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Abstract: In this paper, we study curves in the lightlike cone. First, we show that any curves in the lightlike cone are spacelike or
lightlike, and then we characterize some curves with special cone curvature function in the 4, 5, and 6-dimensional lightlike cone.
Finally, we consider the relationship between Frenet curvature functions and cone curvature functions for a spacelikecurve on the
lightlike cone.
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1 Introduction

In Euclidean space, we can consider the behavior of a
curve by Frenet orthonormal frame and its Frenet
curvatures. For example, if all of the Frenet curvatures of
a curve inEn are constant, then this curve is

α(s) =(a1sin(α1s),a1cos(α1s), . . . ,

. . . ,αmsin(αms),αmcos(αms),bs)

for n= 2m+1 and

α(s) =(a1sin(α1s),a1cos(α1s), . . . ,

. . . ,αmsin(αms),αmcos(αms))

for n = 2m, see [3]. Also, S. Yılmaz and M. Turgut
in [10] have defined vector products in Minkowski
space-time, and by this way they calculate Frenet frames
of all spacelike curves.

In the Lorentzian manifold, there are three type of
curves, namely spacelike, timelike, and lightlike curves,
and their Frenet equations are different, see [1,7].

Besides the Frenet orthonormal frame along a curve
on a lightlike cone, an asymptotic orthonormal frame is
very useful. Asymptotic orthonormal frames are applied
in order to consider curves, surfaces, and hypersurfaces in
the lightlike cones.

H. Liu in [4, 5] has considered curves in the lightlike
cone Qn+1. For this consideration, he defined the

asymptotic orthonormal frame along a curve and cone
curvature functions for such curve inQn+1. Then he
obtained some conformal invariants, and he classified
curves with constant cone curvatures inQ2 andQ3. Also,
in Q2, Liu established the relation between Frenet
curvature and cone curvature, and he characterized the
cone curvature function for a helix. We also remark that
M. Bektaş and M. Külahci in [2] have obtained a
characterization of spacelike curves in the 3-dimensional
lightlike cone in terms of some differential equations.

In this article, we develop and generalize the results by
H. Liu [4, 5]. The setup of this paper is as follows. After
giving some preliminaries in Section2, we show in Section
3 that any nonstraight line curve inQn+1 is a spacelike
curve. In Section4, we characterize curves with constant
cone curvature functions inQ4, Q5, andQ6. In Section
5, we give some relation between Frenet curvatures and
cone curvature functions for a curve inQ3, and also we
obtain cone curvature functions for a curve inQ3 such that
the vectorsα1 andα2 have constant angle with a constant
vectorb.

2 Preliminaries

LetEn ben-dimensional Euclidean space. For two vectors
v= (v1, . . . ,vn), w= (w1, . . . ,wn) and an integerq∈ [0,n],
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we define the bilinear form

〈v,w〉 :=
n−q

∑
i=1

viwi −
n

∑
i=n−q+1

viwi
.

The resulting semi-Riemannian space is called Minkowski
n-space, andn= 4 is the simplest example of a relativistic
space-time, see [7].

Definition 1. A vector v6= 0 in En
1 is called spacelike,

timelike, or lightlike if〈v,v〉 > 0,〈v,v〉 < 0, or 〈v,v〉 = 0,
respectively, and v= 0 is spacelike.

Definition 2. The set of all lightlike vectors inEn
1 is called

the lightlike cone and denoted byQn−1.

In the lightlike coneQn+1 ⊂ En+2
1 , there are two

orthonormal frame fields. One of them is a pseudo-Frenet
orthonormal frame field and the other is an asymptotic
orthonormal frame field, see [4].

Definition 3. A frame field {e1, . . . ,en,en+1,en+2} on
En+2

1 is called an asymptotic orthonormal frame field
provided

〈en+1,en+1〉= 〈en+2,en+2〉= 0, 〈en+1,en+2〉= 1,

〈en+1,ei〉= 〈en+2,ei〉= 0,
〈

ei ,ej
〉

= δi j , i, j = 1, . . . ,n.

Definition 4. A frame field {e1, . . . ,en,en+1,en+2} on
En+2

1 is called a pseudo-Frenet orthonormal frame field
provided

〈en+1,en+1〉=−〈en+2,en+2〉= 1, 〈en+1,en+2〉= 0,

〈en+1,ei〉= 〈en+2,ei〉= 0,
〈

ei ,ej
〉

= δi j , i, j = 1, . . . ,n.

Definition 5. A curve x inEn+2
1 is called a Frenet curve

provided for all t∈ I, the vector fields

x(t), ẋ(t), ẍ(t), . . . ,x(n)(t),x(n+1)(t)

are linearly independent and the vector fields

x(t), ẋ(t), ẍ(t), . . . ,x(n+1)(t),x(n+2)(t)

are linearly dependent, where x(n)(t) = dnx(t)
dtn .

Definition 6. A curve x: I → En+2
1 is called spacelike,

timelike, or lightlike provideḋx(t) is spacelike, timelike,
or lightlike, respectively for all t∈ I.

