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Abstract: In this paper, optimal control theory is applied to a systehordinary differential equations representing a dysenter
diarrhea epidemic. Optimal control strategies are prapdeereduce the number of infected humans and the cost ofverigons.
The Pontryagin’s maximum principle is employed to find theessary conditions for the existence of the optimal costiglinge-
Kutta forward-backward sweep numerical approximationhoeétis used to solve the optimal control system. The increah@ost-
effectiveness analysis technique is used to determine tisecost-effective strategy. We observe that the contralsmes implementing
sanitation and education campaign is the most efficient agtiaffective.
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1 Introduction autonomous ordinary differential equation model with
vector control and treatment model, and a time-dependent
Mathematical modeling plays an important role in terms counter part of the model involving an optimal control of
of understanding of the underlying mechanisms thatvector-borne diseases with treatment and prevention as
influence the spread of the diseases and used as a crucibntrol measures. Furthermore, Makinde and Okodlin [
instrument for the implement of control strategies. Most presented the impact of chemotherapy on optimal control
of the existing epidemic models fall into autonomous andstrategies on malaria transmission with infective
non-autonomous systems. In the first case, interventioimmigrants. Recently, the authors if] [applied optimal
strategies are modeled by a constant parameter and theontrol theory on HIV-TB co-infection model and
aim is to understand how changes in the parameter value@kosun and Makinde6| studied the co-infection model
changes the dynamics of the system in the long termof malaria and cholera diseases with optimal control.
Usually the aim is to determine the best parameter valugHowever, all of these studies failed to include a
for a given performance measure. In the second casesost-effectiveness analysis of the intervention methods
intervention strategies vary as a function of time and theemployed.
aim is to find the best function for a given performance  The present paper aims to develop an optimal control
measure. Mathematical control theory is a basic principleepidemic model of dysentery diarrhea. More specifically,
which is applicable to solve the latter casg.[lt is the system is formulated as an optimal control problem by
developed to determine a control and a state values for anplementing continuous controls treatment,
dynamical system in a specified period in order toenvironmental sanitation and health education for
minimize or maximize a certain goal. changes in personal hygienic practices. Pontryagin's
Optimization and optimal control problems have got amaximum principle is used to find the necessary
lot of attention from researchers all over the globe. Forcondition for the controls to be optimal. The study
instance, Hailay Berhe 2] have solved constrained compares different control strategies and recommends the
optimization problems using penalty function methodsbest control strategy in terms of cost-effectiveness in a
and Blayneh, Kbenesh and Cao, Yanzh#igpfesented an  relatively short period.
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This paper is organized as follows. After this where (S(0),1(0),R(0),B(0)) is the initial value of

introduction Section 2 presents the system frameworkjndividuals in

and further formulated as an optimal control problem.
The numerical method is given in Section 3. In Section 4,
numerical simulation and discussion with given
parameter values are performed. Brief conclusion is

each

classes.

We introduce the

Table 1: Description of parameters of modél)(

presented in the last Section.

Parameters Interpretation

Units

A

2 Model formulation u

C

In this section, we formulate and analyse a mathematical

model of dysentery diarrhea. The modelled populations |,
include pathogens and humans. The human population is

subdivided into three classes. The class of individuals y
who are susceptible (S), infected humans who can
transmit the disease (I), and the number of individuals
who have recovered (R). The pathogen population
(concentration of shigella dysenteriae) is represented by d
B. The formulation of the model is based on the following

assumptions: disease transmission is multiple pathway.
The population is homogeneously mixed. Then rate of
recruitment of the susceptible humans by birth or
immigration isA. The incidence in the human to human Bs

a

Bn

interaction is assumed to be standard incidence
(frequency dependent) and environment to human is
logistic. They are represented respectively by P
Bl BsB .
A== and Ag= .
"N F~K+B o

K is the shigella concentration that yields 2%0%

Recruitment rate of
susceptible population
Natural death rate of humans
Average contact rate
between susceptible and
infected humans
Transmission
per contact
Natural recovery rate of
diarrhea

probability

Relapse rate of the
recovered ones to
susceptible

Disease induced death rate
of dysentery diarrhea
Concentration of Shigella
Effective transmission rate
of diarrhea due to human to
human interaction

Effective transmission rate
of dysentery diarrhea due
to environment to human
interaction

