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Abstract: We found some new Ostrowski-type inequalities for funddievhose derivative module is relatively convex, also some
others of the same type making use of relativehconvex functions in the second sense. With these resultdteinogeneralizations
of results found by M. Alomari et. al. using convex asdconvex in the second sensé&,@]).
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1 Introduction 2 Preliminaries

The Ostrowski inequality is known in the classical This section is inte;nded to give the fundamentals in which
literature since 1938 {[0]), when A. Ostrowski gave an the present work is constructed. It is well known that the

P A . following definition was established by W.J. Jensen.
upper bound for the approximation of the integral average
b—}aff f(t)dt by the valuef(x) at the pointx € [a,b] as  Definition 1([1]). Let | be an interval inR. A function f:
follow: Let f : 1 C [0,4+%) — R a differentiable function | — R is said to be conve, if for everyye | and every
in 1°, the interior of the interval, such thatf’ ¢ Z[a,b],  t € (0,1), the inequality

where a,b € | and a < b. If [f'(x)] < M, then the
following inequality holds f(tx+(1-t)y) <tf(x) + (1 -t)f(y), 1)

1 b M [ (x—a)2+ (b—x)2 holds.
‘f(x) - m/a f(u)du‘ - a{ 2 : If the inequality in @) holds in the opposite sense, then
we say thaff is concave.

Recently, many generalizations of the Ostrowski In 1961 W. Orlicz introduced the-convexity concept
inequality for functions of bounded variation, in[9], and later, in 1978 W. Breckner introduced a second
Lipschitzian, monotone, absolutely continuous, convexversion ofitin 5], and itis presented here.
functions, s-convex and h-convex functions, n-times - . )
differentiable mappings with error estimates with someDe.flnltlon 2([71)' LEtQ <s< 1 Afunction .f' [0, +00) —
special means together with some numerical quadratur@ is s-convex in the first sense qrsonvex if
are done.1,2,3,4,6] . o f(ax+By) < a>f(x) + B (y).

In this work we give new Ostrowski type inequalities
for functions whose derivative’s module is relatively forevery xy € [0,4+) anda,f € (0,1) andaS+ 5= 1.
convex. The function f is s-convex in the second sense-gosivex
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if Theorem4. Let f: | C R, — R, a differentiable
f(ax+ By) < asf(x)+ B3 (y), mapping in P such that f € .#[a,b] where ab € | with

a< b. If|f’|%is s-convex in the second sensddrb] for

some fixed & (0,1], q> 1, and|f'(x)| <M, x € [a,b],

If the inequalities in 2) hold in the opposite sense, then then the following inequality

we say thatf is s-concave in the first and second sense, L .

respectively.

The following results are of interest for the ‘f(x) B ﬁ/a f(u)du’
development of this work. The following theorem

for every xy € [0,+) anda, € (0,1) anda + 3 = 1.

establishes an inequality of the Ostrowski type using a - 2 \Yar(x—a)?>+ (b—x)?
function whose derivative in modulus is convex, and can =M (s+ 1) { 2(b—a) }
be foundin [L].
holds for each x [a,b].
Theorem1. (See [I]) let f : I C R —- R be a
differentiable function in such that f e L([a b]) where Among studies getting in the area of generalized
a,b el with a <b. If [f] is convex infa,b], then the  convexity, those that make use of relatively convex
inequality ) functions with respect to a function stand out. M. A.
‘f(x) 1 / f(u)du‘ Noor, K.I. Noor and M.U. Awan introduced the following
b—ala definitions (B]).
b—a b—x\3 b—x\2 , e ) i
< —[(4(—) —3(—) +1)|f (@) Definition 3. Let Ky a subset of H. Kis said to be
6 b—a b—a . ; ) .
b 5 b ) b relatively convex with respect to a functionlg — H if
—X —X —X
9(—=) —4(—=) —6(—=)+2)|f'(b
+( (b—a) (b—a) (b—a)+ )| ( ”] tg(v) + (1-t)ue Kg

holds for each x [a, b]. The constan is the best possible

in the sense it can not be replaced for any smaller. Vu,veH :u,g(v) € Ky, andte [0,1].

