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Abstract: In this study we extend the classification of partial differential equations to the further using the convolutions products. The
purpose of this study is to compute the solutions of some explicit initial-boundary value problems for one-dimensional wave equation
with variable coefficients by means of Laplace transform which in general has no solution.
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1. introduction

The topic of partial differential equations is very important
subject yet there is no general method to solve all the
PDEs. The behavior of the solutions very much depend
essentially on the classification of PDEs therefore the
problem of classification for partial differential equations
is very natural and well known since the classification
governs the sufficient number and the type of the condi-
tions in order to determine whether the problem is well
posed and has a unique solution.

It is also well known that some of second-order linear
partial differential equations can be classified as Parabolic,
Hyperbolic or Elliptic however if a PDE has coefficients
which are not constant, it is rather a mixed type. In
many applications of partial differential equations the
coefficients are not constant in fact they are a function of
two or more independent variables and possible dependent
variables. Therefore the analysis to describe the solution
may not be hold globally for equations with variable
coefficients that we have for the equations having constant
coefficients.

On the other side there are some very useful physical prob-
lems where its type can be changed. One of the best known

example is for the transonic flow, where the equation is in
the form of(

1− u2

c2

)
φxx − 2uv

c2
φxy +

(
1− v2

c2

)
φyy + f(φ) = 0

where u and v are the velocity components andc is a
constant, see [3].

Similarly, partial differential equations with variable coef-
ficients are also used in finance, for example, the arbitrage-
free valueC of many derivatives

∂C

∂τ
+ s2 σ2(s, τ)

2
∂2C

∂s2
+ b(s, τ)

∂C

∂s
− r(s, τ)C = 0

with three variable coefficientsσ(s, τ), b(s, τ) andr(s, τ).
In fact this partial differential equation holds whenever
C is twice differentiable with respect tos and once with
respect toτ , see [16].

However, in the literature there was no systematic way to
generate a partial differential equations with variable coef-
ficients by using the equations with constant coefficients,
the most of the partial differential equations with variable
coefficients depend on nature of particular problems.

Recently, in [5], A. Kılıcman and H. Eltayeb , introduced
a new method producing a partial differential equation by
using the PDEs with constant coefficients and classifica-
tion of partial differential equations having polynomial
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coefficients. Later the same authors extended this setting
in [11] to the finite product of convolution of hyperbolic
and elliptic PDEs where the authors considered the
positive coefficients of polynomials.

In the literature, there are several important partial differ-
ential equations and which are in the form of:

P (D)u = f(x, y)

and in order to solve, one might have either of the
following cases, see Kılıçman [14].

Question: Now if we multiply the differential operator
with a function by using the convolution then arise a prob-
lem of the classification for the new equations. That is a
new classification problem of the

(Q(x, t) ∗ ∗P (D)) u = f(x, t).

The purpose of this study is to compute the solutions
of some explicit initial-boundary value problems for
one-dimensional wave equation with variable coefficients
by means of Laplace transform which in general has no
solution.

Definition 1.Let F1(x, y) and F2(x, y) be inte-
grable functions then the convolution ofF1(x, y)
and F2(x, y) defined as (F1 ∗ ∗F2) (x, y) =∫ y

0

∫ x

0
F1(x − ζ, y − η)F2(ζ, η)dζ dηand known

double convolution respect tox and y, see [17]. It
can easily be extended to more general case as fol-
lows: If F1(x1, x2, ..., xn) and F2(x1, x2, ..., xn) be
integrable functions then the convolution ofF1 and F2

exists and given by(F1 ∗ ∗ ∗ ... ∗ F2) (x1, x2, ..., xn) =∫ x1

0

∫ x2

0
...

∫ xn

0
F1(X)F2(ζ1, ζ2, ..ζn)dζ where X =

(x1 − ζ1, x2 − ζ2, ..., xn − ζn) and dζ = dζ1dζ2...dζn,
see [2].

The properties of the convolution were discussed in [13].

Now let us consider the general linear second order partial
differential equation with non-constant coefficients in the
form of

a(x, y)uxx + b(x, y)uxy + c(x, y)uyy (1)

+d(x, y)ux + e(x, y)uy + f(x, y)u = 0

and almost linear equation in two variable

auxx + buxy + cuyy + F (x, y, u, ux, uy) = 0 (2)

wherea, b, c, are polynomials and defined by

a(x, y) =
n∑

β=1

m∑
α=1

aαβxαyβ ,

b(x, y) =
n∑

ζ=1

m∑
η=1

bζηxζyη,

c(x, y) =
n∑

l=1

m∑

k=1

cklx
kyl

and (a, b, c) 6= (0, 0, 0) where the expressionauxx +
2buxy+cuyy is called the principal part of Eq (2), since the
principal part mainly determines the properties of solution.
Throughout this paper we also use the following notations

|amn| =
n∑

β=1

m∑
α=1

|aαβ | , |bmn| =
n∑

ζ=1

m∑
η=1

|bζη| ,

|cmn| =
n∑

l=1

m∑

k=1

|ckl| .

