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1 Introduction and Preliminaries resistors, then the total resistance is computed by the
formula: Ry = %%(RLRZ), which is half the harmonic
In recent years, much attention has been given tomean. Harmonic means also play crucial role in the
convexity theory, which plays an important and crucial development of parallel algorithms for solving non-linear
role in the development of various fields of pure and problems. Noor 11 used the harmonic means and
applied sciences. Several new generalizations andiarmonic convex functions to suggest some iterative
extensions of classical convexity theory have beenmethods for solving linear and nonlinear system of
proposed using novel and innovative ideas, S8, 4,5, equations. Another significant and interesting applicatio
6,7,8]. Iscan P] introduced the harmonic convex Of harmonic meansis in the field of numerical analysis, as
functions and derived some integral inequalities ofone can obtain variants of iterative methods for solving
Hermite-Hadamard type. nonlinear equations using harmonic means. For more
details, seel3,14).
Definition 1([9]). Afunction f:1 C R\ {0} - Rissaid  Recently Noor et al. 12 extended the concept of

to be harmonic convex function, if harmonic convexity to two-dimensions.
Xy Definition 2([12]). Consider the  rectangle
f (tx+(1—t)y) < (1-)Fx) +tf(y), A = [a,b] x [c,d] C R2. A function f : A — R is said to
be harmonic convex function on A, if
vx,yel,tel0,1].

Xy uw
It is worth to mention here that harmonicity plays a vital f(<1"‘)x+”’ (1‘”““"") SATW A=) w),
role in different fields of pure and applied sciences. Forwhenever x,y € [a,b], x,w € [c,d] and A,r € [0,1].
example, in B] authors have discussed the significance Othang et al. 15 introduced the class of harmonic quasi
harmonic mean in Asian options of stock. See al<@. [It convex functions.
is worth mentioning that harmonic means have . , o
applications in electrical circuits theory. To be more Definition 3([15)). Afunction f:1 C R\ {0} — R issaid
precise, the total resistance of a set of parallel resigsors 0 beharmonic quasi convex function, if
just half of harmonic means of the total resistors. For Xy
example, ifR; andR; are the resistances of two parallel (m) < max{f(x), f(y)},
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vx,yel,tel0,1]. where
For more details and interesting results pertaining to =(&b,c,d,x,y;A)
harmonic convexity of the functions, sek2,10,13]. _ f(a,c)+f(b,c)+ f(a,d)+ f(b,d)
Hermite-Hadamard’s integral inequality has attracted — 4

most intensively-studied result of classical convexity. |
provides a necessary and sufficient condition for a
function to be convex. This result reads as:

several researchers due to its simplicity. It is one of the L
. l

. : d d
Let f : 1 =[a,b] € R — R be convex function, then . cd / f(a’y)d / f(b’y)d
7 dy+ 2 Y
b d—c y y
a+b 1 f(b) c c
"2 )6z / ' b9
2 abcd / / f(x,y) dx
: : "b-a)d-o S
Iscan P] extended this result for harmonic convex ac
function.
Let f : 1 =[a,b] c R\ {0} — R be an harmonic convex o
function, then 2 Integral Inequalities
2ab ab b f(a)+ f(b) In this section, we derive some new Hermite-Hadamard
<—a+b> = —b—a/ fx)dx < —————. type integral inequalities essentially using Lemtnéor
a two-dimensional harmonic quasi convex functions.

For more details on Hermite-Hadamard like inequalities, Theorem 1. Let f : A — R be partial differentiable
see b,7,8]. function on A = [a,b] x [c d]inR2 witha<bandc<d
Motivated by the research going on, we introduce 92%
two-dimensional harmonic quasi convex functions. We& and x5 € La(4). If ara
also derive some new integral inequalities of quasi convexfunctionon A, then
Hermite-Hadamard type via this new class of harmonic

3 ’ is two-dimensional harmonic

convexity. First of all, we define the class of ‘E(a, b, C7d7X,y;A)‘
two-dimensional harmonic quasi convex functions. ab(b—a)cd(d—c)

Definition 4. Consider the rectangle A = [a,b] x [c,d] C B 4

R2. A function f : A — R is said to be two-dimensional 1 2 (a+b)?
harmonic quasi convex functionon A, if “N\ap ™~ (b— a)zl ( Zab )

Xz YW 1 2 (c+d)?
f<(1— NXx+rz (1—r)y+ rw) < max{f(y), f(zw)}, . <a - (d—c)? In( 4cd )}
0% f
m(cad)‘}-

Proof. Using Lemmal and the fact that’ MA‘ is

Lemma 1([12)). Let f : A — R be partial differentiable two-dimensional harmonic quasi convex function, we
functionon A = [a,b] x [c,d] inR? witha<bandc<d.  have

9%f

whenever (X,y),(z,w) € A andr € [0,1]. ~Z
[0,1] X max drd)\(a’)’

The following auxiliary result plays an important part in
obtaining our main results.

