

and a number of other model equations, which are reduced to a system of singular integral
equations with the help of potential theory [6]. In these papers necessary and sufficient con-
ditions for solvability in spaces Hﬁ’g/ 2, p > 2 were obtained. In this case, the orthogonality
conditions have been written explicitly and the number of necessary conditions of orthogonality
is finite. But in the multidimensional case, the number of orthogonality conditions (of integral
character) is infinite. First time this fact was noted by S.G. Pyatkov [5].

Further, boundary value problems for parabolic equations with changing time direction are
considered in works of S.V. Popov and his students [3, 4]. They have discharged necessary and
sufficient conditions for solvability in Holder spaces in the same way as S.A. Tersenov. The
fulfilment of these conditions will increase the smoothness of solutions if the smoothness of data
problem is increased. Moreover, for higher-order equations the smoothness of solution depends
on the sewing conditions, namely, one can establish dependence between the index of Holder
spaces and the coefficients of sewing conditions.
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In work of A.I. Kozhanov [2] by the regularization method and the method of continuation
parameter the existence of regular solutions of the first boundary value problem for Sobolev’s
type equations of one class - namely, for pseudohyperbolic equations with variable directions
and continuous coefficient is proved. In this paper, using the same method we prove the regular
solvability of the boundary value problem for pseudohyperbolic equations with variable time
direction and discontinuous coefficients. Note that the regularization method and the method
of continuation parameter gives a new approach in researching the boundary value problems for
evolution equations with variable direction of time.

2. PROBLEM STATEMENT

Let Q be a rectangle (—1,1) x (0,7), 0 < T < 400, c(x,t) and f(z,t), (z,t) € Q— given
functions, « and 8 — given real numbers. Denote
QT ={(z,t): (,t)€Q, >0}, Q" ={(z,t): (z,t) €Q, <0}, Q1 =QTUQ".
Boundary value problem I: find a solution u(zx,t), (x,t) € Q1 of equation
SgN T Ut — Uggr + c(x, t)u = f(x,t) (1)

satisfying the boundary conditions

u(—1,t) =u(l,t) =0, 0<t<T, (2)
u(z,0) = u(z,0) =0, 0<z<l, (3)
w(x,T) =u(x, T) =0, —-1<z<0, (4)
and the sewing conditions
u(+0,t) = au(—-0,t), 0<t<T, (5)
Bug(+0,t) = uy(—0,¢), 0<t<T. (6)

Boundary value problem II: find a solution u(z,t), (z,t) € Q1 of equation (1) satisfying
the conditions (2), (5), (6) and

w(z,T) = u(z,0) =0, 0<z<l, (7)
u(z,0) = w(x,T) =0, —-1<z<0. (8)

Boundary value problem III: find a solution u(x,t), (x,t) € Q1 of equation (1) satisfying
the conditions (2), (5), (6) and

u(z,0) =u(z, T)=0, —-1<z<l. (9)

Let ci(z,t), ca(x,t), fi(x,t) and fo(z,t) be given functions where (z,t) € Q+. Further, we
consider tasks associated with boundary value problems I — III.
Boundary value problem I': find a solutions u(z,t) and v(z,t), (x,t) € QT of equations

Upt — Ugat + c1(z, )u = fi(,1) (10)
—Uit — Vrat + C2(2, 1) = fo(2, 1) (11)
satisfying the boundary conditions
u(l,t) =0, v(1,t) =0, 0<t<T, (12)
u(z,0) = uy(z,0) =0, 0<z<l, (13)

v(x,T) =v(x,T) =0, 0<z<l, (14)
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and the sewing conditions
u(0,t) = aw(0,t), vz(0,t) = —Puy(0,t), 0 <t <T. (15)

Boundary value problem II': find a solutions u(x,t) and v(z,t), (z,t) € QT of equa-
tions (10) and (11) respectively, satisfying the boundary conditions (12), the sewing condi-
tions (15), conditions (7) and

v(x,0) =v(z,T) =0, O0<ax<l. (16)

Boundary value problem II1I": find a solutions u(z,t) and v(z,t), (z,t) € Q" of equa-
tions (10) and (11) respectively, satisfying the boundary conditions (12), the sewing condi-
tions (15) and

u(z,0) =u(z,T)=0, 0<zxz<lI, (17)

v(z,0) =v(z,T) =0, 0<xz<l. (18)

Using solutions of boundary value problems I’ — ITI’, solutions of boundary value problems
I — III will be constructed.

3. SOLVABILITY OF BOUNDARY VALUE PROBLEM [’

Let V0+ be a linear space
Vo = {v(@,t) - v(z,t) € La(QT), vu(w,t) € La(Q"), vaat(w,t) € La(QT)}

Let’s put the following norm in this space

2

ol = | [ @+ ek o2 dear |
Q+

it is obvious that the space VO+ with such norm is a Banach space.
Theorem 3.1. Let the following conditions
af > 0; (19)
ci(x,t) = cni(x, t) + cro(x, t),  co(z,t) = cor(z,t) + coa(z, 1),
cii(z,t) € CHQY), el t) € CHQY),
ci2(x,t) € C(@), coa(z,t) € C(@),
ci1(x,T) >0, ¢21(x,0) <0 at ze€]0,1],

c11e(z,t) <0, copp(x,t) <0 at (z,t) € QF,

T?max ¢fy(z, ) <1, T?maxcy(z,t) <1 (20)
Qt Qt
hold. Then the boundary wvalue problem I' can not have more than one solution