Pathogen shedding rate
Shigella Pathogen growth
rate

Shigella Pathogen death rate
Net death rate of Shigella
Pathogen

Humans Time!
Time

Time ™1

Dimensionless

Time 1

Time 1

Time 1
cells

Time 1

Time1

Cells Huméamnime 1
Time™1

Tinte

Time™1.

chance of catching dysentery diarrhed. [Bz and f3,
represent rates of ingesting shigella from contaminated
environment and through human to human interaction,

respectivelyf, = cg, where ¢ is the contact rate and q is time-de.pendent controlg in the mod@&) for the aim of _
probability of transmission per contact. Infected humanscontrolling dysentery diarrhea and study the strategies

contribute to the concentration of shigella at a rate of
The pathogen population is growing at a ratespfand its
natural death rate ig>. We assume that, — 0, =0 >0

that eradicate dysentery epidemic in the community. The
system is formulated as an optimal control problem with
the following assumptions. The control treatment rate of

represents the net death rate of the pathogen population #fected individuals varies with time and denoted upy

the environment §]. Recovered individuals

lose The control sanitation rate varies with time and is denoted

immunity and return to the susceptible class at a rate.of Y U2- We add a third control which is preventive control

Infected ones are assumed to recover at a raje where

(Health education and hygiene) and is denoted$yt is

yis the rate of natural recovery. The natural death rate ofSSumed that a fraction of susceptible population are
all human classes ig. The disease-induced death rate is P€ing infectious at a rate ¢fl —uz)A| and the remaining
represented byd. All parameters are assumed to be are still in the susceptible class. Time is specified and is

non-negative.

relatively short and is given bye [0,T], T is the terminal
The corresponding systems of differential equationst/Mme-

and the description of the parameters are respectively The corresponding state system for the modglig

given in (1) and Table ).
B—A+aR—(An+Ag+H1)S
d = (A +A)S— (H+y+d)l,

R=yl—(u+a)R, 1)
4B = ¢l - 0B,

S(0) > 0,1(0) > 0, R(0) > 0, B(0) >0,

given by:

98— A+ aR— ((1—Us)(An+2s) + 1)S
G = (1—u3)(An+28)S— (U + Y+ +d)l,

dR _
dt —
dB

da —

(y+ui)l — (u+a)R
el —(o+up)B,

)

S(0) > 0, 1(0) > 0, R(0) > 0, B(0) > 0.
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It is also further assumed that there is limitations on the 1U is an nonempty set of measurable functions on
maximum rate of treatment, sanitation and prevention 0 < T with values in real numbers R. The syste?) (
controls in a given time period T. Hence, a bounded has bounded coefficients and hence any solutions are

Lebesgue measurable control set is represented as bounded on [0,T]. The corresponding solutions for the
system ) exist [10].
U= {u — (U1, Uz, U3), 0< Uj < Uimaei = 1, 2,3}, 2.1t suffices to writd) = Uy x U x Us. So that) = Uy x

U, x Uz is bounded and convest € [0, T].

3.By definition, each right hand side of systef) {s
continuous. All variables, |, R,B andu are bounded
on [0, T]. To prove the boundedness we use the
method in 3. To do so we use the fact that the
supersolutions of syster@)(given by

The aim is to minimize the number of infected humans
and pathogen population while minimizing the rate of
interventionsu;, u, andus in that period. Therefore, the
optimal control problem for the mode2) is to minimize
the objective functional:

T 9S_A1aR
sw= [ o= [ 145 25, 28 2y * _
0 0 (3) & = (Bn+DB8)S (5)
whereg = (S 1, R, B) solves equation?) for the specified %—E = (y+u)l,
control u. In the intervention of controls the solution e _
= (S1,R,B) depends on the controla. > 0 represents d—? =el.