Now in order to generate a new PDEs we convolute Eq (2)
by a polynomial with single convolution asp(x)∗x where

p(x) =
m∑

i=1

pix
i then Eq (2) becomes

p(x) ∗x

[
a(x, y)uxx + b(x, y)uxy

+c(x, y)uyy + F (x, y, u, ux, uy)

]
= 0 (3)

where the symbol∗x indicates single convolution with
respect tox, and we shall classify Eq (3) instead of Eq (2)
by considering and examining the function

D(x, y) = (p(x) ∗x b(x, y))2 − (p(x) ∗x a(x, y)) (4)

(p(x) ∗x c(x, y))

From Eq (4), one can see that ifD is positive then Eq (3)
is called Hyperbolic, ifD is negative then Eq (3) is called
Elliptic, otherwise it is parabolic.
First of all, we compute and examine the coefficients of
principal part of Eq (3) as follow

A1(x, y) = p(x) ∗x a(x, y)

=
m∑

i=1

pix
i ∗x

n∑

β=1

m∑
α=1

aαβxαyβ

by using single convolution definition and integration by
parts, thus we obtain the first coefficient of Eq (3) in the
form of

A1(x, y =
n∑

β=1

m∑

i=1

m∑
α=1

piaαβi!xα+i+1yβ

((α + 1)((α + 2)...(α + i + 1))
(5)

similarly, for the coefficients of the second part in Eq (3)
we have

B1(x, y) =
n∑

j=1

m∑

ζ=1

m∑

i=1

pibζηi!xζ+i+1yη

((ζ + 1)((ζ + 2)...(ζ + i + 1))
(6)

also the last coefficient of Eq (3) given by

C1(x, y) =
n∑

l=1

m∑

k=1

m∑

i=1

pickli!xk+i+1yl

((k + 1)((k + 2)...(k + i + 1))
(7)

then one can easily set up

D1(x, y) = B2
1(x, y)−A1(x, y)C1(x, y). (8)

then there are several cases and the classification of par-
tial differential equations with polynomials coefficients
depend on very much the signs of the coefficients, see [5].
Similar analysis can be carried out with a single convolu-
tion ∗y as well as the double convolution.
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2. An Application: Wave Equation

A number of problems in engineering give rise to the
following well-known partial differential equations: wave
equation, one dimensional heat flow, two dimensional heat
flow, which in steady state becomes the two dimensional
Laplace’s equation, Poisson’s equation, these equation
arises in electrostatics and elasticity theory and transmis-
sion line equation.

For example, in a long electrical cable or a telephone wire
both the current and voltage depend upon a position along
the wire as well as the time. By using the basic laws of
electrical circuit theory, the electrical currenti(x, t) satis-
fies the following PDE

∂2i

∂x2
= LC

∂2i

∂t2
+ (RC + GL)

∂i

∂t
+ RGi. (9)

where the constantR,L, C andG are the resistance, in-
ductance, capacitance and leakage conductance respec-
tively, and the distance measured along the length of the
cable represented byx. The voltage also satisfies equation
(9). Several special cases of (9) arise in particular situa-
tions, for example, for a submarine cableG is negligible
and frequencies are low so that inductive effects can also
be neglected, thus one may place

G = L = 0.

In this case the equation (9) becomes

∂2i

∂x2
= RC

∂i

∂t
, (10)

which is also known as submarine equation or telegraph
equation, then we see that equation (10) satisfies the one
dimensional heat equation. For high frequency alternating
current, again with negligible leakage, then equation (9)
can be approximated by

∂2i

∂x2
= LC

∂2i

∂t2
, (11)

which is called the high frequency line equation, also this
equation satisfies the one dimensional wave equation. An-
other application of wave equation, wave propagation un-
der moving load. For example, if we consider high fre-
quency line equation of moving load in wave equation with
a non-homogenous forcing term as follows

∂2i

∂t2
− ∂2i

∂x2
= H(x)⊗H(t), t, x > 0, (12)

where the symbol⊗ represents tensor product andH heav-
iside function, under the initial conditions

i(0, t) = δ(t), i(x, 0) = δ(x)
ix(0, t) = δ′(t), it(x, 0) = δ′(x) (13)

where we consider inductance and capacitance are equal
unit, δ dirac delta. We solve this equation, by using DLT
technique as follow:

s2I(s, p)− sI(p, 0)− ∂

∂t
I(p, 0)

−(p2I(s, p)− pI(0, s)− ∂

∂x
I(0, s)) =

1
sp

,

and single Laplace transform for initial data as

I(0, s) = 1, I(p, 0) = 1, It(p, 0) = pandIx(0, s) = s(14)

we substitute equation(14) into equation(??) and we ob-
tain

I(p, s) =
1

sp(s2 − p2)
. (15)

Now, on using double inverse Laplace transform for both
sides of equation (15) we obtain the solution which is
known as current in the form of

i(x, t) =
1
2
t2.