(u(x,t),v(x,t)) such that u(z,t) € Vi, v(z,t) € Vy'.
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Proof. Let (u(z,t),v(z,t)) be a solution of boundary value problem I’ such that u(z,t) € V',
v(z,t) € Vo', We multiply the equation (10) by a function u¢(z, t), the equation (11) by yvt(x, t),
where v = %, then we integrate the received equalities over the rectangle Q' and add the results.
Using the representation of functions cj(x,t), co(x,t) and integrating by parts, we obtain the
following equality

1
/[Uzst + ’ngt — §Clltu2 — %021751)2] dx dt+

o+
1
—I—;/ut z,T) + yv?(x,0) + c11(z, T)u*(x, T) — yeo1 (z,0)v? (x, 0)] da+
0
T T
+/uxt0tut0t dt—l—v/vmg()tvtOt)d
0 0

= /[flut + v favy — crouuy — yeaauuy| dx dt.
Q+
Note that, by (19), the number 7 is positive. Further, the sewing conditions (15) give the
equality
T T

/uzt(oa t)ut(oa t) dt + Y / U:rt(ov t)vt(07 t) dt = 0.
0 0
Taking into account condition (20), elementary inequalities

/quxdthQ/ufdxdt, /u,?dxdtgﬂfugtdxdt,

Qt Qt Qt Qt

and Young’s inequality, we easily obtain the next estimate

1
/[ ul, + 2] d:cdt—l—/ut z,T) +v2(z,0)] dz < CO/[ff—i—fQQ]dxdt (21)
Qt 0 Qt

with constant Cj, defined by numbers «, (3, T" and functions ci2(z,t), coo(x,t). According to
this estimate and the conditions (12) — (14), functions u(x,t) and v(z,t) are identically equal
to zero at Q7 if the fi(z,t) = fa(z,t) = 0. Thus it means that the solution (u(z,t),v(z,t)) of
boundary value problem I’ is unique.

O
Now we investigate the solvability of boundary value problem I'.
Theorem 3.2. Let the conditions (19) and (20) hold. Let, besides, the following conditions
ci(z,t) € CHQT), (0,t)=0 at te[0,T]; filx,1) € La(QT),
fie(z,t) € Ly(QT),  fi(0,8) = fi(1,6) =0 at t€[0,T), i=1,2 (22)

hold. Then the boundary wvalue problem I' has solution (u(xz,t),v(z,t)) such that
u(z,t) € Vy©, vz, t) € V5.
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Proof. We use the regularization method and the method of parameter continuation.

Let €g be positive number which value will be specified below, € is a number from the interval
(0,£0). Now, we consider the boundary value problem: find a solutions u(x,t) and v(x,t),
(xz,t) € Q1 of equations

—EUggptt + Ut — Uggr + c1(x, t)u = fi(z, 1), (10¢)

EVgatt — Vit — Vgat + C2(2, t)v = fo(x,t) (11,)

satisfying the conditions (12) — (15). Let’s establish its solvability.
Let Vi be a linear space

Vi=A{v(z,t): vz, t) e Vg, wven(z,t) € La(Q),  vawn(z,t) € La(QT)},
with norm
[ollve = Nlollyer + vatel Lo @+) + [vzartll Loy

We show that the boundary value problem (10.), (11.), (12) — (15) is solvable in the space
Vy for any functions fi(z,t), fa(x,t) such that fi(x,t) € La(QT), fo(z,t) € La(QT) when ¢ is
fixed. We use the method of parameter continuation.

Let A be a number from interval [0,1]. We consider the family of boundary value problems: find
a solutions u(z,t) and v(z,t), (z,t) € Q1 of equations (10;) and (11.) respectively, satisfying
the conditions (12) — (14) and

u(0,t) = Aaw(0,t), vy(0,t) = —=Abu,(0,t), 0<t<T. (15y)

Denote by A the set of integers A in the interval [0,1] for which the boundary value problem (10.),
(11.), (12) — (14), (155) has solution from V; when ¢ is fixed. If it turns out that the set A is
not empty, open and closed, then it will coincide with the whole interval [0,1] (see [7]).
Boundary value problem (10.), (11¢), (12) — (14), (150) is solvable in space V; (see [8]). It
follows that the number 0 belongs to A and thus the set A is not empty.
To proof the the openness and closure of the set A it is enough to show for fixed e that there
is a uniform, with respect to A, a priori estimate

[ullvi +1lvllvy < N[ f1llzo@+) + 1f2llz20+) (23)

for all solutions u(z,t), v(z,t) of boundary value problem (10.), (11.), (12) — (14), (15)) such
that u(z,t) € Vi, v(z,t) € V1.

Let’s show that the required estimate actually takes place.