. . au% . .. . .
the weights on the benefit and Cosﬁz— IS minimization are bounded on a finite time interval. Systes) ¢an

of cost of treatment and treatment rates2 2”2 is be written as
m|r21|m|zat|on of cost of sanitation and sanltatlon rate and _

% is minimization of cost of protection and protection S/' 0 0 a0] TS 74\
rate [L1,12]. 0= & _|(BitBs) O 0O |1 L |0
The goal is to find an optimal control pair ’ 0 y+u1 0 0| IR 0
u* = (uj, us, ub), such that B 0 e 00 [B 0 ©
J(U*) = minJ(uy, Up, Us). 4) The system is linear in finite _time_ with bounded
u coefficients, then the supersolutiod, R, andB are

. . ) uniformly bounded. Since the solution to each state
The basic setup of the optimal control problem is to check equation is bounded, we see that,

the existence and uniqueness of the optimal controls and

to characterize them. 0 0 a0][S A 0
(Br+Bs) O 00| |1 0 0
f(t.p,u)| < o y+ruwoo| Rl|"||o + g,
2.1 Existence of the optimal controls 0 & 00[B 0 0
< Kilo+1ui[+ Kz
Theorem 2.1 Given J(u) subject to system2] with whereK; depends on the coefficients of the system.
(S0.10,R0.Bo) > (0,0,0,0), then there exists an optimal  Thus, the assumption holds.
control u* and correspondlng (§,1",R",B"), that 4, Let w € (0,1 and v = (vi,v,v3) € U, and
minimizes J(u) over U. The proof is based on the = (wg,W2,W3) € U, we have
following assumptions given ir9]: ( @, (1—@)Vv+aow) — ((1— m)g(e,V) + wg(p,w))
1.The set of controls and corresponding state variablesis ~_ ai <(1 @22+ 2(1— DLWy + Wz)
nonempty. 2
2.The measurable control set is convex and closed. &

& 2
3.Each right hand side of the state system is continuous, 2 <(1 @)%V5 + 20(1 = @)V W + @ Wz)

is bounded above by a sum of the bounded control and as 5
the state, and can be written as a linear function of Y <(1 )"V + 200(1~ ) "3W3+w2""2)
with coefficients depending on time and the state. a a a3

4.The integrandy(p,u) of the objective functional is - <(1_ w)(ivﬁ + §V§++§V§))
convex. a a a

5.There exist constan@, C; > 0, andB* > 1 such that - w (*lwf + *ZW% + +§3W23)

the integrand of the objective functional satisfies
B*
C (|U1|2+ |U2|2+ |U3|2) z —GC,.
(@* - m)

Proof. = > ((V—W)z) <o

E(V3 - Ws)z)

a
2 (vp —wp)? + 5

= (0* - w) <*(V1—W1)2+ 5

2
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Hence

9(@,(1- @+ ow) < ((1-@)g(e,v) + @g(P,W)).
Thus, the assumption holds.
5.Finally,

aqu?  aul  agll
2 2 2
_ C2

g(o,u) =1+B+

> (BB +d)

whereC; = min{ay,ap,as}, B* = 2, C; > 0. Thus,
this assumption is justifiedl

Therefore, the optimal contralexists.

2.2 Characterization of the optimal controls

The represntation of the optimal controls relies on

Pontryagin’s maximumum principlelfl]l. To apply this

we need to convert the optimal control problem into a

problem of minimizing point-wise a Hamiltonian, H, with

respect tou. The Hamiltonian associated to our problem

is:

qu?  aul  aguj
2 2 2

((1- ug)(An+2e) + p)S)

H(p,uA) =14+B+
+ AM(A+aR—
(1— ug)(An+Ag)S (u+y+u1+d)l)

+)\3

(
+A2(
( y+ur)l —(u+a) )
+ /\4(£I —(o+ uz)B). @)

Based on 19|, if the controlu* and the corresponding

adjoint vectorA and this satisfies the following adjoint
equation:

G = (1w fit p)A— ((1- ) fr) Az,

% =-1+ ((1— U3) fzs))\l
((1 uz) f2S— (U +d+y+u1)) A2 — (y+U1) Az — €A,

% = —0A1+ (IJJrG)Ag,

dM = —1+ (1—u3)SfzA1 — (1 —u3)SfaAa+ (0 + U2) A,

where

Ah+AB)N—ARS K
fl:(h B’\)I nS g, Bs

=B, o= K+B)2’

N )

AT =0i=1,-,4

(8)
Ai(T) = 0 is the transvelsality condition. Moreover, the
optimal controlu* is given by

uj = min{max{M,O}, ulmax},
a
: A4B
up = mm{max{L,O}, U2ma><}a
a

uz = min{ max{ Sn+Ae) (A2 — Au) ,0}, U3ma><}.