Also, with the use of a function whose derivative in Definition 4. Let | be an interval inR. A function
modulus iss—convex in the second sense, M. Alomariet. f : Ky C R — R is said to be relatively convex with
al. in [2] established the next result which involves the respect to a function gR — R if the inequality

Ostrowski inequality.

ftgx)+ (1—-t)y) <tf(g(x))+(1-t)f
Theorem 2. (See P]) Let f: I Cc Ry - Ry a (190 +( W) <tHE0) +( JT)
differentiable function in4 such that f € #[a,b] where  holds for all gx),y € Kg, x,y € Randte [0,1].
a,b e | with a < b. If |f'| is s-convex in the second sense

in [a,b] for some fixed s (0,1] and |f'(x)] < M, If the inequality in @) holds in the opposite sense, then
x € [a,b], then the following inequality holds for each we say thaff is relatively concave.
X € [a,b]. An example of relatively convex set is showed 8}, [

b ) ) taken from a study on the environmental impact of noise
1 M rx—a)+(b-x caused by a train. The authors define the funcgo® —
f(x) f(u)du| < .
b—al/a b—a s+1 R by

Other results, no less important, were established by g(x) = {X it x€ [0, 5.0]
M. Alomari in [3] , establishing the inequality of 0 otherwise
Ostrowski by using functions whosge-th powers of its
derivative in module is s-convex in the second sense.

in such a way that the sé,50] U [125,130 is a relatively

convex set.

Theorem 3. Let f: | C Ry — R4 a differentiable Also M.Noor et. al. introduced the following definition

mapping in P such that f € #[a,b] where abe | with  ([8]).

a<b. If |f'|%is s-convex in the second sensdarb] for o _ o

some fixed § (0,1], p,q> 1, § + ;= Land|f'(x)| <M, Dtlaf|n|t|(|)n 5. A fungtlopl f: Kg —>d[0, +00) |s__?]a|d to be
Lo ; . relatively s-convex in the second sense with respect to a

X € [a,b], then the following inequality holds: function g: H — H, where s (0,1, if inequality

1 b
[100-5= [ fwdu g9 + (1~ 0)y) <) + (1 V()
__ M ( 2 )l/q[(x_a)2+(b_x)2 holds for each ¥/ € [0, +»), g(x),y € Kgand te [0, 1].
T (I+ptPistl b—a If the inequality in &) holds in the opposite sense, then
for each xe [a,b. we say thaff is relativelys-concave in the second sense.
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3 Main Results

In this section, we present new Ostrowski types of
inequality derivative modulus wich is relative convex and

relatives—convex functions in the second sense.
The following Lemma is necessary.

Lemma 1. Let f:1 C R — R a differentiable function in
I° where gabe |, a< b and g: R — R is a function. If
f’ € £[a,b], then the following equality holds

b
f(900) - 5= | 12z

= 0092 Mg + (1 e

_ %—:)2 /Olt f'(tg(x) 4 (1—t)b)dt

for every xc g~(1).

Proof. Integrating by parts we get:

/Oltf’(t(g(x) +(1-ta)dt
i

SO, N
(a0 —a) [ t(t(g00 + (1~ t)aa

1
= 1(g00) ~ [ (tg0) + (L -ayd

With the change of variable=tg(x) + (1 —t)ait follows
that

1
(900 —a)? [ 11 (t(g09 + (L~ Daa

9(¥)
= (@-afex) - [ f@dz @
Similarly
1
(900 —b)? [ t(t(g00+ (1~ )bl
0
9(x)
= (@0 -D)fg) - [ f@dz @

subtracting 8) from (2) it follows the desired result.

Theorem 5. Let f: 1 C [0,40) — R be a differentiable
function on P such that f € Z[a,b], where ab € | with
a< b. If|f'| is relatively convex with respect to a function
g:R —Rin[ab] and|f'(X)| < M, the inequality

b
f(g00) — 5 [ 1y
M

(909 — @)+ (g(¥) — b)z}

Sb—a{ 2

Proof. Using Lemmal we have

(o)~ g [ f(way

< O3 P tg + (- ot
OB 00+ (1ot

Now, sincelf'| is relatively convex y f'(x)| < M we get
b
f(900) ~ 5 [ f(udy
(g(x) —a)* 1 (9(x) —b)* 11
S Al =l A
(9(x) —a)*— (g(x) - b)z}
2

Remark. If in Theorem ) we takeg(x) = x, we obtain
the classic Ostrowski inequality.