We multiply the equation (10;) by a function u:(z,t), equation (11.) by ~yuvi(x,t), where
v = % Let’s integrate the received equalities over the rectangle and add the results. Repeating
the calculations by which we obtained the estimate (21), we find that for solutions u(z,t), v(x,t)
of boundary value problem (10.), (11¢), (12) — (14), (15)) the inequality

/(u? + 02 +u2, +v2) dedt < Ny { & /[uixtt + 02, drdt + /[f12 + fAdxdt (24)
Q Q+ o+
is carried out, where the number Nj is defined by numbers «, #, T and functions cy2(z,t),
C29 (1‘, t) .
Further, we multiply the equation (10.) by a function —ug., equation (112) — YVzgu, ¥ = %,
and integrate the received equalities over the rectangle Q' and add the results. Integrating by



80 TWMS JOUR. PURE APPL. MATH., V.3, N.1, 2012

parts and using the conditions (12)—(14), (15y) and ¢1(0,t) = ¢2(0,t) = 0 we obtain the following
1

1

/ [EUGatt + VeV + Uzy + YUZy] d dt 4 o / Ut (2, T') d +

equality
1
/ v xt
Q+ 0

0
= — / frugets dax dt 4+~ / fovgats dx dt — / ClUg Uyt AT dt — / Clp Uy dx dt+

)
|2

Qt Qt QT QT
—|—7/CQvaxttdxdt—i—v/cszvmt dx dt. (25)
Qt Qt

We estimate the first two terms on the right side of (25) with the help of the Young’s inequality

/flua:xttd$dt+’7/f2vxxttd$dt < 2/ xwttdxdt+/ mttdmdt+

/f1 dxdt+/f2dxdt (26)

We estimate the remaining terms on the right 81de of (25) again using the Young’s inequality,
then the received integrals — with the help of the elementary integral inequalities given above,
and the inequality (24). We obtain the following estimate

—/clu$u$tt dx dt — /cl$uu$tt d:cdt—l—’y/czvzvzttdacdt—i—

QF QT QT
n dedt| <X [ 2, dear+ 2 [ 02, ded
vV [ CoxVUzp dx dl| < 5 Uzye AT dE + 9 Uzt AT di+
QT QT QT
+No 52/[uixtt+vixtt] dx dt + /{f12+f22] drdt o, (27)
Qt Qt

where constant Nj is defined by numbers «, 3, T and functions ¢ (x,t), ca(x,t).

Let the number €¢ be such that the inequality 2/Noe < 1 holds for € < £g3. Then a consequence
of equality (25) and inequalities (26) and (27) will be an a priory estimate of solutions of the
boundary value problem (10.), (11.), (12) — (14), (15)):

€ /[uimtt + 03] da dt + /[uitt + 03] dedt < Ny /[f12 + f3) dz dt, (28)
Qt Qt Qt
where constant N3 is defined by numbers «, 3, T, ¢ and functions ¢y (z,t), ca(z,t).
According to the estimate (28) and the inequality (24) the required estimate (23) is obviously
true.
Let’s show that the given estimate is followed by the openness and closure of set A.
Define the functions w(z,t) and z(z,t):

w(z,t) = u(z,t) — Aa(l —2)v(0,t), z(x,t) =v(z,t) + A6(z — 1)uz(0,1).
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The functions u(z,t) and v(x, t) are uniquely computed through the functions w(z,t) and z(z, t):

Naf(1 —x) Aa(l — x)
U(SU, t) = U)(.'E,t) + mwx(o,t) + mZ(O,t),
B AB(x —1) Naf(z —1) .
U(l’,t) = Z(x,t) mwm(o, ) m2(07t),
besides, it is obvious that next equalities
w(0,6) =0, 2(0,t)=0, ¢e(0,T) (29)

are carried out. Further, the equations (10.) and (11.) will be transformed to the following
equations for functions w(z,t) and z(z,t):

Naf(1—x)

20, 1)—
T+ atag We(00)

—EWggtt + Wit — Wyt + Cl(IE, t)w = fl(x7 t) -

Aa(l —x) NafB(1 — z)ei(x,t) Aa(l — x)eq(x,t)

_mztt(o’ b= 14+ XNap we(0,8) = 14+ Nap 2(0,1), (10;)
b —
EZzxtt — At — Zgat T CQ(xa t)Z = fg(l’, t) + watt(()?t)_
A2 —-1 M(z —1 N A2 -1 t )
s 200+ P P00 - A 0.

Equations (10%), (11%) together with conditions (29), (12)—(14) give a boundary value problem
for functions w(x,t) and z(x,t), which is equivalent to a problem (10.), (11.), (12)- (14), (15))
because of one-to-one correspondence between functions u(z,t), v(x,t) and w(z,t), z(z,t). For
solutions w(z,t), z(x,t) of this problem the estimate (23) will remain. According to this estimate
and continuity with respect to parameter A of the family problems (10%), (117), (12)—- (14), (29)
the openness and closure of set A follows (see [7]). It is worthy of note that at first we establish
the openness and closure of set A for family of problems (10.), (11%), (12)—(14), (29) and then
the openness and closure of set A for problems (10.), (11.), (12)—(14), (15,)) follows by itself.

So, at fixed e from the interval (0, (), the set A isn’t empty, open and closed, and, thereby,
coincides with whole interval [0,1]. Hence, a boundary value problem (10.), (11.), (12)—(15) at
fixed ¢ is solvable in space V; for any functions fi(z,t) and fa(x,t) such that fi(z,t) € Lo(Q™),
fa(z,t) € La(QT). We will show that for the family of solutions {u.(z,t), v-(z, )} of this problem
an a priory estimate takes place. This estimate is both uniform with respect to parameter € and
with its help it will be possible to organize the passage to the limit.

First of all we will notice that for the family {u.(x,t),v:(x,t)} inequality (24) takes place.
Further, for the first two terms on the right side of equality (25) we will execute integration by
parts with respect to variable z.