Definition 7. A spacelike or timelike curve x: I → En+2
1 is

said to be parameterized by arc length provided

〈ẋ(s), ẋ(s)〉 = 1 or 〈ẋ(s), ẋ(s)〉 =−1,

respectively.

Remark. In this article, all of the spacelike or timelike
curves are parameterized by arclength denoted bys, and
x′(s) := dx(s)

ds .

In [4], H. Liu defined an asymptotic orthonormal frame
field for a given curve in theQn+1 as follows. Letx : I →
Qn+1 ⊂ En+2

1 be a curve. We choose the null vector field
y(s) and the spacelike normal spaceVn−1 of the curvex
such that they satisfy

〈x(s),y(s)〉 = 1,

〈x(s),x(s)〉 = 〈y(s),y(s)〉 =
〈

x′(s),y(s)
〉

= 0,

Vn−1 =
(

spanR{x,y,x′}
)⊥

,

spanR{x,y,x′,Vn−1}= En+2
1 .

Therefore, by choosing suitable orthonormal vector fields
α2(s),α3(s), . . . ,αn(s) ∈ Vn−1, we have the Frenet
formulas

x′(s) =α1(s)

α ′
1(s) =κ1(s)x(s)− y(s)+ τ1(s)α2(s)

α ′
2(s) =κ2(s)x(s)− τ1(s)α1(s)+ τ2(s)α3(s)

...

α ′
i (s) =κi(s)x(s)− τi−1(s)αi−1(s)+ τi(s)αi+1(s)

...

α ′
n(s) =κn(s)x(s)− τn−1(s)αn−1(s)

y′(s) =−
n

∑
i=1

κi(s)αi(s),

(1)

where {x(s),y(s),x′(s),α2(s),α3(s), . . . ,αn(s)} is an
asymptotic orthonormal frame field, called theasymptotic
orthonormal frameon En+2

1 along the curvex in Qn+1.
The functions κi = 〈α ′

i ,y〉, i = 1, . . . ,n and
τi = 〈α ′

i ,αi+1〉, i = 1, . . . ,n−1, are calledcone curvature
functionsof the curvex.

Proposition 1(see [5]). Let x : I → Qn+1 ⊂ En+2
1 be a

spacelike curve and put

y(s) :=−x′′(s)− 1
2

〈

x′′(s),x′′(s)
〉

x(s). (2)

Thenτi = 0, i = 1, . . . ,n.

3 Nonstraight Line Curves in the Lightlike
ConeQn+1

In Euclidean space, a regular curve is a curve which has
nonzero velocity vector. In the Minkowski spaceE3

1, any
timelike (lightlike) curve is regular. Also, if a curvex : I →
E3

1 is regular ins0, then, by continuity,x is also regular in a
neighborhood ofs0, see [6]. Similarly to this, we can prove
the following.

Proposition 2. Any timelike (lightlike) curve x: I → En+2
1

(with arbitrary parameter) is regular.
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Proof. Assume that the curve is timelike. We write

x(t) = (x1(t), . . . ,xn+1(t),xn+2(t)),

wherexi are differentiable functions onI . In this case, we
have

〈ẋ(t), ẋ(t)〉= ẋ2
1(t)+ . . .+ ẋ2

n+1(t)− ẋ2
n+2(t)< 0.

In particular, ˙xn+2(t) 6= 0, i.e.,x is regular. On the other
hand, if the curve is lightlike, we have ˙xn+2(t) 6= 0 again
since, on the contrary, ˙xi(t) = 0 and ẋ(t) = 0. But this
means that the curve is spacelike.⊓⊔

Lemma 1. Let x: I →Qn+1 ⊂ En+2
1 be a curve. Then x is

lightlike if and only if x is a straight line.

Proof. Let 〈x,x〉= 0 and〈ẋ, ẋ〉= 0, so

x2
n+2 = x2

1+ . . .+ x2
n+1,

ẋ2
n+2 = ẋ2

1+ . . .+ ẋ2
n+1.

(3)

Differentiation of the first equation in (3) yields that

xn+2ẋn+2 = x1ẋ1+ . . .+ xn+1ẋn+1,

(xn+2)
2(ẋn+2)

2 = (x1ẋ1+ . . .+ xn+1ẋn+1)
2
.

(4)

By substituting (3) into (4) and after some calculations, we
conclude that

n+1

∑
i, j=1

(xi ẋ j − x j ẋi)
2 = 0.

Thus,
ẋi

xi
=

ẋ1

x1
, i = 1, . . . ,n+1.

Finally, we have

xi(s) = Aix1(s), i = 1, . . . ,n+1,

xn+2(s) =±x1(s)
√

1+A2
1+ . . .+A2

n+1,

whereAi is some real constant. Thus,x(s) =
−→
A x1(s) is

a straight line with the real differentiable functionx1 and
constant lightlike velocity vector

−→
A . On the other hand,

the converse statement is trivial.⊓⊔

Lemma 2. Let x: I → En+2
1 be a timelike curve. Then x is

not lying inQn+1.