9)

ag

Proof. The adjoint equation (refadjoint:eq) is found by

diﬁerentiating the Hamiltonian 7) with respect to

=(S1,RB). Thatis% = —2H(28A),

Assumlng that the final stat&T) (T),R(T),B(T)
are free we get the transversality conditioh€l) = O.
The optimal controlsu are found from the optimality
conditions and using the property of the control space U.
The optimality condition of the Hamiltonian gives
9H — 0. That is

stateg* are an optimal couple, necessarily there exists adu —

non-trivial adjoint vectoA =
following equality

(A1,A2,A3,A4) satisfying the

de _ dH(@.uA)
da T oA ’
dA _ dH(puA)
at dp 07
OH(QuA)

s — =0

which gives after derivation

oH (A2—Ap)l
bl Ml —Aol =0= uf = 2220
ou1 U1 + A1 2 Uy ar

JH A4B

— =aplp—AB=0=U)=—.

ad 22 4 U2 ap

6—H =agu3+MAS—AAS=0=uz;= (A2— A1) (An +)‘B)S.
0U3 as

And using the property of the control space U, the controls
are given as

0, if (A2—A1)l <0,
) if 21 <o, . \ (2= A)
N _ . [;_q _0 Up = 4 Uy, if 0<(A2—A1)l <ajgUimax

0= U7 < Umax, !f gﬂ ’ Uimax, 1If (A2 —A1)] > aiUimax

UI* = uima)(7 |f an > O
Now we apply the necessary conditions to the Hamilton 0, if AB<O,
function, H. .

b =14 U3, if 0 <A4B < astomax

Theorem 2.2.Given an optimal contral* and a solution
to the corresponding stat®)( ¢*, then there exist an

Uzmax If A4B > aolomax

(@© 2018 NSP
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and
0, if ()\2—)\1)(/\h+)\3)s< 0,

UEE = ug, if 0< (/\2 — )\1) ()\h —|—/\B)SS azUsmax
Usmax, if (A2 —A1)(An+AB)S> agUzmax

This can be rewritten in compact notation as equat®)n (
U

Next, we check the optimal control and we flnd that it

is indeed a minimum one by checking the conditf
0. The second derivative of the Hamiltonian is:

2y [200
oM _loz20|.
o 1002

Since this matrix is positive definite the optimal control is
a minimizer.

2.3 The optimality system

The optimality system consists of the state syst&n (

with its initial conditions coupled with the adjoint system
(8) with its transversality conditions together with the
characterization of the optimal controls. It is presented a
follows.

ﬁ =/A+aR—((1—-Us)(An+28) + H)S,
0 (1—-u3)(An+2B)S— (U +y+ur+d)l,
&= = (y+u)l = (u+a)R,

G = &l — (0 +u2)B,

S(O)>0 1(0) >0, R(0) >0,B(0) >0

((1 U3)f1+IJ))\1—((1—U3)f1))\2,
—1—|—((1 U3)f28)/\1
(1 uz) 28— (U +d+y+u1)) Az

Y+ U1)As — €Ag,
B3 = —a+ (u+a)As,
&4 = —1+ (1 u3)SfaAs — (1 U3)Sfakp + (0 + Up)As,
where
f,— ()\h+)‘B,\)‘N*)‘hS’ f,— Bha"h’ fg = (KEE:;Z’
A(T)=0,i=1,---,4

(10)

2.4 Uniqueness of the optimality system

Theorem 2.3.([16]) For T sufficiently small the solution
to the optimality system?) is unique.

Solving equation 10) analytically is not practical.
Consequently, we have to use numerical algorithm to find
the optimal control pairg* andu®.

3 Numerical methods

To solve the optimal controls and states, we use the
Runge-Kutta numerical method using MATLAB
program. It needs to solve four-state equations and four
adjoint equations. For that, first we solve systénwith

a guess for the controls forward in time and then using the
transversality conditions as initial values; the adjoint
system 8) is solved backward in time using the current
iteration solution of the state system. The controls are
updated by using a convex combination of the previous
controls and the values from®)( The process continues
until the solution of the state equations at the present is
very close to the previous iteration values. The algorithm
based on17,5] is used in this paper.