Applying an Young’s inequality, using condition (22) and inequality (27), we receive a follow-
ing inequality

€ / [ugazxtt + v?xxtt] dx dt + / [ugmtt + Uszxtt] dx dt <
Qt Qt

< N4 ‘52 /[ugzcxtt + Ugacxtt] dx dt + /[f12 + lex + f22 + fQQm] dx dt ) (30)
QF QF



82 TWMS JOUR. PURE APPL. MATH., V.3, N.1, 2012

where number Ny is defined by numbers o, 3, T and functions c¢;(x,t), ca(z,t). Reducing
number gg so, that inequalities 2Noe < 1, 2N4e < 1 hold together for € < g, and according to
inequalities (24) and (30), we will receive an a priory estimate

€ /[ugxxtt + ngwtt] da dt + /[ugmtt + U?rtt] da dt + ”uEH%/O-‘r + ||Ue||%/0+ <
Qt Q+

< Np (”fl”%2(Q+) +1f2lZ 00 + 12l + Hf29t||%2(Q+)> ; (31)
where the constant Ny is defined by numbers «, §, T and functions ¢;(x,t), ca2(x,t).

According to the estimate (31) and properties of reflexivity of the space Lo it follows that
there exist such sequence {e,} and functions u(x,t), v(x,t) that e, — 0, ue,(z,t) — u(z,t),
Ve, (7,t) — v(z,t) weakly in space WE(QT), e, zat(T,t) — Uzat(T,1), Vepawat(T,1) — Vagr (T, 1),
Enle, zatt(T, 1) — 0, Ve, zatt(T,t) — 0 weakly in space Lao(Q1), ue, (0,t) — u(0,t), ve, (0,t) —
v(0,t) weakly in space W2([0,T]), ue,z(0,t) — uz(0,t), ve,2(0,2) — v;(0,¢) weakly in space
W1([0,T]) when n — oco. It is obvious that limiting functions u(z,t) and v(x,t) will belong to
space V', equations (10) and (11), boundary conditions (12)-(15) will be carried out for them.
In other words, functions u(z,t) and v(x,t) will give the solution of a boundary value problem
I’ from a required class. O

4. SOLVABILITY OF BOUNDARY VALUE PROBLEM II’
Let us first discuss the uniqueness of solutions.

Theorem 4.1. Let the following conditions

af >0, (32)
ci(z,t) € CHQT), ca(z,t) € CHQY), ci(z,t) <0, oz t) >0,
T@X|Clx($7t)| <1, T@X|CQI($7t)| <1, (33)
Qt Qr
c1(0,t) +¢c2(0,t) =0 at te0,T) (34)
hold. Then the boundary wvalue problem II' cannot have more than one solution

{u(z,t),v(x,t)} such that u(zx,t) € V", v(z,t) € Vit

Proof. Let fi(x,t) =0, fa(x,t) =0, and let {u(x,t),v(z,t)} be solutions of the boundary value
problem II" with the functions fi(x,t), fa(z,t).

We multiply the equation (10) by function ., (x,t), equation (11) by Yv..(x,t), v = % and
integrate the received equalities over the rectangle Q% then sum up the results. Integrating
by parts and using the conditions (7), (12), (16), (15) and also (32), (33), we obtain the next

inequality
1

/ W2, + 2] da dt + / W2, (2,0) + 02, (2, T)] dz < 0.

o+ 0
This inequality gives u(z,t) =0, v(z,t) = 0 when (z,t) € Q*.

Theorem 4.2. Let the following conditions
af <0, (35)

c1(z,t) = c11(z,t) + cra(x, t),  ca(z,t) = cor(x,t) + coa(x, t),
Clj(x7t) S C(Q+)7 Za] - 1727 011($,t) S 07 021($7t) Z 07
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T? max |era(z,t)] < 1, T?max |ega(,t)| < 1 (36)
Qf Qt

hold. Then the boundary wvalue problem II' can mnot have more than one solution
{u(z,t),v(x,t)} such that u(zx,t) € V", v(z,t) € Vit

o

Proof. We multiply the equation (10) by a function —u(z,t), equation (11) — ~v(z,t), v = -3
and integrate the received equalities over the rectangle Q™ than sum up the results. Let
fi(z,t) =0, fa(x,t) = 0 then integrating by parts and using the conditions (7), (12), (16), (15)
and also (35), (36) we obtain the next inequality

1
/[ut—HJt d:cdt—i—/ (z,0) +v2(x,T)] dzx < 0.
Q+ 0
From this inequality the uniqueness is carried out.

O
Let’s consider the solvability of boundary value problem I1’.
Theorem 4.3. Let the following conditions (32) and (33) hold, and the following conditions
¢i(0,t)=0 at te€[0,T] i=1,2; (37)
fiot) € Lo(@F), fulent) € La(@F), i=1,%
fi(0,t) = fi(1,t) =0 at t€]0,T], i=1,2 (38)

also hold. Then the boundary value problem II' has solution (u(x,t),v(z,t)) such that
u(z,t) € Vy©, v(x,t) € Vo'

Proof. Let’s use the regularization method and the method of parameter continuation again.

Let € be a positive number. Now, we consider the boundary value problem: find a solutions
u(z,t) and v(z,t), (z,t) € QT of equations (10:) and (11:) respectively, satisfying the conditions
(7), (12), (15), (16). Let € be fixed. Then let’s show that the boundary value problem (10,),
(11.), (7), (12), (15), (16) is solvable in space V; for any functions fi(x,t), fa(z,t) such that
fi(z,t) € La(QT), fo(x,t) € Lo(Q™). We use the method of parameter continuation again.