Proof. Assume thatx is inQn+1. Then

x2
n+2 = x2

1+ . . .+ x2
n+1, (5)

so that
n+1

∑
i=1

xix
′
i = xn+2x′n+2. (6)

Sincex is timelike, we get

(x2
1+ . . .+ x2

n+1)(x
′
1

2
+ . . .+ x′n+1

2
)− x2

n+2x
′
n+2

2

=−x2
n+2. (7)

If we replace (6) in (7), then we obtain

n+1

∑
i, j=1

(xix
′
j − x jx

′
i)

2 =−x2
n+2.

Hencexn+2 = 0, and (5) yields

xi(s) = 0, i = 1, . . . ,n+1.

Sox(s) = 0, which is a contradiction.⊓⊔
Lemmas1 and2 yield the following theorem.

Theorem 1. If x : I → Qn+1 ⊂ En+2
1 is a regular curve,

then x is a nonstraight line if and only if x is a spacelike
curve.

Proof. Let x be a nonstraight line curve inQn+1. Then,
by Lemma1, this curve is not a lightlike curve, and, by
Lemma2, this curve is not a timelike curve. Therefore, it
is a spacelike curve. Conversely, if the curve is spacelike
and a straight line, thenx(s) =

−→
A x̃(s) such that ˜x(s) is a

real differentiable function and
−→
A is a lightlike vector asx

is lightlike, a contradiction. ⊓⊔
Remark. For the rest of this article, we assume that the
curvex is a spacelike curve parameterized by arc length.

4 Curves in the Lightlike ConesQ4, Q5, and
Q6

H. Liu in [4, Theorems 2.3 and 3.1] has classified all
curves with constant cone curvature functions onQ2 and
Q3. These curves are solutions of special differential
equations. Similarly to these two theorems, we obtain
constant cone curvature curves in the lightlike conesQ4,
Q5, andQ6.

Theorem 2. Let x: I →Q4 ⊂E5
1 be a curve in the lightlike

coneQ4. If the cone curvature functions of the curve are
constant, then the curve satisfies the differential equation

x(5)+(τ2
1 + τ2

2 −2κ1)x
′′′

− (κ2
2 +κ2

3 +2κ3τ1τ2+2κ1τ2
2)x

′ = 0. (8)

Proof. The Frenet formulas (1) for this curve are

x′(s) =α1(s)

α ′
1(s) =κ1(s)x(s)− y(s)+ τ1(s)α2(s)

α ′
2(s) =κ2(s)x(s)− τ1(s)α1(s)+ τ2(s)α3(s)

α ′
3(s) =κ3(s)x(s)− τ2(s)α2(s)

y′(s) =−κ1(s)α1(s)−κ2(s)α2(s)−κ3(s)α3(s).

(9)
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From (9), we obtain the other derivatives ofx as

x′′′ =τ1κ2x+(2κ1− τ2
1)x

′+κ2α2

+(κ3+ τ1τ2)α3, (10)

x(4) =(κ2
2 +κ2

3 +κ3τ1τ2)x

+(2κ1− τ2
1)x

′′− (κ3τ2+ τ1τ2
2)α2+κ2τ2α3,

x(5) =−κ2τ1τ2
2x+(κ2

2 +κ2
3 +2κ3τ1τ2+ τ2

1τ2
2)x

′

+(2κ1− τ2
1)x

′′′−κ2τ2
2α2

− τ2
2(κ3+ τ1τ2)α3. (11)

If we multiply (10) by τ2
2 and add the resulting equation to

(11), then we obtain (8). ⊓⊔

Corollary 1. If x : I → Q4 ⊂ E5
1 is a curve with constant

cone curvature in the lightlike coneQ4, then the following
cases hold.

i) Assumeκ3 = τ2 = 0.
i-i) If κ2 = 0, then

x(s) = a1s2+a2s+a3

providedλ = 0,

a1sinh(
√

2λ)s+a2cosh(
√

2λ )s+a3

providedλ > 0, and

a1sin(
√

−2λ)s+a2cos(
√

−2λ)s+a3

providedλ < 0, whereλ := 2κ1− τ2
1.

i-ii) If κ2 6= 0, then

x(s) =a1sinh(µs)+a2cosh(µs)+a3sin(νs)

+a4cos(νs)+a5,

where±µ and ±iν are the real and imaginary
roots of the equation

t4− (2κ1− τ2
1)t

2−κ2
2 = 0.

ii) If κ3 = 0 andτ2 6= 0, then

x(s) =a1sinh(µs)+a2cosh(µs)+a3sin(νs)

+a4cos(νs)+a5,

where±µ and±iν are the real and imaginary roots of
the equation

t4+(τ2
1 + τ2

2 −2κ1)t
2− (κ2

2 +2κ1τ2
2) = 0.

iii) Assumeκ3 6= 0. Consider the equation

t4+(τ2
1 + τ2

2 −2κ1)t
2

− (κ2
2 +κ2

3 +2κ3τ1τ2+2κ1τ2
2) = 0. (12)

iii-i) If the roots of (12) are±µ and±iν, then

x(s) =a1sinh(µs)+a2cosh(µs)

+a3sin(νs)+a4cos(νs)+a5.
(13)

iii-ii) If the roots of (12) are±µ and±ν, then

x(s) =a1sin(µs)+a2cos(µs)+a3sin(νs)

+a4cos(νs)+a5.
(14)

iii-iii) If the roots of (12) are±iµ and±iν, then

x(s) =a1sinh(µs)+a2cosh(µs)

+a3sinh(νs)+a4cosh(νs)+a5.
(15)

iii-vi) If the roots of (12) are±µ ± iν, then

x(s) =a1sinh(µs)sin(νs)

+a2cosh(µs)sin(νs)

+a3sinh(µs)cos(νs)

+a4cosh(µs)cos(νs)+a5,

(16)

Here, ai ∈ E4
1, i ∈ {1,2,3,4,5}, are suitable constant

vectors.