02 f
't axar € La(4), then lf(a, b,c,d,x,y:A)‘
=(a,b,c,d,x,y;4) ab(b—a)cd(d—c)
_ab(b— a)cd(d c) = 4
L P 1-2A 1-2
1—2r X// -2 ]
XO/O/ )\b+ 1- )\ )a)2 )((rd+(1—r)c)2) J ) NAb+(1-2)a)? )((rd+(1—r)C) )
92f ab cd L9 ab cd drd
*3ron (/\b+(1—/\)a’ rd+(1—r)c)drd)" roA (/\b+(1—/\)a’ rd+(1—r)c)
(@© 2018 NSP

Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.12, No. 6, 1203-1207 (2018)www.naturalspublishing.com/Journals.asp NS = 1205

11
ab(b— )d(d o) , 1o
s “meso/o/ )\b+ - )\ ))((rd+(1—r)c)2)
11
[1-22] [1—2r] 921 ab od
X
0/0/ (Ab+(1-4) >)((rd+(1‘r)°>2) " Gran ()\b+(1—)\)a’rd+(1—r)c)drd)\
0°f ab cd
| arax ()\b+(1—)\)a’ rd+(1—r)c) drA - )
b s <ab<b‘a1fd(d‘c)< // |<1—2A><1—2r>|pdrdA>
00
S (a2l () | .
.4 Ab+ 1-Aa)2/ \(rd+(1-r)c)? X<O/O/ Ab+( 1 A)a)2 (rd+ (1—r)c)2
0% f 0%f q L
x max{ |=—=(a,b)|, (c, d)‘}drd/\ 9%f ab cd 9
{ IroA 9roA I oran (/\b+(1—/\)a’ rd+(1—r)c) drdA)
:ab(b—a)Afcd(d—c) ab(b a)cd(d c)
1 2 (a+b)? 4(p+1)?
X{(%_(b—a)zln( 4ab ))

11
><</0/ )\b+1 A)a)% )((rd+(1 ))Zq)

1 2 (c+d)? o
><(col (d—c)2|n( ) q .
X [max{ 02f ) o°f ——(c,d) H drdx\)q
2 2
xmax{ %(a,b) , %(C,d)”. arox| ordA
' ' _ ablb- a)cd(d 0)
This completes the proof.0O0 4(p+ 1)
1-2 1-2 1-29 _ ~1-2
Theorem 2. Let f : A — R be partial differentiable X b —a= = d=—c =
functionon A = [a,b] x [c,d] in R2 witha<bandc < d (b—a)(1-2q) (d—c)(1—-20q)
2¢ 19 . .
and % € Li(a). If %’ is two-dimensional 92 52 q 3
harmonic quasi convex function, where £+ 1 = 1,q> 1, maxq | ==+ (@b)| | 5= (c.d) :
then
Thi letes th f.0
‘E(abcdxy;A)’ is completes the proo
ab(b— a)cd(d c)
4(p+1)p 3 Conclusion
bl 2q al 2q dl 2q Cl 2q
x (b—a)(1-2q) X (d—c)(1-2q) In this paper, we have introduced and studied a new class
of two dimensional harmonic quasi convex functions. We
92f 92f q § have derived some new integral inequalities of
x | max{ |[——(a, ) ——(c,d) Hermite-Hadamard type involving two-dimensional
aroA groA harmonically quasi convex functions.

Proof. Using Lemmal, Holder’s inequality and the fact
that ‘a a/\‘ is two-dimensional harmonic quasi convex

function, we have Acknowledgment.
Z(a,b,c,d,x,y;A . .
‘ ( y )’ Authors are thankful to HEC, Pakistan for SRGP project
B ’ ab(b—a)cd(d—c) 21-985/SRGP/R&D/HEC/2016.
N 4

(@© 2018 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

1206 S S ) M. U. Awan et al.: Two dimensional harmonic quasi convex...

Muhammad Uzair Awan

earned his PhD degree
from COMSATS Institute
of Information Technology,
Islamabad, Pakistan under
the supervision of Prof.
Dr. Muhammad  Aslam

References

[1]M. U. Awan, M. A. Noor, M. V. Mihai and K. I. Noor,
Some fractional extensions of trapezium inequalities via
coordinated harmonic convex functions, J. Nonlinear Sci.
Appl., Vol. 10, pp. 1714-1730 (2017).

[2] M. U. Awan, M. A. Noor, M. V. Mihai, K. I. Noor and A.

G. Khan, Some new bounds for Simpson’s rule involving Noor. He is an Assistant
special functions via harmonkeconvexity, J. Nonlinear Sci. Professor, Department of
Appl., Vol. 10, No. 4, pp. 1755-1766 (2017). Mathematics, GC University

[3]F. Al-Azemi and O. Calin, Asian options with harmonic oica1anad, Pakistan, His field of interest is Convex
average, Appl. Math. Inf. Sci., Vol. 9, No. 6, pp. 1-9 (2015), p4vsis  Mathematical Inequaliies and Numerical

[4] G. Cristescu and L. Lupsa, Non-connected Convexities T . .