Let A be a number from the interval [0,1]. Let’s investigate the family of boundary value
problems: find a solutions u(z,t) and v(z,t), (z,t) € QT of equations (10;) and (11.) respec-
tively, satisfying conditions (7), (12), (15)) and (16). Note that, the boundary value problem
(102), (112), (7), (12), (15¢), (16) has a solution in Vj for any functions fi(z,t), fa(z,t) such
that fi(z,t) € Lo(QT) and fo(z,t) € La(QT) when ¢ is fixed. Therefore, to establish the solv-
ability in space V; of all boundary value problems (7), (12), (15y), (16) it is enough to prove the
estimate (23).

We multiply the equation (10;) by a function uy.(z,t), equation (11.) — —7yvze(z,t) where
vy o= % and integrate the received equalities over the rectangle Q* and sum up the results.
Integrating by parts, using conditions (7), (12), (15y), (16), (32) — (34) and Young’s inequality,
we obtain the following inequality

5/[“3:%"‘%233:15] dx dt + /[ uZ, + 2] da dt + (z,0) 4+ v2,(z,T)] dz <

Qt Qt

< / [uZ, +v2,]dzdt + C(6) / [f2 + f3) du dt, (39)
Qt Qt

O\H
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where d7 is an arbitrary positive number, and the number C'(6;) is defined by functions ¢ (z, t),
co(x,t) and number 7.

Further, we multiply equation (10.) by a function (—ugst), equation (11.) — by a function
VVgatt, Y = % and integrate the received equalities over the rectangle Q" and sum up the results.
Integrating by parts and using the conditions (7), (12), (15)), (16), (32) — (34), elementary
integral inequalities, the Young’s inequality and the estimate (39), we obtain the following
inequality

/[ugmtt V2o + Udyy + V2] d dt < 6 /[@m + 02, ] de dt + K () /[f12 + f3ldzdt, (40)
Qt Qt Qt

where d3 is an arbitrary positive number, and the number K(d3) is defined by functions ¢ (z, t),
c2(z,t), and numbers T, €.

From inequalities (39), (40) with the help of elementary integral inequalities and choosing
number dy as a small it is not difficult to deduce the desired estimate (23).

So, for the solutions of boundary value problems (10.), (11¢), (7), (12), (154), (16) there is
a uniform with respect to A estimate (23). According to this estimate and the solvability in
space V1 of boundary value problem (10.), (11.), (12), (15¢), (16), the possibility of applying
the theorem about the method of parameter continuation [7] follows (for more details see the
proof of theorem 2).

Let {u(z,t),v(x,t)} be a solution of boundary value problem (10,), (11.), (7), (12), (15), (16).

Now, we multiply the equation (10;) by a function ug;(z,t) and the equation (11.) by
(—yvzz(z,t)). Integrating by parts and using conditions (7), (12), (15), (16), (32) — (34),
(37), (38), applying the Young’s inequality we received the next estimate

e [tdrtidedes [, 4R dode < [ 17+ ) deat (41)
QT QT Qt
where the number M; is defined by functions ¢ (x,t) and c2(z,t), and constant 7.

Further, we multiply equation (10;) by a function —ugu¢, equation (11.) by Yvzew, where
vy o= % and integrate the received equalities over the rectangle @+ and sum up the results.
Integrating by parts and using the conditions (7), (12), (15)), (16), (37), (38), the Young’s
inequality and the estimate (41) we obtain a uniform with respect to ¢ estimate

€ /[uixtt + Ua%actt] da dt + /[u?vtt + Ugtt] dudt < Mp /[f12x + fQQac] dz dt, (42)
QT QT QT
where the constant M, is defined by functions ¢ (x,t), co(x,t), and number 7.

According to estimates (41), (42) and equations (10,), (11.), the third uniform, with respect
to €, estimate

/ [Uzot + Vo] do dt < Ms / 2+ 12+ flo o+ fod] ddt, (43)
Qt Qt
holds, where constant Mj3 is defined by functions ¢ (x,t), co(x,t), and number 7'
To organize the passage to the limit it is enough to have estimates (41) — (43) (see the
proof of theorem 2), limiting functions u(z,t) and v(x,t) will give a solution of boundary value

problem I1’.
O
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Let I/VO+ , Wfr be a linear spaces

Wi = {w(z,t) : wear € L2(QT), Wagar(z,t) € La(QT)},

Wi ={w(z,t) : w(zx,t) € WO+, Wazzett(T,1) € La(QT).}
Let these spaces be equipped with the norm

[l = lwaattl Ly @+) + 1wezetll Lo@+),
||w||W1 = ||w||Wgr + ”wmmtt||L2(Q+)~
Theorem 4.4. Let the conditions (35) and

Cl(xat) S 07 C2(x7t) Z 07 Clt(x70) Z 07 CQt(':UaT) Z 07 cltt(xat) Z 07

Cgtt($,t) < 07 T4 mgx C%I(QI,t) < 17 T4 mQa‘X C%m(xvt) < 17 (44)
fi(z,t) € La(QT),  fiza(z,t) € La(QT), i =1,2 (46)

hold. Then the boundary value problem II’ has a solution (u(z,t),v(z,t)) such that u(z,t) € W,
v(z,t) € Wi

Proof. We use the regularization method and the method of parameter continuation again.