Proof. First, we prove i). If we setκ3 = τ2 = 0 in (9),
thenα3 is constant, and thus [4, Theorem 3.1] yields the
statement. Next, we prove ii). The discriminant of the
quadratic equation

t2+(τ2
1 + τ2

2 −2κ1)t − (κ2
2 +2κ1τ2

2) = 0 (17)

is

∆ =

{

(2κ1− τ2
1)

2+ τ4
2 +2τ2

1τ2
2 +4κ1τ2

2 +4κ2
2, κ1 ≥ 0,

(2κ1− τ2
2)

2+ τ4
1 +2τ2

1τ2
2 −4κ1τ2

1 +4κ2
2, κ1 < 0.

Sinceτ2 6= 0, we have∆ > 0, and thus (17) has two real
roots with different signs. If we set ˜x := x′ in (8), then we
obtain a differential equation of order 4 with constant
coefficients. After an integration, the statement is proved.
Finally, we prove iii). If we set ˜x := x′ in (8), then we
obtain a differential equation of order 4 with constant
coefficients. In general, the solution of such differential
equations are exp(λs), whereλ is a root of (12). If λ is
real, then the solution is

a1sinh(λs)+a2cosh(λs),

while if λ is imaginary, then the solution is

a3sin(iλs)+a4cos(iλs).

If λ = µ + iν is a complex number, then

x̃(s) =a1sinh(µs)sin(νs)+a2cosh(µs)sin(νs)

+a3sinh(µs)cos(νs)+a4cosh(µs)cos(νs).

An integration yields that the curve is in the forms (13),
(14), (15), or (16). ⊓⊔
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Theorem 3. Let x: I →Q5 ⊂E6
1 be a curve in the lightlike

coneQ5. If the cone curvature functions of the curve are
constant, then the curve satisfies the differential equation

x(6)+(τ2
1 + τ2

2 + τ2
3 −2κ1)x

(4)

− (κ2
2 +κ2

4 +(2κ1− τ2
1)(τ

2
2 + τ2

3)+ (κ3+ τ1τ2)
2)x′′

= (κ4τ2+κ2τ3)
2x. (18)

Proof. The Frenet formulas (1) for this curve are

x′(s) =α1(s),

α ′
1(s) =κ1(s)x(s)− y(s)+ τ1(s)α2(s),

α ′
2(s) =κ2(s)x(s)− τ1(s)α1(s)+ τ2(s)α3(s),

α ′
3(s) =κ3(s)x(s)− τ2(s)α2(s)+ τ3(s)α4(s),

α ′
4(s) =κ4(s)x(s)− τ3(s)α3(s),

y′(s) =−κ1(s)α1(s)−κ2(s)α2(s)

−κ3(s)α3(s)−κ4(s)α4(s).

(19)

From (19), we obtain the other derivatives ofx as

x′′′ =τ1κ2x+(2κ1− τ2
1)x

′+κ2α2

+(κ3+ τ1τ2)α3+κ4α4, (20)

x(4) =(κ2
2 +κ2

3 +κ2
4 +κ3τ1τ2)x

+(2κ1− τ2
1)x

′′− (κ3τ2+ τ1τ2
2)α2

+(κ2τ2−κ4τ3)α3+(κ3τ3+ τ1τ2τ3)α4, (21)

x(5) =(κ4τ1τ2τ3−κ2τ1τ2
2)x

+(κ2
2 +κ2

3 +κ2
4 + τ2

1τ2
2 +2κ3τ1τ2)x

′

+(2κ1− τ2
1)x

′′′+(κ4τ2τ3−κ2τ2
2)α2

− (κ3τ2
2 + τ1τ3

2 +κ3τ2
3 + τ1τ2τ2

3)α3

+(κ2τ2τ3−κ4τ2
3)α4,

x(6) =
(

2κ2κ4τ2τ3− τ2
2(κ

2
2 +κ2

3 +κ3τ1τ2)

− τ2
3(κ

2
3 +κ2

4 +κ3τ1τ2)
)

x

+(κ2
2 +κ2

3 +κ2
4 + τ2

1τ2
2 +2κ3τ1τ2)x

′′

+(2κ1− τ2
1)x

(4)+(τ2
2 + τ2

3)(κ3τ2+ τ1τ2
2)α2

+(τ2
2 + τ2

3)(κ4τ3−κ2τ2)α3

− (τ2
2 + τ2

3)(κ3τ3+ τ1τ2τ3)α4. (22)

If we multiply (21) by (τ2
2 + τ2

3) and add the resulting
equation to (22), then we obtain (18). ⊓⊔
Corollary 2. Let x: I →Q5 ⊂E6

1 be a curve with constant
cone curvature in the lightlike coneQ5. Assume

κ4τ2+κ2τ3 6= 0.