M

<pal
b—a

and the proof follows.

Lemma 2. Let f:1 CR — R be adifferentiable function
inl°where abe |l witha<bandg R — Ris a function.
If f' € £[a,b], then the following equality

1 /b
b—g(a) Jy@

= (9@ -b) [ PO (tg(@) + (1 Objck

holds for every & [0, 1] where

f(x) f(u)du

te [0, 52X

t ]
t) = ’ _—g(a) !
P) {t—l,te(bbg(xa>, ].

for every xe [a,b].

Proof. Integrating by parts we get:

b—x

/Omtf’(t(g(a) +(1-t)b)dt

_ b—x_ f(x)  regs f(t(g@)+(1-t)b)
~ b—g(a)g(a)-b /0 ga)—b dt (4)
and
1
o (t—1)f'(t(g(a)+ (L—t)b)dt
b-g@

_x—9g(@ f(Xx oo f(t(g(@) + (1-t)b)
holds for all xe g~(1). " b-g@g@-b /bbg{a> g@@—b de>)
(@© 2019 NSP
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Adding (4) and 6) we obtain
b—x

[Pt nigt@) + - by
* t (t—1)f'(t(g(a) + (1 -t)b)dt
ﬁ

f 1
- g(@-b (g(a)—-b)?

equivalently,

g(a)
/ f(u)du,
b

f(x) f(u)du

1 /b
b—g(a) Jg(a)

1
= (g(@)~b) [ p(O)1'(tg(a) + (1~ )b

The proof is complete.

Theorem6. Let f: 1 C R — R be a differentiable
function on P such that f € .Z[a,b] where ab € | with
a<b. If|f'| is relatively convex with respect to a function
g:R — Rin [a,b], then the following inequality holds

b
[0 b—iz(a)/ma) fody
< g(a)e_ : [<4<bli;(xa) >3 - 3<bk_);(xa) >2 +1)17(g(@)|

* <9<bb_7;();)>2_4(b:(xa))3_6(b:(xa)) +2)‘f/(b)|}

for each xe [a,b]. The constan is the best possible in
the sense that is can not be replaced by any smaller.

Proof. Using Lemmag), the triangular inequality and the
fact that|f'| is relatively convex with respect to a function
g: [a,b] — R we get that

‘f(x) f(u)du‘

1 b
~b—g(a) /g<a>

—X
9@

< (g@-b) [*

+(g(a) ~b) /; (1-1)|f'(tg(a) + (1—t)b)]dt
b—g(a)
< (g@)-b) [ "I (4 (g@)] + (1 1) (b))t
-0 (gla) + (1 1) (Bt

b—g(a)

(9(a) - b)/om (t%f'(g(@))[ +t(1 )| f'(b)|)dt

t|f'(tg(a) + (1—t)b)|dt

+(9(a) —b)

1
+(9(a)—b)/ﬂ((l—t)t\f’(g(a))l+(1—t)2\f’(b)!)dt

b—g(a)

Then, integrating overe [0, 1] we get

b
160 5@y (1
L= G )RR

* 9<bk—);(xa))2_4(b:(xa))3_6<bt—);(xa)) +2>‘f/(b)‘]'

The proof is complete.

Remark. If in Theorem €) we takeg(x) = x, we obtain
the result of Theoremily.

The following results correspond to those functions
whose derivatives in modulus are relativelyconvex in
the second sense.

Theorem 7. Let f: |1 Cc Ry — R, be a differentiable
function in P such that f € .Z[a,b] where ab € | with

a < b. If |[f'| is relatively s-convex with respect to a
function g: R — R for some fixed s (0,1] and
[f'(X)] <M, x € [a,b], then the following inequality holds

(000~ o [ f(way

M [(Q(X) —a)”+(9(x) —b)?
“b-a s+1
for each xe [a,b].