Let g be a positive number which value will be specified below, € is a number from the interval
(0,20). We consider the boundary value problem: find a solutions u(x,t), v(z,t), (z,t) € Q" of
equations

EUgpaatt + Utt — Uzt + C1U = f1, (1015/)
—EVggawtt — Vit — Vot + C2V = fo, (11)
satisfying conditions (7), (12), (15), (16) and
Upe(1,1) = v42(1,8) =0, 0<t<T, (47)
U (0,1) = =022 (0, ), Vo (0, 1) = Btiae (0, ). (48)

Let’s establish its solvability.

We show that the boundary value problem (107), (117), (7), (11), (14), (15), (47), (48)
is solvable in the space W for any functions fi(z,t), fa(x,t) such that fi(x,t) € La2(QT),
fo(z,t) € La(QT) when € is fixed.

Let A be a positive number from [0, 1]. We consider the family of boundary value problems:
find a solutions u(z,t), v(x,t), (z,t) € QT of equations (107), (117) respectively, satisfying
conditions (7), (12), (16), (47), (15)) and

Ugz(0,1) = =AUz (0,1), V222(0,1) = ABuge(0,t), 0 <t <T. (48,)

The boundary value problem (107), (117), (7), (12), (16), (47), (150), (48p) has solution
from W7, when functions fi(z,t), fo(z,t) belong to Ly(Q") and € is fixed. Let’s show there is
a uniform with respect to \ estimate

ullw, + lvllwy, < N(f1ll o) + 1f2llLa@)- (49)
We multiply the equation (107) by a function wu.(z,t), equation (117) by —~ywv.(z,t), where
v = —%. Let’s integrate the received equalities over the rectangle Q% and sum up the results.

Repeating the calculations by which we obtained the estimate (21), we find out that for solutions
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u(z,t), v(x,t) of boundary value problem (107), (117), (7), (12), (16), (47), (155), (48)) the
inequality

1
/(ut—i—vt dwdt—i—/ (2,0) +v2(z,T)) dz <
Q+ 0

S Nl 82 /[uixmmtt + vgmxwtt] dz dt + /[f12 + f22} dx dt ) (50)
Qt Qt
is carried out, where the number N is defined by numbers «, 3, T

Further, we multiply equation (107) by a function uzzgatt, equation (117) by —yvgzzae, where
[e]]

v=-—-%.
Let [tghe €0 be such that the inequality 2Noe < 1 is carried out when € < 9. The number Ns
is defined by numbers «, 3, T and functions c;(x,t), ca(z,1).
We integrate the received equalities over the rectangle Q™ and sum up the results. Integrating
by parts and using the conditions (7), (12),(16), (47), (15)), (48)), (44) we obtain the following

inequality

2 2 2 2
€ / (uaractht + Uxx:m:tt) dx dt + / (umxtt + U:I:wtt) dx dt+
Q* Q*
1

0 Q+
where the number Nj is defined by functions ¢ (z,t), co(x,t) and numbers «, 3, T, €.

According to inequalities (50), (51) and using an elementary inequalities it is easy to deduce
the required estimate (49).

So, for a solution of the boundary value problem (107), (117), (7), (12), (16), (47), (15),
(47)) there is a uniform with respect to A estimate (49). From this estimate and solvability
in the space W of boundary value problem (107), (117), (7), (12), (16), (47), (15¢), (48p) the
possibility of applying the theorem about the method of parameter continuation [7] follows (see
the proof of theorem 2).

Let {u(z,t),v(z,t)} be solution of boundary value problem (10”), (117), (7), (12), (15), (16),
(47), (48).

We multiply the equation (107) by a function —uggz.tt(, t), equation (117) by Yvzzzate, where
7 = —5. Integrating by parts and using the conditions (7), (12), (15), (16), (47), (48), (35),
(44)—(46), applying the Young’s inequality and using the estimate (50) we received the second
uniform, with respect to e, estimate

M(g) /[ugzcxx:ctt + ’UC%CC(EZ‘tt] dx dt+
Q+

+ /[uimtt + U%mtt] dx dt < M1 /[lex:v + f22mx] dx dta (52)
Qt Qt
where the number M (¢) is infinitesimal when ¢ — 0, and the number M; is defined by functions
c1(z,t), ca(x,t) and constant 7.
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According to estimates (50), (52) and equations (107), (117) the third uniform, with respect
to €, estimate

JUd +fidvde < My [ 1724 5+ fho+ ) dod (53)
Qt Qt
follows, where the constant Ms is defined by functions ¢ (z,t), ca(x,t), and number 7.
To organize the passage to the limit it is enough to have estimates (50), (52), (53) (see the
proof of theorem 2); the limiting functions u(z, t), v(z,t) will give the solution of boundary value
problem II’ from desired class. O

5. SOLVABILITY OF BOUNDARY VALUE PROBLEM [II’

Theorem 5.1. Let conditions (35) and
ci(z,t) € CHQY), ea(x,t) € CHQT), eil,t) <0, ea(a,t) >0 (54)

hold. Then the boundary walue problem III' cannot have more than one solution
{u(z,t),v(x,t)} such that u(zx,t) € V5", v(z,t) € Vit

Proof. Let fi(x,t) =0, fo(z,t) =0, and let the {u(z,t),v(z,t)} be a solution of boundary value
problem I1I" with such functions fi(z,t), fo(x,t).