Consider the equation

t3+(τ2
1 + τ2

2 + τ2
3 −2κ1)t

2

−
(

κ2
2 +κ2

4 +(2κ1− τ2
1)(τ

2
2 + τ2

3)+ (κ3+ τ1τ2)
2)t

− (κ4τ2+κ2τ3)
2 = 0. (23)

i) If the roots of (23) are λ 2 and(µ ± iν)2, then

x(s) =a1sinh(µs)sin(νs)+a2cosh(µs)sin(νs)

+a3sinh(µs)cos(νs)+a4cosh(µs)cos(νs)

+a5sinh(λs)+a6cosh(λs).

ii) If the roots of (23) are λ 2, µ2, andν2, then

x(s) =a1sinh(µs)+a2cosh(µs)+a3sinh(νs)

+a4cosh(νs)+a5sinh(λs)+a6cosh(λs).

iii) If the roots of (23) are λ 2, (iµ)2, and(iν)2, then

x(s) =a1sin(µs)+a2cos(µs)+a3sin(νs)

+a4cos(νs)+a5sinh(λs)+a6cosh(λs).

Here, ai ∈ E6
1, i ∈ {1,2,3,4,5,6}, are suitable constant

vectors.

Proof. Denote the left-hand side of (23) by f (t). Then
f (0)< 0 and

f ′(t) =3t2+2(τ2
1 + τ2

2 + τ2
3 −2κ1)t

−
(

κ2
2 +κ2

4 +(2κ1− τ2
1)(τ

2
2 + τ2

3)

+ (κ3+ τ1τ2)
2)
,

∆ =3(τ2
2 + τ2

3)
2+

(

τ2
2 + τ2

3 +2(2κ1− τ2
1)
)2

+12
(

κ2
2 +κ2

4 +(κ3+ τ1τ2)
2)

> 0.

Thus, (23) has at least one positive root. The other roots
are one of the following. In i) both are(µ ± iν)2. In ii),
both of them are positive, i.e., they areµ2 andν2. In iii),
both of them are negative, i.e., they(iµ)2 and(iν)2. Thus,
the curves in i), ii), and iii) are satisfying (18). ⊓⊔

Corollary 3. Let x: I →Q5 ⊂E6
1 be a curve with constant

cone curvature in the lightlike coneQ5. Assume

κ4τ2+κ2τ3 = 0.

Consider the equation

t2+(τ2
1 + τ2

2 + τ2
3 −2κ1)t

−
(

κ2
2 +κ2

4 +(2κ1− τ2
1)(τ

2
2 + τ2

3)+ (κ3+ τ1τ2)
2)= 0.

(24)

i) If the roots of (24) are µ > 0 andν < 0, then

x(s) =a1sinh(s
√

µ)+a2cosh(s
√

µ)+a3sin
(

s
√
−ν

)

+a4cos
(√

−νs
)

+a5s+a6.

ii) If at least one of the roots of(24) is zero, then

x(s) = a1s2+a2s+a3 (25)

providedλ = 0,

x(s) = a1sinh
(

s
√

2λ
)

+a2cosh
(

s
√

2λ
)

+a3 (26)
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providedλ > 0, and

x(s) = a1sin
(

s
√

−2λ
)

+a2cos
(

s
√

−2λ
)

+a3

(27)
providedλ < 0, whereλ := 2κ1− τ2

1 .

Here, ai ∈ E6
1, i ∈ {1,2,3,4,5,6}, are suitable constant

vectors.

Proof. The discriminant of (24) is

∆ = (τ2
2 + τ2

3 +2κ1− τ2
1)

2

+4κ2
2 +4κ2

4 +4(κ3+ τ1τ2)
2 ≥ 0.

First, assume∆ > 0. If the roots of (24) are µ > 0 and
ν < 0, then, as in Corollary1, we may prove i). If one of
the roots of (24) is zero, then (24) yields

κ2
2 +κ2

4 +(2κ1− τ2
1)(τ

2
2 + τ2

3)+ (κ3+ τ1τ2)
2 = 0,

κ2 = κ4 = κ3+ τ1τ2 = (2κ1− τ2
1)(τ

2
2 + τ2

3) = 0,

from which together with (20), we have

x′′′ = (2κ1− τ2
1)x

′
.

The solution of this equation in the different cases is (25),
(26), and (27). In the case∆ = 0, we conclude that any two
roots of (24) are zero, and the curve is then (25). ⊓⊔

Theorem 4. Let x: I →Q6 ⊂E7
1 be a curve in the lightlike

coneQ6. If the cone curvature functions of the curve are
constant, then the curve satisfies the differential equation

x(7)+Ax(5)+Bx(3)+Cx′ = 0, (28)

where A, B, and C are constant coefficients.