Optimization. He has published several papers in

and Applications, Kluwer Academic Publishers, Dordrecht, . . . "
HoIIanF:jp 2002 outstanding International journals of Mathematics and

[5] G. Cristescu, M. A. Noor and M. U. Awan, Bounds of the Engineering sciences.
second degree cumulative frontier gaps of functions with
generalized convexity, Carpath. J. Math., Vol. 30, No. 2

(2014).
[6] S. S. Dragomir, On Hadamard's inequality for convex - Muhammad Aslam
functions on the co-ordinates in a rectangle from the plane, — Noor is Eminent Prof.
Taiwanese J. Math., Vol. 5, No. 4, pp. 775-788 (2001). ' at COMSATS University
[71S. S. Dragomir and R. P. Agarwal, Two inequalities for \iﬂ" @t’ Islamabad, Pakistan.
differentiable mappings and applications to special meéns B He earned his PhD degree

real numbers and to trapezoidal formula, Appl. Math. Lett. |
Vol. 11, No. 5, pp. 91-95 (1998).

[8] S. S. Dragomir and C. E. M. Pearce, Selected topics on
Hermite-Hadamard inequalities and applications, Vietori
University, 2000.

from  Brunel University,
London, UK in Applied
Mathematics(Numerical

Analysis and Optimization).
He has vast experience

=y

[9]1. Iscan, Hermite-Hadamard type inequalities for of teaching and research at
g?r;no\ylclzadlflg Ncong/ex g’;;;f;sé Olllacettepe J. Math. hiversity levels in various countries including Italy,
at, vo'. 43, NO. ©, pp- (2014). Canada, UK, Pakistan, Iran, Saudi Arabia and UAE. His

[10] M. V. Mihai, M. A. Noor and M. U. Awan, Trapezoidal
like inequalities via harmonib-convex functions on the co-
ordinates in a rectangle from the plane RCSAM, \ol. 111,

field of interest and specialization covers many areas
of Mathematical and Engineering sciences such as
No. 3, pp. 765-779 (2017). Variatiqnal Inequglities, Operations Research and
[11] M. A. Noor, Advanced Convex and Numerical Analysis, Numgrlcal Analysls. He hgs b’een awarded by the
Lecture Notes.COMSATS University Islamabad, Park President of Pakistan: President's Award for pride of
Road, Islamabad, Pakistan, (2008-2018). performance on August 14, 2008 and Sitar-i-Imtiaz on
[12] M. A. Noor, K. I. Noor and M. U. Awan, Integral inequakts ~ August 14, 2016, in recognition of his outstanding
for coordinated harmonically convex functions, Complex contributions in the field of Mathematical Sciences. He
Var. Ellip. Eq., Vol. 60, No. 6, pp. 776-786 (2015). was awarded HEC Best Research award in 2009. He is
[13] M. A. Noor, K. I. Noor, M. U. Awan and S. Costache, Some currently member of the Editorial Board of several
integral inequalities for harmonicalli-convex functions, reputed international journals of Mathematics and

U.P.B. Sci. Bull., Series A., Vol. 77, No. 1 (2015). Engineering sciences. He has more than 975 research
[14] A. Y. Ozban, Some new variants of Newton's methods, papers to his credit which have been published in
Appl. Math. Lett., Vol. 17, pp. 677-682 (2004). leading world class journals. He is one of the highly

[15] T.-Y. Zhang, A.-P. Ji and F. Qi, Integral inequalitie$ o cited researchers in Mathematics, (Thomson Reuter,
Hermite-Hadamard type for harmonically quasi- convex 2015 2016). 2017 NSP prize was awarded to Dr. Noor for
functions, Proc. Jangjeon Math. Soc., Vol. 16, pp. 399-407his  valuable contribution to Mathematics and its
(2013). Applications by Natural Sciences Publishing Cor. USA.

(@© 2018 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.12, No. 6, 1203-1207 (2018)www.naturalspublishing.com/Journals.asp

N <SS 2 1207

Khalida Inayat Noor

is Eminent Professor

at COMSATS University
Islamabad, Islamabad.
She obtained her
PhD from University

of Wales(Swansea), (UK).
She has a vast experience
of teaching and research

at university levels in various
countries including UK, Iran,
Pakistan, Saudi Arabia, Canada and United Arab
Emirates. She was awarded HEC best research award in
2009 and CIIT Medal for innovation in 2009. She has
been awarded by the President of Pakistan: Presidents
Award for pride of performance on August 14, 2010 for
her outstanding contributions in Mathematical Sciences.
Her field of interest and specialization is Complex
analysis, Geometric function theory, Functional and
Convex analysis. She has been personally instrumental in
establishing PhD/ MS programs at CIIT. Prof. Dr. Khalida
Inayat Noor has supervised successfully more than 25
Ph.D students and 40 MS/M.Phil students. She has been
an invited speaker of number of conferences and has
published more than 600 research articles in reputed
international journals of mathematical and engineering
sciences. She is member of educational boards of several
international journals of mathematical and engineering
sciences.

(@© 2018 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

	Introduction and Preliminaries
	Integral Inequalities
	Conclusion