We multiply the equation (10) by a function —u(z,t), equation (11) by yv(z,t), v = =5 >
0, then we integrate the received equalities over the rectangle QT and sum up the results.
Integrating by parts and using the conditions (12), (15), (17), (18) and also (35), (54) we obtain
the following inequality

/[uf +vf] dz dt < 0.
o+
This inequality gives u(z,t) =0, v(z,t) =0 when (z,t) € Q*.

O

Let’s investigate the solvability of boundary value problem ITI’. Let W5 be linear space

W = {w(z,t) : w(w,t) € Vo', Wegaart (2, 1) € L2(QT)}.
Let these space be equipped with the norm
lwllw, = lwlly+ + lwezzatll Lo (@+)-
Theorem 5.2. Let conditions (35) and
c1(z,t) <0, co(x,t) >0, c1(x,0) >0, coux,T) >0,
Clae(2,t) >0, cope(x,t) <0, T mgxc%(:r,t) <1, T mgxc%(x,t) < 1; (55)
c1(0,t) + ¢2(0,t) =0, ¢i2(0,t) = ¢ix(1,t) = 0,

fi(0,t) = fix(0,8) = fi(1,¢t) =0, t€]0,T]; (56)
fi(z,t) € La(Q),  fiza(a,t) € La(QF), i =1,2 (57)

hold. Then the boundary value problem IIT" has a solution (u(x,t),v(x,t)) such that
u(z,t) € Vy©, v(x,t) € V5.
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Proof. We use the regularization method and the method of parameter continuation again.

Let’s consider the boundary value problem: find a solution u(x,t), v(z,t), (z,t) € QT of
equations 107, (117), satisfying conditions (12), (15), (17), (18), (47), (48).

We show that the boundary value problem (107), (117), (7), (11), (14), (15), (47), (48)
is solvable in the space Wy for any functions fi(z,t), fa(z,t) such that fi(z,t) € La(Q7T),
fa(x,t) € La(QT) when ¢ is fixed.

Let A be a positive number from interval [0,1]. We consider the family of boundary value
problems: find a solutions u(z,t), v(z,t), (z,t) € Q1 of equations (107), (117) respectively,
satisfying conditions (12), (15), (17), (18), (47), (48), (15x), (48)).

Note that, the boundary value problem (107), (117), (12), (15), (17), (18), (47), (48), (15¢),
(48p) has a solution in Wy, when functions fi(z,t), fa(x,t) belong to Lo(Q*) and e is fixed.
Let’s show that there is a uniform, with respect to A, estimate (49).

We multiply the equation (107) by a function —u(z,t), equation (117) by yv(x,t), v = -3 >0.
Let’s integrate the received equalities over the rectangle and sum up the results. Using conditions
(55), (15)), elementary and Young’s inequalities we obtain the following inequality

[ oty < N QS [+ Rl dade+ [ 154 Bldzaty 68)
Qt Qt Qt
where the number N; is defined by numbers «, G, T
Further, we multiply equation (107) by a function (—ugzzesz(x,t)), equation (117) by Yoz (2, t),
v = —% and integrate the received equalities over the rectangle QT and sum up the results.
Integrating by parts and using the conditions ((12), (17), (18), (15), (48x), (47) we obtain the
following equality

/[5uizmxt + 7sv£rzmt + uizt + ’Y'ngt] drdt = — / fl Ugzgr AT dt+
Qt Qt

+y / foVezre dx dt + / ClUU g dx dt — 7y / CoVVpaae Az dt. (59)
Qt Qt Qt
The terms of the right side of (59) are estimated using the Young inequality, then the received
integrals — with the help of elementary integral inequalities and the inequality (58).
When (55) we obtain the following estimate

8/ (uixxrt + U:%mxmt) dx dt + / (uirt + vgmt) dx dt S N2 / (f12 + f22) dx dt’ (60)
Qt Qt Qt
where the number N is defined by functions ¢ (z,t), ca(x,t) and numbers «, 3, T, €.

According to (58) and (60) with the help of elementary inequalities it is not difficult to deduce
a desired estimate (49).

So, for a solution of boundary value problem (107), (117), ((12), (15), (17), (18), (47), (48),
(15)), (48) there is a uniform with respect to A\ estimate (49). From this estimate and the
solvability in Wa of boundary value problem (107), (117), (12), (15), (17), (18), (47), (48),
(150), (48p) the possibility of applying the theorem about the method of parameter continuation
[7] follows (see the proof of theorem 2). Therefore, the boundary value problem (107), (117),
(12), (15), (17), (18), (47), (48) has a solution in Wo, when functions fi(z,t), f2(z,t) belong to
Ly(QT) and € is fixed.
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Let g¢ be positive number which value will be specified below, € is a number from the interval
(07 50) :

Let’s show that for the family of solutions {u.(z,t), v.(z,t)} of boundary value problem (107),
(117), (12), (15), (17), (18), (47), (48) an a priory estimate takes place. This estimate is both
uniform, with respect to parameter e, and with its help it will be possible to organize the passage
to the limit.

Note that for the family {u.(x,t),v-(x,t)} an inequality (58) takes place.

Further, in terms of the right side of equality (59) we integrate by parts two times, and at
performance (55), (56) we will receive

2 2 2 2 2 2
/ [Euazmxa:t + V€V ppaat T Uegat + VVizzt — C1 (xv t)usa:a: + e (x’ t)vsxa:"_

o+
+c1a2(z, t)ugz — YCuz (T, t)v?z] drdt = — / S1zaters dx dt + 7y / foraVers dx dt+
o+ o+
+ / ClagUelegy AT dt — 7 / CopaVeVegy Az dt. (61)
Qt Q+t

The first two terms on the right side of (61) can be estimated with the help of Young’s
inequality and elementary inequalities. To estimate the remaining terms we use the inequality
(58).