Algorithm :
Result The optimal solutionp* that solves 2).
Initialization: Set N the number of subdivisions, h the

step sizet = [0, T], toleranced, @ g=@, Aoild =A =0,
k1
U = Ugq, err = *ﬁ““’k”qo"’u I

while (err < J) do

@id +— @5 Uoid <—U; Agig <— A;

for i + 1to N do
Solveg forward in time (using a 4th-order
Runge-Kutta scheme) fo2);
Using the transversality conditioh= 0 and the
stored values fou, ¢, solveA backward in time
(using a 4th order Runge-Kutta scheme) ®r;(

end

Updateg «+— @yq;

UO'd+u +— U; A <— Agg-

end

4 Numerical simulations

In this section, we first present the numerical simulation
of the autonomous systert)( Next, the sensitivity of the
reproduction numbéR, to the assumed system parameters
is analyzed. Finally, an optimal control strategy is desitjn
and presented using different control strategies.

In order to successively discuss uniqueness of the4.1 Numerical simulation of the autonomous

optimality system we notice that the adjoint syste8pi¢

also linear inAj for i = 1, 2, 3, 4 with bounded
coefficients. Thus, there exists B > 0 such that
[Ai(t)| <M fori=1,2,3,40n[0,T].

system

Numerical simulations of the model)( show that the
disease-free equilibrium is globally stable for some

(@© 2018 NSP
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parameter values. In particular, Figur&) (shows all  relative importance of the different factors responsible f
solution trajectories converge to the disease-freethe transmission and prevalence. The sensitivity of the
equilibrium Eg = (204680,0,0) as time goes to infinity reproduction number to the given parameters is used to
for Ry = 0.9928. On the other hand, the endemic determine the robustness of system predictions to
equilibrium E* = (1.71220.00830.04400.0013 x 1¢? parameter values (since there are usually errors in data
is globally stable foRy = 7681821> 1 (Figure2). collection and presumed parameter valudsj.[Hence,
studying its sensitivity is important in system dynamics.
A highly sensitive parameter should be carefully
estimated, because a small variation in that parameter will
lead to large quantitative changes. Less sensitive
parameter does not require as much effort to estimate
since a small change in that parameter does not result in a
big influence in the disease dynamics.

The sensitivity of a variable with respect to system
parameters is usually measured by sensitivity index.
Definition 3.1. ([1,18]) The normalized forward

sensitivity index of a variablelM that depends
differentiably on a parametéis defined by

Recovered

Vs ar o

0 = 3971

Infectious Suscepﬂb\e de |”|

Fig. 1: Disease free solution trajectories. Notice thatyg’ has a maximum value of magnitude 1.
(S, 10, Ro, Bo) = (938030001 (0),232300014000, A = yg = 1 implies an increase (decrease) 6f by y%
325, B, = 0.08233 Bz = 0.02710 K = 19641519 y = increases (decrease$] by y%. On the other hand,
5.10986 d = 0.53777 p = 0.01587 ¢ = 0.00511 a = y5 = —1 indicates an increase (decrease)foby y%

0.94871 o = 0.03319, and (0) = 100000 : 1000000 : 8000000. decreases (increasds)by y%.
The normalized sensitivity of the reproduction number
with respect to the assumed parameters is given in Table

).

Table 2: Sensitivity indices oRy

Parameter  Sensitivity indices Bf

]
g A ¢§ =0.8692
2 Bn 90 =0.1308
0 Bs 95> = 0.8692
. K #Fo — ~0.4996
u ¢E° = —0.8692
. y ¢g =-0.9712
_ ) O o d ¢% =-0.0102
Infectious Susceptible £ $° =0.8692
o PR = —-0.4996

Fig. 2: Endemic solution trajectories.

(S0, 10, Ro, Bg) = (938030001 (0), 232300014000, A =

3.25x 10°, B, = 0.08233 Bg = 0.02710 K = 19641519 y =

5.10986 d = 0.53777 u = 0.01587 £ = 0.00511 a =

0.94871 ¢ = 0.03319, and (0) = 100000 : 1000000 : 8000000. . ) ) .
© 4.3 Numerical simulation of the optimal control

problem

Next we discuss numerical results of systeZntp show
4.2 Sensitivity analysis of Ry the effect of various control strategies on the spread of

dysentery diarrhea. We assume the following conditions:
In determining how best to reduce mortality and (S(0),1(0),R(0),B(0))=(93803000448000232300014000,
morbidity due to the diseases, it is necessary to know the;=a,=a3=500, andu; max=Uzmax=Usmax=1.