Now, let us reconsider the equation (14), and multiply the
left hand side of this equation by the polynomialΨ(x, t) by
using the double convolution in order to have non-constant
coefficients

Ψ(x, t) ∗ ∗ [itt − ixx] = f(x, t) (16)

under the same initial conditions. Now by taking double
Laplace transform for the equation (16) and single Laplace
transform for initial conditions then the solution of equa-
tion (16) given by

i(x, t) = L−1
s L−1

p (17)

×
[

sH1(p)
(s2−p2) − pG1(s)

(s2−p2) + pH1(p)−H1(0)
(s2−p2)

− sG1(s)−G1(0)
(s2−p2) + F (p,s)

(s2−p2)Ψ(p,s)

]

provided that the inverse double Laplace transform exist.
In [5] and [15] the authors consider the convolution terms
are polynomials.

Since the Sumudu transform is a convenient tool for solv-
ing differential equations in the time domain, without the
need for performing an inverse Sumudu transform, see [8],
we apply this transform in the next section to solve the
wave equation.

Example 1.Let us consider the non-homogenous wave
equation in the form

itt − ixx =
1
2
ex+t − 1

2
cos(x)et − 1

2
ex cos(t)

+
1
2

cos(x + t),

i(0, t) = δ(t), it(0, t) = δ′(t),
i(x, 0) = δ(x), ix(x, 0) = δ′(x). (18)

We note that all the initial conditions have a singularity at
x = t = 0, (t, x) ∈ R2

+. It is easy to see that the non-
homogenous term of the equation (18) can be written in
the form of the double convolution as follows:

sin(x + t) ∗ ∗ex+t =
1
2
ex+t − 1

2
cos(x)et

−1
2
ex cos(t) +

1
2

cos(x + t).
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If we now apply the double Sumudu transform with re-
spect tox for ixx, we get the double Sumudu transform in
the form

S2 [ixx(x, t); (u, v)] =
1
u2

I(u, v) (19)

− 1
u2

I(0, v)− 1
u

∂

∂x
I(0, v).

Similarly, the double Sumudu transform offtt is given by

S2 [itt(x, t); (u, v)] =
1
v2

I(u, v) (20)

− 1
v2

I(u, 0)− 1
v

∂

∂t
I(u, 0)

and the single Sumudu transform for the initial conditions
is given by

I(0, v) =
1
v
, I(u, 0) =

1
u

, Ix(0, v) (21)

=
1
v2

and It(u, 0) =
1
u2

,

whereu; v are the transform variables forx; t respectively.
On using equations (19), (20) and (21) and after some re-
arrangements, we obtain

I(u, v) =
u3v3(u + v)

(u2 − v2)(u2 + 1)(v2 + 1)(1− u)(1− v)
.(22)

In order to obtain the inverse of equation (22), we use the
following formula, see [13],

S−1 (I (u, v))

= − 1
4π2

∫ γ+i∞

γ−i∞

∫ γ+i∞

γ−i∞
e(s+p)tI

(
1
p
,
1
s

)
ds dp

sp

=
∑

residues


e(s+t)t

I
(

1
p , 1

s

)

sp


 .

We then obtain the symbolic solution of equation (18) as
follows

i(x, t) =
1
4
ex cos(t)− 1

4
et cos(x) +

1
8

sin(t− x)

+
1
4
t sin(x + t) +

1
4

cos(x + t)

+
1
4
ex+t +

1
4
ex+tt +

1
8

sin(x + t).

We note that in the literature there is no systematic way
to generate a partial differential equation with variable
coefficients from the PDE with constant coefficients,
however the most of the partial differential equations
with variable coefficients depend on nature of particular
problems, see [5] and [15].

Concluding Remarks:Now in order to make the clas-
sification of the new equation

(Q(x, t) ∗ ∗P (D)) u = f(x, t)

then we might have some certain remarks.

(i)If the functionQ(x, t) is a polynomial.
(ii) If the functionQ(x, t) is non-polynomial function.

However if the functionQ(x, t) is a continuous then
it is possible to approximate by a polynomial thus still is
an open problem whether the classification is an invariant
property by the convolution product. Further one can also
look at the solution of the new equations and study the
relationship between original equations and the recent one.
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ing the Incomplete Gamma Function, Integral Transform
and Special Functions,14(4)(2003), pp. 293–299.

[8] M. G. M. Hussain and F. B. M. Belgacem,Transient solu-
tions of Maxwell’s equations based on sumudu transform,
Progress In Electromagnetics Research, PIER 74(2007), pp.
273–289.

[9] R. P. Kanwal, Generalized Functions Theory and Applica-
tions Birkhauser, Boston, 2007.
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