Let the €9 be such that the inequality 2N3e < 1 is carried out when € < €3. The number N3 is
defined by numbers «, 3, T' and functions c;(x,t), ca(x,t). Then we obtain an a priory estimate
for the solution of boundary value problem (107), (117), (12), (15), (17),(18), (47), (48):

M(E) /[uga}x:cxt + U?a:a:ac:ct] dx dt + /[ugxact + ngxt] dx dt < Ml /[f12xx + f22m1’] dx dt’ (62)
Qt Qt Qt
where the number M (¢) is infinitesimal at ¢ — 0, and the constant M; is defined by functions
c1(z,t), ca(x,t) and number 7.
To organize the passage to the limit it is enough to have estimates (58), (62) (see the proof of
theorem 2), limiting functions u(z,t) and v(z,t) will give a solution of boundary value problem
IIT' from a required class. O

6. SOLVABILITY OF BOUNDARY VALUE PROBLEMS [—[11]

As mentioned above, the solvability of boundary value problems I-—III is defined through the
solvability of boundary value problems I'-II1'.
Let’s define spaces V,;” and Vj:

Vo ={v(z,t): wv(x,t) € La(Q7), wul(x,t) € La(Q7),
Vgt (2, 1) € La(Q7)}, Vo= {v(x,t): w(z,t)e Vs, wv(xt)eVy}

Further, we denote by ¢;(z,t) and fi(x,t) the restriction of the function c¢(z,t) and f(z,t) to
rectangle Q%+, by cao(z,t) and fa(z,t) — functions ¢(—x,t) and f(—z,t) to QT respectively.

Statement 6.1. Let u(x,t) and v(x,t) be solutions of equations (9), (10) such that u(z,t) € V',
v(z,t) € Vot Then the function u(x,t), which is defined by equality

_ B u(x,t), (z,t) € QT,
(@, t) = { o=z t),  (mt) € Q-
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is a solution of equation (1) on the set Q1. And it belongs to space V. Conversely, if the function
u(x,t) is a solution of equation (1) on the set Q1 and it is from space Vy, then functions u(z,t)
and v(z,t) such that u(z,t) = u(xz,t), v(z,t) = u(—=x,t) when (z,t) € QT are solutions of
equations (9) and (10) respectively.

This statement is obvious.

The given statement and theorems 1 — 8 allow easily to receive theorems of existence and
uniqueness of solutions of the boundary value problems I — III.

Theorem 6.1. Let conditions (19) and (20) hold for functions c1(z,t), ca(z,t) and numbers c,
B. Then the boundary value problem I cannot have more than one solution in space Vj.

Theorem 6.2. Let conditions (19), (20) and (22) hold for functions ci(x,t), ca(z,t), fi(z,t),
fa(x,t) and numbers o, . Then the boundary value problem I has a solution u(x,t) from in Vp.

Theorem 6.3. Let conditions (32), (33) and (34) hold for functions ci1(z,t), c2(x,t) and num-
bers o, B. Then the boundary value problem II cannot have more than one solution in space
.

Theorem 6.4. Let conditions (35) and (36) hold for functions c1(z,t), ca(z,t) and numbers o,
B. Then the boundary value problem I1 cannot have more than one solution in space Vj.

Theorem 6.5. Let conditions (32), (33), (37) and (38) hold for functions ci(x,t), ca(z,t),
fi(z,t), fa(z,t) and numbers o, B. Then the boundary value problem II has solution u(x,t) in
space Vy.

Theorem 6.6. Let conditions (35), (44), (45) and (46) hold for functions ci(x,t), co(z,t),
fi(z,t), fa(z,t) and numbers o, B. Then the boundary value problem II has solution u(x,t) in
space Wy. The space Wy is defined similarly to V.

Theorem 6.7. Let conditions (35) and (54) hold for functions c1(z,t), ca(z,t) and numbers «,
B. Then the boundary value problem II1 cannot have more than one solution in space V.

Theorem 6.8. Let conditions (35), (55), (56) and (57) hold for functions ci(x,t), ca(z,t),
fi(z,t), fo(x,t) and numbers «, 3. Then the boundary value problem III has solution u(x,t)
mn space Vy.

7. COMMENTS AND ADDITIONS

1. For problems I and II conditions (19) and (32) of theorems 6 — 8, 10 hold, for example,
when natural sewing conditions

u(—0,t) = u(+0,t), uy(—0,t) = u,(+0,¢)

are given. But the condition (35) of theorem 9 holds when discontinuous sewing conditions
u(=0,t) = u(+0,t), uy(—0,t) = —uy,(—0,t)

or
u(=0,t) = —u(+0,t), uy(—0,t) = uy(+0,¢)

are given.

2. The equation (1), system of equations (10) and (11) can include the lowest terms, moreover
the system of equations (10) and (11) can be bound, for example

Ut — Ugat + Cl($7t)u + bl(xat)v = f1($,t),
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—V — Uggt + C2(x, t)v + bo(x, t)u = fo(x,t).

The conditions on the lowest terms can be written out and the received results for related

system will also have independent significance.
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