(@© 2018 NSP
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4.3.1 Strategy one: Implementing treatmani) ( 4.3.2 Strategy two: Implementing treatmeut)(
sanitation () and education campaigos. sanitation ().

There is a pronounced difference in the number of h b . . individual h d h
infectious with and without controls (Figurg). More T e gu.m 4e2rgc2)f26nf§:qtlou§)|nﬂ|lw uals at the en Of.t Ie

. : : .. period is igur®). There appears a margina
precisely, the total number of infectious group with difference on the implementation of both controls. The

controls and without controls at the end of the period is.m lementation of both controls is decreased by 8%
9530 and 502030 respectively. To achieve this, the Contro}FiZureG) y

profilesu, andus are implemented at a maximum rate for
the whole period. The contral; is at a maximum level
for 6.5 years and declines afterwards to zero (Figiyire

5

x 10
5
: —_——
5 x 10 4
/
[%2] .
4 _5 ui=O,|1,2,3.
(&1 —
9 u#0,i=123. £ 2 U707 0 470
o
= u=0,i=123.
E2 *
1 % 2 4 6 8
Time(years)
0
0 2 4 6 8 Fig. 5: Time series of infectious.
Time(years) (So.l0, Ro, Bo) = (93803000448000232300014000, A =

324638483297 3, = 0.08233 Bz = 0.0271Q0K =

19641519 y=5.10986 d = 0.53777 u = 0.01587 € =
0.00511 a =0.94871 0 = 0.03319 a; = 500, a, =500 a3 =
500 Ugmax = Uzmax= Uzmax= 1.

Fig. 3: Time series of infectious.

(S0, 1o, Ro, Bp) = (93803000448000232300014000, A =
324638483297 [, = 0.08233 ffz = 0.0271Q0 K =

19641519 y=5.10986 d = 0.53777 u = 0.01587 € =
0.00511 a = 0.94871 ¢ = 0.03319 a; = 500, ay = 500, ag =
500, Uimax = Uzmax = Uzmax= 1.

1
1 0.8
ul
0.8 u, g 0.6 -==u,
u, 5

5 06 ———u S 0.4
g 3
O 0.4 0.2

0.2 0

0O 1 2 3 4 5 6 7 8
Time(years)
0
° 2 Tigme?yea?s) 6 7 8 Fig. 6: Control profile wheruz = 0. In this case the initial value
is (S0, 10, Ro, Bo) = (93803000448000232300014000, A =
Fig. 4: Control profilesuy, up, us. 324638483297 [ = 0.08233 Bz = 0.02710K =
(S, 10, Ro,Bo) = (93803000448000232300014000, A = 19641519 y=5.10986 d = 0.53777 u = 0.01587 € =
324638483297 [ = 0.08233 g = 0.02710 K = 0.00511 a = 0.94871 0 = 0.03319 a; = 500 ap =500, a3 =
19641519 y=5.10986 d = 0.53777 u = 0.01587 € = 500, U1max = Uzmax= Uzmax= 1.
0.00511 a = 0.94871 0 = 0.03319 a; = 500 ap =500, ag =
500 Uymax = Uzmax= Uzmax= 1.
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4.3.3 Strategy three: Implementing treatmean) @nd 4.3.4 Strategy four: Implementing sanitatian)and
education campaigrug). education campaigrug).

The number of infectious individuals at the end of the The number of infectious individuals at the end of the
period is decreased to 111390).( However, the period dramatically dropped to 11660 (Figu#ge There
implementation ofu; is increased to the maximum appears no pronounced difference on the implementation
capacity between 6.5 years and the end of the periodf both controls as compared to Strategy three (Figure

(Figure8). 10).
x 10° x 10°
5 5
e /
4 4

ui=0’i=1’2’3'
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3 ! 3
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Fig. 7: Time series of infectious. Fig. 9: Time series of infectious.