Proof. Proceeding as in the proofs of Theorems2 and3,
we obtain the other derivatives ofx as

x′′′ =τ1κ2x+(2κ1− τ2
1)x

′+κ2α2

+(κ3+ τ1τ2)α3+κ4α4+κ5α5, (29)

x(4) =(κ2
2 +κ2

3 +κ2
4 +κ2

5 +κ3τ1τ2)x+(2κ1− τ2
1)x

′′

− (κ3τ2+ τ1τ2
2)α2+(κ2τ2−κ4τ3)α3

+(κ3τ3+ τ1τ2τ3−κ5τ4)α4+κ4τ4α5,

x(5) =(κ4τ1τ2τ3−κ2τ1τ2
2)x

+(κ2
2 +κ2

3 +κ2
4 +κ2

5 + τ2
1τ2

2 +2κ3τ1τ2)x
′

+(2κ1− τ2
1)x

′′′+(κ4τ2τ3−κ2τ2
2)α2

−
(

(κ3+ τ1τ2)(τ2
2 + τ2

3)−κ5τ3τ4
)

α3

+(κ2τ2τ3−κ4τ2
3 −κ4τ2

4)α4

+(κ3τ3τ4+ τ1τ2τ3τ4−κ5τ2
4)α5, (30)

x(6) =
(

2κ2κ4τ2τ3+2κ3κ5τ3τ4− τ2
2(κ

2
2 +κ2

3 +κ3τ1τ2)

− τ2
3(κ

2
3 +κ2

4 +κ3τ1τ2)− τ2
4(κ

2
4 +κ2

5)

+κ5τ1τ2τ3τ4
)

x

+(κ2
2 +κ2

3 +κ2
4 +κ2

5 + τ2
1τ2

2 +2κ3τ1τ2)x
′′

+(2κ1− τ2
1)x

(4)

+
(

(τ2
2 + τ2

3)(κ3τ2+ τ1τ2
2)−κ5τ2τ3τ4

)

α2

+
(

τ2
2 + τ2

3)(κ4τ3−κ2τ2)+κ4τ3τ2
4

)

α3

−
(

τ2
2 + τ2

3)(κ3τ3+ τ1τ2τ3)

+ τ2
4(κ3τ3−κ5τ4+ τ1τ2τ3)

)

α4

+(κ2τ2τ3τ4−κ4τ2
3τ4−κ4τ3

4)α5,

x(7) =
(

(τ2
2 + τ2

3 + τ2
4)(κ2τ1τ2

2 −κ4τ1τ2τ3)−κ4τ1τ2
2τ2

4

)

x

+
(

2κ2κ4τ2τ3+2κ3κ5τ3τ4−2κ3τ1τ2(τ2
2 + τ2

3)

−κ2
2τ2

2 −κ2
3(τ

2
2 + τ2

3)−κ2
4(τ

2
3 + τ2

4)

+κ5τ1τ2τ3τ4−κ2
5τ2

4

− τ2
1τ2

2(τ
2
2 + τ2

3)+κ5τ2
1τ3τ4

)

x′

+
(

κ2
2 +κ2

3 +κ2
4 +κ2

5 + τ2
1τ2

2

−2κ3τ1τ2(τ2
2 + τ2

3)+2κ3τ1τ2
)

x′′′

+(2κ1− τ2
1)x

(5)

+
(

(τ2
2 + τ2

3 + τ2
4)(κ2τ2

2 −κ4τ2τ3)−κ2τ2
2τ2

4

)

α2

+
(

(τ2
2 + τ2

3)(κ3τ2
2 + τ1τ3

2)−κ5τ3τ4((τ2
2 + τ2

3 + τ2
4)

+ (κ3+ τ1τ2)τ2
3τ2

4

)

α3

+
(

(κ4τ2
3 +κ4τ2

4 −κ2τ2τ3)(τ2
2 + τ2

3 + τ2
4)

−κ4τ2
2τ2

4

)

α4

−
(

(τ2
2 + τ2

3 + τ2
4)(κ3τ3τ4+ τ1τ2τ3τ4−κ5τ2

4)

+κ5τ2
2τ2

4

)

α5. (31)

If we multiply (30) by (τ2
2 + τ2

3 + τ2
4), multiply (29) by

τ2
2τ2

4 , and then add the resulting equations to (31), then
we obtain (28), whereA, B, andC are suitable constant
coefficients. ⊓⊔

Theorem 5. Let x : I → Qn+1 be a curve with constant
cone curvature inQn+1. Assume that the lightlike vector
field y(s) is as in(2).

i) If κi = 0 for all i ∈ {2, . . . ,n}, then

x(s) = a1s2+a2s+a3

providedκ1 = 0,

x(s) = a1sinh
(

s
√

2κ1

)

+a2cosh
(

s
√

2κ1

)

+a3

providedκ1 > 0, and

x(s) = a1sin
(

s
√

−2κ1

)

+a2cos
(

s
√

−2κ1

)

+a3

providedκ1 < 0.
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ii) If one of theκi 6= 0 for i ∈ {2, . . . ,n}, then

x(s) =a1sinh(µs)+a2cosh(µs)

+a3sin(νs)+a4cos(νs),
(32)

where ai ∈ En+2
1 , i ∈ {1,2,3}, are suitable vectors and

±µ and±iν are the real and imaginary roots of the
equation

t4−2κ1t
2−

n

∑
i=2

κ2
i = 0.

