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ELLIPTIC SYSTEMS IN THE PLANE WITH SINGULAR COEFFICIENTS
ALONG LINES
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ABSTRACT. The main purpose of present paper consists in investigation of an elliptic systems
with Fuchs type operator in the plane. Within the scope of this target investigation we find the
solutions of the Dirichlet, Neumann and Robin boundary value problems with the special kind
of boundary conditions in the right-hand sides.
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1. INTRODUCTION
Let 0 < g <27, 0 < 1 < 92 < g and
G:{z:rei¢:0§r<oo, 0<¢ <o}
We consider the equation
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in Ga where al(SO)a a2(90)> (13(90), 5(90)7 f(QD) € 0[07900]’ al(go) 7'é a2(90) for all S [Oa QDO];
k1 =tan i, ko =tanys, 0 < a < 1, v > 0 are real numbers.
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Let p >1ifv>1land 1 <p< ﬁ if v < 1. We will construct the continuous solutions
of equation (1) in the class

W, (G)NC(G). (2)
Here W} (G) is the Sobolev space (see [11]). For a = 0 and as(p) = 0 the equation (1) is studied
in the articles [2 — 10].

If we divide the equation (1) by 2Za1(p), then it becomes the elliptic equation under |az(p)| <
la1(¢)|. For az(p) = 0, the obtained elliptic equation has important application in the theory
of infinitesimal bending of surfaces of positive curvature with a point of flattening [7, 9].

The coefficients of this elliptic equation is not belong to L, (G), ¢ > 2, therefore it is impossible
to apply analytic tools of the theory of general analytic functions, which developed by L. Bers
and I. N. Vekua [1, 11]. In order to solve the equation (1) we use a new approach that is described
in this article. In present paper we will try to find continuous solutions of the equation (1) as well
as solutions of the Dirichlet, Neumann and Robin problems with the special kind of boundary
conditions in the right-hand sides.
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2. CONSTRUCTION OF CONTINUOUS SOLUTIONS TO THE EQUATION

Using the formulas

3_@W(3+i0) 3_‘“(@ L0
0z 2 \or rop) 0z 2
the equation (1) can be written in polar coordinates

r(ai(p) + az(9)) G¢ +ilar(p) — az(p)) Ge+

(p)w flo)r” ¥
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We choose solution of the equation (3) from the class (2) in the special form
w =rP(ep), (4)
where 1) = 1) (¢) is a new unknown function from C1[0, ¢1].
Substituting (4) into (3) we obtain
W'+ Alp) = bi(0)y + fi(e), ()
where
A(QD) _ _ Z'(Val ((70) + Va2(90) + (13((,0)) bl(@) _ ’Lb(g@)
[sin @ — k1 cosp|* - (a1(p) — az(p))’ a(p) — az()
. if ()
) = e ool - (@)~ aale)
Using the transformation
%)
v =vesp ([ 40)d (6)
0
the equation (5) is transferred into the form
U1(e) = g()¥r + hiy), (7)

where

%)

)
o) = i) exp (=2 [ SAmd). i) = hilpre ([ Al)an).

0 0
Integrating the equation (7) we get

@ @
wile) = [ gyiatidr + [ ndr e
0 0
where ¢ is any complex number. As 0 < a < 1, a1(p) # a2(p) the integrals of the last equation

are convergent. If we introduce

© ©
(Bf)(¢) = | 9(v)f(y)dv, H(p) = [ h()dy
/ /
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then the last equation can be written in the form

i(p) = (BYr)(v) + H(p) +c. (8)

For solving the equation (8) we use the iterated scheme

(B°f)(9) = f(9), (B"¥)(¢) = (BB"'¥))(p), (n=12,..)
and the family of functions {1, ,,(¢)}n>1 that are defined by

%)
La(p) = / 9D, L) = / 9Ty, (n=2.3,..)
0 0

We use the following relations for the further discussions:

(Be)(p) =cla(w),  (BUua))(@) = Lunti(p),  (n=2,3,..) (9)

Applying the operator B to both sides of the equation (8) and using the relations (9) we have
get

(Bu1)(9) = (B*1)(@) + (BH)(@) + el (). (10)
From (8) and (10) it follows

Di(p) = (B*1)(¢) + (BH)(p) + H(p) +l,1(p) +c. (11)
Applying the operator B to both sides of equation (11) and using the relations (9) we have
get

(Bu1)(9) = (B™1)(0) + (B*H)(¢) + (BH)(9) + cly2(0) +elua (). (12)
From (8) and (12) it follows

Yi(p) = (BY1)(p) + (B2 H)(¢) + (BH)(p) + H(p) +ely2(p) + cla(p) +c.

Continuing this procedure 2n times we have

Pi(p) = (B, () + z (BTH)(¢) + z Laa(e) +e (14 X Lay(e). (13)
J= J= J=

Taking into consideration the definition of the operators (B’ f)(y) and the functions I, ;(p)
the following estimates are obtained:

|(BIg1) ()| < [l 1522 (BT ) (¢)| < |H |, L5,
_ (14)
(o)) < Llsel (=12, ),
where
|flo = HfHC[O,gol] .
By ensure proceeding to limit n — oo in the representation (13), by virtue of the upper
estimates (14) we obtain

V1(p) =P, 1(p) + cPya(p) + F(y), (15)
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where

quz“ ) Poale) =14 Loi(¢), Fp) =Y (B'H)()
j=1

j=0
Using the estimates (14) and the representation of the functions P, 1(¢), P,2(y¢) and F(p)
we get

[Poa(@)] < sinh (o ), [Poa(e)] < cosh(lbilo @), |[F(@)] < [hloexp(|bilo ©).