(S.10,Ro, Bo) = (93803000448000232300014000), A = (S.10,Ro, Bp) = (93803000448000232300014000), A =
324638483297 3, = 0.08233 fg = 0.0271Q K = 324638483297 [, = 0.08233 fg = 0.02710K =

19641519 y = 5.10986 d = 0.53777 p = 0.01587 & = 19641519 y = 5.10986 d = 0.53777 i = 0.01587 & =
0.00511 ar = 0.94871 0 = 0.03319 a; = 500, a, = 500, ag = 0.00511 o = 0.94871 o = 0.03319 a; = 500, a, = 500, ag =

500, Uymax = Uzmax = Ugmax= 1. 500, Uymax = Uzmax= Ugmax= 1.

1 =ﬁ 1
u1
0.8 -==u, 0.8 u,
w06 w06 —==%
S S
5 5
O 0.4 O 04
0.2 0.2
0 0
0O 1 2 3 4 5 6 7 8 0O 1 2 3 4 5 6 7 8
Time(years) Time(years)
Fig. 8: Time series of infectious. Control profile whep = 0. Fig. 10: Control profile wheru; = 0.
(S, 1o, Ro, Bp) = (93803000448000232300014000, A = (S, 10, Ro, Bp) = (93803000448000232300014000, A =
324638483297 [, = 0.08233 Bz = 0.02710K = 324638483297 [, = 0.08233 Bz = 0.02710K =
19641519 y=5.10986 d = 0.53777 u = 0.01587 ¢ = 19641519 y=5.10986 d = 0.53777 1 = 0.01587 ¢ =
0.00511 o = 0.94871 g = 0.03319 a3 = 500 a, =500, a3 = 0.00511 a = 0.94871 0 = 0.03319 a; = 500 a; =500, ag =

500, Uymax = Uzmax= Uzmax= 1. 500, Uymax = Uzmax= Uzmax= 1.
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Fig. 11: Cost function with all controls.

(S, 10, R0, Bo) = (93803000448000232300014000, A =
324638483297 [, = 0.08233 g = 0.0271Q0K =

19641519 y=5.10986 d = 0.53777 u = 0.01587 € =
0.00511 o = 0.94871 0 = 0.03319 a; = 500, a, =500, a3z =
500, Uimax = Uzmax = Uzmax= 1.
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400
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200

[0} 2 4 6 8
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Fig. 12: Cost function whemz = 0.

(S, 10, Ro,Bo) = (93803000448000232300014000, A =
324638483297 [, = 0.08233 g = 0.02710K =

19641519 y=5.10986 d = 0.53777 u = 0.01587 € =
0.00511 o = 0.94871 0 = 0.03319 a; = 500, a, = 500 ag =
500, Uimax = Uzmax= Uzmax= 1.

4.3.5 Strategy five: the effect of other cost functional.

Time(years)

Fig. 13: Cost function whem, = 0.

(S,10,Ro,Bo) = (93803000448000232300014000, A =
324638483297 3, = 0.08233 Bz = 0.02710 K =

19641519 y=5.10986 d = 0.53777 u = 0.01587 € =
0.00511 o = 0.94871 0 = 0.03319 a; = 500, a =500, a3z =
500, Uimax = Uzmax = Uzmax= 1.
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(o))
o
o
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Fig. 14: Cost function whem; = 0.

(S,10,R0,Bo) = (93803000448000232300014000, A =
324638483297 3, = 0.08233 Bz = 0.02710 K =

19641519 y=5.10986 d = 0.53777 u = 0.01587 € =
0.00511 o = 0.94871 0 = 0.03319 a; = 500, a =500, a3z =
500, Uimax = Uzmax = Uzmax= 1.

humans as compared toll). For it is plainly

We see the effect of using other cost functional in thedemonstrable from (Figuresl617,18) there is no
optimal control problem. We target minimization of the Significant difference on the implementation of the

dysentery diarrhea infectious only equatiohl); The
objective functional considered is given as:

QU2 au3  aguj

T
C(U1,U2,U3)=/O [+ > + > + > Jdt.  (11)

controls.