Proof. First, we prove i). By Proposition1, all of theτi = 0,
and because ofκi = 0 for all i ∈ {2, . . . ,n}, by the Frenet
formulas (1), we conclude that

x′′′(s)−2κ1x′(s) = 0,

which has its solutions in the stated forms. Finally, we
prove ii). By Proposition1, all of theτi = 0, thus, by the
Frenet formulas (1), we conclude that

x(4)(s)−2κ1x
′′(s)−

n

∑
i=2

κ2
i x(s) = 0,

which has its solutions in the form (32). ⊓⊔

5 Some Results for Spacelike Curves inQ3

In this section, we follow the relationship between Frenet
curvatures and cone curvature functions onQ3 in special
cases. J. Walrave in [9] has classified all spacelike curves
in E4

1, and we consider such constant cone curvature
curves. By Corollary1, the only nonstraightline curves in
Qn+1 are spacelike curves, thus we will not study the
other types.

M. P. Torgašev and E.̌Sućurović in [8, Remarks 3.2
and 3.3] have proved that ifx : I → Q3 ⊂ E4

1 is a curve
in the lightlike coneQ3 with constant Frenet curvatures
and the principal vectorN or the binormal vectorB1 is
timelike, thenτ2 = σ2. In the following theorems, in the
cases whenB2 or N is timelike, we independently prove
this, and next we will show that ifB1 is timelike orB1, B2
are lightlike, thenκ2 = τ = σ = 0.

Remark.In the sequel, we will writeκ1, κ2, andτ for cone
curvature functions, andκ, τ , andσ for Frenet curvatures
functions.

Theorem 6. Let x: I →Q3 ⊂E4
1 be a curve in the lightlike

coneQ3. If the cone curvature functions of the curve are
constant, then its Frenet curvatures are constant.

Proof. Case 1. LetN and B1 be spacelike. Thus,B2 is
timelike. In this case, we have the Frenet formulas







T
N
B1
B2







′

=







0 κ 0 0
−κ 0 τ 0
0 −τ 0 σ
0 0 σ 0













T
N
B1
B2






. (33)

By (1), for Q3, we have

N =
1
κ

α ′
1 =

1
κ
(κ1x− y+ τα2),

κ2 = τ2−2κ1.

(34)

Thus, the first Frenet curvature of the curve is constant. By
(33) and (34), we have

N′ =−κT + τB1 =−κT +
τκ2

κ
x+

κ2

κ
α2,

τ2 = (
κ2

κ
)2
, B1 = ε(τx+α2),

(35)

whereε = ±1. Thus,τ is constant. Now by (35) and the
third equation of (33), we have

B′
1 =−τN+σB2 = εκ2x,

so thatB′
1 is lightlike, and as a result of orthonormality, we

have
τ2−σ2 = 0, τ2 = σ2

,

and henceσ is constant.
Case 2. LetB1, B2 be spacelike andN be timelike. In

this case, we have the Frenet formulas







T
N
B1
B2







′

=







0 κ 0 0
κ 0 τ 0
0 τ 0 σ
0 0 −σ 0













T
N
B1
B2






.

Similarly as in Case 1, this results in the Frenet curvatures
being constant. In this case, we haveκ2 = 2κ1− τ2.

Case 3. LetN, B2 be spacelike andB1 be timelike. We
have the Frenet equations







T
N
B1
B2







′

=







0 κ 0 0
−κ 0 τ 0
0 τ 0 σ
0 0 σ 0













T
N
B1
B2






. (36)

This case is similar to Cases 1 and 2 as well, and by an
elementary calculation, we conclude thatκ2 = τ2 − 2κ1
andκ2 = τ = σ = 0 are constant (see [8, Remark 3.2 and
Theorem 3.7]).

Case 4. LetN be spacelike andB1, B2 be lightlike. In
this case, we have

B1 = N′+ τT, 〈B1,B2〉= 1, 〈B1,B1〉= 〈B2,B2〉= 0,

and the Frenet formulas are






T
N
B1
B2







′

=







0 κ 0 0
−κ 0 τ 0
0 0 σ 0
0 −τ 0 −σ













T
N
B1
B2






.

This case is similar to Case 3. We conclude thatκ2 = τ2−
2κ1 andκ2 = τ = σ = 0 are constant. ⊓⊔

c© 2018 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


1234 N. Abazari et al.: Spacelike curves on the lightlike cone

Corollary 4. Let x : I → Q3 ⊂ E4
1 be the curve in Cases

3 or 4 of Theorem6. If its Frenet curvatures are constant,
then it is a planar curve.

Proof. By Theorem6, in Cases 3 or 4, we haveκ2 = 0.
Thus, by [8, Theorem 3.1], the curve is planar.⊓⊔

Theorem 7. Let x: I →Q3 ⊂E4
1 be a curve in the lightlike

coneQ3 with constant Frenet curvatures. Then its cone
curvature functions satisfy the relations

κ2 = τ2−2κ1, κ2+ τ ′ =±τκ.