Proof. By lemma (), the triangle inequality and the fact
that |f'| is relatively s-convex with respect to a function
g:[ab] — Rand|f'(x)] <M, x € [a,b] we get:

100~ g [ F(wa

< W03 Py tg(x) + (1~ ot
+%‘ab)z/Olt|f’(tg(x)+(1—t)b)|0|t

< W03 () |+ (17| @) ot
+ OO 11 g0o) + (171 o)

_ M%‘;“)Z/Olt(t%(l—tf)dt
+M%;b)2/01t(ts+(1—t)s)dt,

then, integrating overe [0, 1] we get

1000) -~ 5 [ ey
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1 1 (9(x) — )2+ (g(x) — b)2
= M(S+2+ (s+1)(s+ 2)){ b_a } Therefore, we h?ve i
M ({8 ~a+ (g9 by f(g00)— 5= [ fwau
- " M 2 \Mar(g(x) —a)*+ (g(x) — b)?
The proof is complete. < AP (s+ 1) [ 52 } .

The proof is complete.
Remark. If in Theorem7 we letg(x) = X, we obtain the

result of Theoren?2.
Remark. Ifin Theorem @) we letg(x) = x, we obtain the

Theorem 8. Let f: I C Ry — R, be a differentiable result of Theorem3).
function in P such that f € #[a,b] where ab € | with ] . .
a<b. If || is relatively s-convex in the second sense neorem9. Let f:1 c R, — R, be a differentiable
with respect to a function gR —s R for some fixed functionin I such that f € #[a,b] where ab € I with
se (0,1, p.q>1 L+ =1and|f'(x)| <M, xe [ab] a < b. If |f'|% is relatively s-convex with respect to a
then tjhe’foljlowin’ i?’\e (Ejalit holds - "7 function g: R — R for some fixed & (0,1], g > 1, and

g inequaity [f'(x)] <M, x € [a,b], then the following inequality holds

X))_lea/:f(U)du‘ ‘f(g(x))_lea/abf(u)du‘
/a7 (9(x) —a)* + (g(x) — b)?
<mram(s) T w(hy) [

for each xe [a,b]. for each xe [a, b].

Proof. Letq> 1. From lemmal and using the Holder

: . Proof. Let g > 1 from Lemmal, and using the power
inequality, we have

mean inequality, we have

1 b
f(g(x))_ﬁ/a f(udy f(g(x))—%/bf(u)du‘
_a)2 1
= %/g ' (tg0g +(1-t)ajldt < 7(9(2)_:‘)2 /Olt|f’(tg(x)+(1—t)a)\dt
—p?2 r1 , -
+(g(;()—a) / tF(tgh) + (1 -t)b)lat +%/Olt|f’(tg(x)+(1—t)b)\dt

< % /tpdt / |/ (tg(x (1—t)a)!dt)l/q < %(/jtdt)li”q(/‘lt’f'(tg(X)-F(l—t)a)’q)l/q

(9(x) —h)? P /p / oy a) e X)—b)2 , 1 \1-1/q 1/q
OO [epar) ([ Jrea9+ (2-0m) ) SO i)™ [Tt + a-om))
where ¥p+1/q=1.
Since|f'|7 is relatively s-convex in the second sense Since|f’|% is relatively s-convex in the second sense with

with respect to a functiog and|f’(x)| < M, then respect to a functiog and|f’(x)| < M, then we have
1
/0 I/ (tg(x) + (1—t)a)|"dt /t|f’(tg(x)+(1—t)a)|th
0
1 1
g/ (t]F(900) |+ (1 —1)%| ()| it g/ (t57L|£(g(x)) |+ t(1— )] /()| Yt
0
2Mq M
<
s+1 ~s+1
1 1
/0 |/ (tg(x) + (1— )b)|dt /t|f/(tg(x)+(1—t)b)|th
0
1 1
g/ (5] ' (a() |7+ (1= )| ' (k)| it g/ (t57] £(g(x)) |7+ t(1— 0| f'(b) | P)d
0
2Mq Ma
< —.
S—I—l —s+1
(@© 2019 NSP
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Therefore, we have Since| f’|%is relativelys-concave in the second sense with
b respect to a functiog, using the theoreml(), we have
1
1900~ 5= [ f(way

/Ol‘f/(tg(x)—F(l—t)a)‘thS25—1 f/(g(x)%l)’q
nd

<w(y) )

a
2 \Var(g(d) — a2+ (g(x) — b)? "It + (1 t)b) [ dt < 252
gy [P J 1o aop)

The proofis complete.