From (4), (6) and (15) we obtain
%)
wirg)=rexp (= [ A7) (€ Pus(p) + ¢ Prali) + F(9). (16)
0
Using the representation of the functions P, ;(¢), P,2(¢) and F(yp) we can assert that the
function w (r, ) given by formula (16) is the solution to the equation (1) belonging to the class
(2). Thus we have proved the following Theorem:

Theorem 2.1. The equation (1) as a1(p) # a2(p) has an infinitely many solutions belonging
the class (2). These solutions are given by (16).

3. BOUNDARY VALUE PROBLEMS

Using the representation of the functions P, 1(¢), P, 2(¢) and F(p) we receive the following
relations:

Ply—g(p)P,1 =0, P, —g(e)P2=0, F —g(p)F =h(p).

Hence,
= [ 9N P2(dy, Poale) =1+ [ 9(v)Poa(y)dy,
(17)
= [ h(Mdy + [ 9(v)F(7)dy.
From (17) it follows
P,1(0)=0, P,2(0)=1, F(0)=0, (18)
and
P, 1(0) = g(0), P5(0)=0, F'(0)=h(0). (19)

Integrating by parts n times the 1ntegrals for P,o(p) and F(p) from (17), we get

n
Pa(p) =1+ P,1(p) qu 251 () = Poa (9) D L2; () +
j=0

©
+ / Lu25 (V)9 (v) Poa (7)dv),
0

©
F(@)Z/h( d7+/h quzg /h quz] 1()dy +
0 0 0

]
FGR 3 fuara( quzg i+ [ o) PO Lt
0
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By ensure proceesing to limit n — oo in the last relations we have get

1Pua(0)” = |Pua(p)]? =1,

@ @
/Mﬂﬂﬂww—/ﬁWWMWMvzﬂWBd@—F@MMW)
0 0

Now let us consider the following Dirichlet type boundary value problem.

Problem D. It is necessary to determine the solution of the equation (1) from the class (2)
satisfying the condition

w(r,0) = pir, (20)
where By, v are given real numbers.

In order to solve the problem D we will use the formula (16). Substituting the formula (16)
in the boundary condition (20) we have get

c= ,81.
Therefore the solution of the problem D is given by

©
wirg) = exp (= [ A0)dr) BiPa(e) + BiPiale) + F(o)). (21)
0

Thus we have proved the following Theorem:

Theorem 3.1. The problem D has a unique solution belonging the class (2). This solution is
given by the formula (21).

Now let us consider the Neumann type boundary value problem.

Problem N. [t is necessary to determine the solution of the equation (1) from the class (2)
satisfying the condition

0
9,10 = ar (22)
where B, v are given real numbers.

In order to solve the problem D we will again use the formula (16). Substituting the formula
(16) in the boundary condition (22) and using (18) and (19) we have get

—CA(O) +¢hy (0) = (2 — h(0). (23)

The first case, let us assume § = |A(0)|? — |b1(0)|? # 0. Then the solution of the equation (23)
has the form

. A)(£1(0) = £2) + b1 (0)(A(0) — ) (24)
- .

Now let us consider the second case
0 =0. (25)
In this case the solution to the problem N will be find by the formula

3 (R(B2 = f1(0)) +i05(b1(0) — A(0))) if B3 # 0,

3; (R(B2 — f1(0)) — iB6(b1(0) — A(0))) if Bs # 0,
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where 3 = R(b1(0) — A(0)), B4 = (b1(0) + A(0)); B, B¢ are any real numbers.
Thus we have got the following result.

Theorem 3.2. a) If § # 0 then the problem N has a unique solution. This solution is given
by the formulas (16) and (24); b) If § = 0 then the problem N has an infinitely many solutions
belonging the class (2). These solutions are given by (16) and (26).

Finally, let us consider the Robin type boundary value problem.

Problem R. It is necessary to find the solution of the equation (1) from the class (2) satisfying
the condition

gz;}(r, 0) + yw(r,0) = Bar”, (27)

where 7, B3, v are given real numbers.

Substituting the formula (16) in the boundary condition (27) and using (18) and (19) we have
get

cy +¢g(0) = fr, (28)

where (7 = 3 + A,(0) — h(0).
The first case let us assume §; = |y|?> — |g(0)|*> # 0. Then the solution of the equation (28)
has the form

. _ P+ Brg(0)

2
: (29)
Let us consider the second case
01 =0. (30)
In this case the solution of the problem R will be find by the formula

=(R(B1(0) +iv2(9(0) +7)) if 11 #0,
c= (31)

55 ((R(01(0)) — iva(g(0) + 7)) if 3 # 0,

where v1 = R(g(0) +7), v3 = S(g9(0) — 7); 72,74 are any real numbers.
Thus we have got the following results.

Theorem 3.3. a) If §; # 0 then the problem R has a unique solution belonging the class (2).
This solution is given by the formulas (16) and (29);

b) If 61 = 0 then the problem R has an infinitely many solutions belonging the class (2). These
solutions are given by (16) and (31).

4. CONCLUSION

In present paper some elliptic systems with the Fuchs type operator are investigated. For
these systems various kinds of solutions are found. Moreover we have investigated the Dirichlet,
Neumann and Robin problems with the special kind of boundary conditions in the right-hand
sides.
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