Moreover, in Cases 3 and 4 of Theorem6, if κ 6= 0, then
τ = σ = 0.

Proof. In all of the cases, by the second equation in (1),
we have

α ′
1 = κ1x− y+ τα2, κ2 = τ2−2κ1.

In Case 1, by the Frenet equation (33), we have

N′ =−κT+τB1=
1
κ
(−κ2x′+κ ′

1x+τ ′α2+τκ2x+κ2α2).

SinceB1 is spacelike, we get

(τκ)2 = (κ2+ τ ′)2
.

Again, by the Frenet equation (33), we have

B′
1 =− τN+σB2

=
1

τκ
(

(κ2
2 +2τ ′κ2+ τκ ′

2+κ ′′
1)x

+(τκ2+κ ′
1− τκ2− ττ ′)x′+(κ ′

2+ τ ′′)α2},

and sinceττ ′−κ ′
1 = κ ′

2+ τ ′′ = 0 andκ ′′
1 = ττ ′′+ τ ′2, we

conclude that

−τN+σB2 = (τκ)x.

Sincex is lightlike, N is spacelike andB2 is timelike, thus
τ2 = σ2.

Case 2 is similar.
In Case 3, by the Frenet equation (36), we have

N′ =−κT +τB1 =
1
κ
(−κx′+κ ′

1x+τ ′α2+τκ2x+κ2α2).

SinceB1 is timelike, we have

−(τκ)2 = (κ2+ τ ′)2
.

Sinceκ 6= 0, we obtainτ = 0. ⊓⊔

Corollary 5. Let x: I →Q3 ⊂E4
1 be a curve in the lightlike

coneQ3. Assume that the lightlike vector field y is defined
in (2). Then the cone curvature functions of the curve are
constant if and only if its Frenet curvatures are constant.

Proof. In this case, from〈N,N〉 = 1, we have

κ2 =−2κ1.

Thus the first cone curvature function is constant if and
only if the first Frenet curvature function is constant. In
Case 1 of Theorem6, we conclude

τ2 =
(κ2

κ

)2
.

Hence the second cone curvature function is constant if
and only if the second (third) Frenet curvature is constant.
⊓⊔

H. Liu in [4] proved that ifx : I → Q2 is a helix such
that its velocity vector field has constant angle with a
constant vector, then its cone curvature function satisfies

κ(s) = c1(s+ c2)
−2
,

wherec1 6= 0 andc2 are constant. Now, we prove a similar
result as follows.

Theorem 8. Let x : I → Q3 be a curve such thatα1 and
α2 have constant angle with the constant vector b. Then its
cone curvature functionκ1 andκ2 satisfy

κ1l +κ2l̃ = c1(s+ c2)
−2
,

where〈α1,b〉= l, 〈α2,b〉= l̃, and c1, c2 are real constants.

Proof. From〈α1,b〉= l , we have

〈x,b〉= ls+ l0

and

0=
〈

α ′
1,b

〉

= 〈κ1x− y− τα2,b〉= κ1 〈x,b〉− 〈y,b〉+ τ l̃ .

Thus,
κ1(ls+ l0)+2κ1l +(κ2+ τ ′)l̃ = 0. (37)

Similarly, 〈α2,b〉= l̃ yields
〈

α ′
2,b

〉

= κ2(ls+ l0)− τ l = 0.

By differentiation, we have

τ ′ = κ ′
2s+κ2+κ ′

2
l0
l
. (38)

From (38) and (37), we get

(κ ′
1l +κ ′

2l̃)(ls+ l0)+2(κ1l +κ ′
2l̃) = 0,

so that
κ ′

1l +κ ′
2l̃

κ1l +κ2l̃
=−2

l
ls+ l0

.

Hence the solutions of this differential equation are

κ1l +κ2l̃ = c(ls+ l0)
−2
.

Thus,
κ1l +κ2l̃ = c1(s+ c2)

−2
,

completing the proof. ⊓⊔

c© 2018 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.12, No. 6, 1227-1236 (2018) /www.naturalspublishing.com/Journals.asp 1235

Theorem 9. Let x: I →Q3 be a spacelike curve such that
the position vector x(s) has constant inner product with a
constant vector b. If the lightlike vector field y(s) is
defined as in(2), then the cone curvature functionsκ1 and
κ2 satisfy

κ2 =−
(

κ ′
1

κ2

)′
. (39)

Proof. Let 〈x,b〉= l such thatl is a constant. Then
〈

x′,b
〉

= 0.

By the Frenet equations (1), we have

〈y,b〉= κ1l .

The vectorb, by the frame{x,x′,y,α2}, can be expressed
as

b= lκ1(s)x(s)+ ly(s)+λ (s)α2(s).

Thus,b′ = 0 and

(lκ ′
1(s)+λ (s)κ2(s))x(s)+ (λ ′(s)− lκ2(s))α2(s) = 0.

Therefore,

λ ′(s)− lκ2(s) = 0, lκ ′
1(s)+λ (s)κ2(s) = 0,

which yields (39). ⊓⊔
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