G

Therefore, we have

1000) -~ g [ fwa

Remark. If in Theorem @) we takeg(x) = x, we obtain

the result of Theoren. 2(s-1)/q a+g(x)
<—= __ |(g(x)—a)?f
The next result is known as the inequality of Hermite- ~ (1+p)Yib-a) { g —a) ( 2 )’
Hadamard for functions relativelrconvex in the second b g(x)
+0(X
sense. +(g(x) — b)2 f’( 5 )H

Theorem 10. Let f: Ky C R — R be arelatevily s-convex
in the second sense, then we have

s 1¢(a+9(b) 1 9(b) f(a)+ f(g(b))
2 M= )_g(b)fa/a fwdus —=7~—

The proof is complete.

4 Some Consequences
If f is relatively s-concave in the second sense, then the

inequalities holds in the opposite sense. Corollary 1. Let f: 1 ¢ R. — R, a differentiable
function in P such that f € .Z[a,b] where ab € | with

a < b. If |f|9 is relatively convex with respect to a
Theorem 11. Let f:1 C R, — R, be a differentiable ~functiong:R — R, p.q>1, %+ ¢ =1and|f'(x)| <M,
functionin P such that f € #[a,b| where abe I witha < X € [a,b], then the following inequality holds

b. If | f/|9is relatively s-concave with respect to a function b

g:R — R for some fixed § (0,1], > 1, £ + ¢ = Land f(g(x)) — i/ f(u)du‘

[f/(x)| <M, x€ [a,b], then the following inequality holds b—ala

The proof of that theorem can be found 8j.[

1 b .M [(Q(X) —a)*+(9(x) —b)*
fg00)— 5= [ fudu Sh-al @rpe
1)/ for each xe [a,b].
s-1)/q
< % {(g(x)—a)2 V(Lg(x))‘ Proof. If in Theorem8 we let s= 1, we obtain the
(1+p)Y9b—a) 2 desired result.
b+ g(x
+ o0 b (28] | |
Corollary 2. If in Theorem9 we choose the function
for each xe [a, b] g(x) = 232, then we have
Proof. Suppose thaq > 1 from Lemmal, and using the b _ 1
Holder inequality, we have ‘ (i;’) _b—la/ f(u)du‘ < M(b4 2) (s—%l) fa
- a
1 b
f(9(x) - m/a f(u)du‘ q> 1, where sc (0,1] and|f'|% is relatively s-convex in
the second sense with respect to a functiofRg— R.
2
< w(g)i_@/lt\f’(tg(x)ﬂl—t)aﬂdt Corollary 3. Ifin (11) we choose s= 1 and gx) = %b.
( (—)a b)zo . then we hgve o
g(x) — L a+
SRt 1—t)b)|dt haiiech I
O P -t (2) -5 [ 1o
@ - [t o N5 ([t a0 @ b—a 3a+d 3b+a
< = tPdt f/(tg(x) + (L—t)a)|"dt ! !
b—a E/o ) <1/o| 1909+ (1-0a)| ) S4(14_|o)1/q{ ( 2 )’+f( 2 )]’
b

_ -1 1 1
+M (/ tpdt) (/ |/ (tg(x)+ (1—t)b)\th> ¢ where| f’|%is relatively s-concave in the second sense with
b-a 0 0 -
respect to a function gR — R.
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5 Conclusions

In the development of this work we have established an
Ostrowski-type inequality for functions whose derivative
module is relatively convex, also we give a new version of
a result obtained by M. Alomari and M. Darus. Using the
relative s—convexity with respect to a given function we
obtain some others results of the same type. With these
results we obtain generalizations of results found by M.
Alomari et. al. using convex angl-convex in the second
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