5 Cost-effectiveness analysis

The number of dysentery diarrhea infectious humansCost-effectiveness analysis is a method used to compare
when we consider equatiorb)(and (1) are 9500 and the cost benefits of implementing the control strategies
9530 respectively. Thus, the objective functional inimplemented in Subsection4.3. The total cost
equation §) relatively reduces the number of infected implemented during the entire period is:
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Fig. 17: Control profileus,.
(5(0),1(0),R(0),B(0))=(93803000448000232300014000, A =
324638483297 cf3, = 0.08233 Bz = 0.02710 K =

19641519 y=5.10986 d = 0.53777 u = 0.01587 € =
0.00511 o = 0.94871 0 = 0.03319 a; = 500 ap = 500, ag =

Fig. 15: Time series of infectiougS(0),1(0),R(0),B(0)) =
(93803000448000232300014000, A =

324638483297 cf3, = 0.08233 g = 0.02710K =
19641519 y = 5.10986 d = 0.53777 u = 0.01587 € =
0.00511 o = 0.94871 ¢ = 0.03319 a; = 500, a, = 500, ag =

500. 500.
1 -k e e
1 E
---C
0.8 J 08
---cC
o6 0.6
o
— =
= 0.4
0.4 :
o 0.2
0 % 1 2 3 4 5 6 7 8
0 1 2 3 4 5 6 7 8

Time(years) Time(years)

Fig. 18: Control profileus. (S(0),1(0),R(0),B(0)) =
(93803000448000232300014000, A =

324638483297 cf3, = 0.08233 g = 0.0271Q0 K =
19641519 y=5.10986 d = 0.53777 1 = 0.01587 ¢ =
0.00511 o = 0.94871 o = 0.03319 a; = 500, ap =500, ag =
500.

Fig. 16: Control profileu;. (S0),1(0),R(0),B(0)) =
(93803000448000232300014000, A =

324638483297 cf3, = 0.08233 g = 0.02710K =
19641519 y=5.10986 d = 0.53777 1 = 0.01587 ¢ =
0.00511 a = 0.94871 ¢ = 0.03319 a; = 500, a, = 500 ag =
500.

Mathematically

Difference in costs in strategies i and
ICER= — — - —.
Difference in infected averted in strategies i and j

C(u) == /T [C(q,u)]dt = /T[alu% n apU3 " a?,ug]dt
° 0" 2 2 2 The ICER numerator includes the differences in the costs

of disease averted or cases prevented, the costs of

To calculate the cost-efectiveness analysis, we followintervention(s), and the costs of averting productivity
the method applied in10]. It relies on calculating the losses among others. The denominator on the other hand
incremental cost-effectiveness ratio(ICER). This isis the differences in health outcomes which may include
defined by the difference in cost between two possiblethe total number of infections averted in this case.
interventions divided by the difference in their outcome,  To implement this, we simulate the model using four
given that they compete for the same resource. ltantervention strategies. Using these simulation resthits,
economic interpretation is the average incremental costontrol strategies are ranked in increasing order of
associated with one additional unit of health outcome.effectiveness in terms of the number of infection averted.
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The number of infection averted in Strategy two, three,  With this result, we conclude that Strategy four

four, and one in an increasing order is givenin TaB)e ( implementing sanitationug) and education campaign
(uz) has the least ICER and is more cost-effective than
Strategy three and the rest strategies.

Table 3: Total infection averted, total cost and ICER.

Strategies Total infection averted  Total cost ICER 6 conclusion

Strategy two 72810 38281 0.526

Strategy three 390,640 48450 0.032 \We have developed a deterministic model to study the
Strategy four 490410 48450 0

effects of implementing continuous controls on dysentery

Strategy one 492500 71395 1098 apidemic model. In this process, we have designed an
optimal control problem that minimizes the cost for
implementation of the controls while also minimizing the
total infected individuals over the intervention interval
First, we have demonstrated that optimal control exists

ICER(two)= 38281 0.526, and that it can be portrayed in terms of the solution to the
7331331)85_ 48450 optimality system. We additionally establish the idea that

_ the answer for the optimality system is unique for a

ICER(one)= 492500490410 1098, sufficiently small time. Next, we have solved the system
48450 48450 numerically in an attempt to understand how to eliminate

ICER(four)= 490410 390640 dysentery diarrhea from the community more effectively

in a cost-effective way.
ICER(three)= 4845038281 _ 032 Pontryagin’s maximum principle is used to find the

390,640 72810 necessary conditions for the optimal values of the

controls that minimize the spread of the disease and cost

The comparison between strategies one and Wyt implementing controls. The findings from the optimal
shows a cost saving of 0.526 for strategy two over ., ..., problem suggest that the disease may be

tShtr?tSetgytone. The_ IOV\t’er ICIEE for_ SttraéegT)Ltvth 'ngt'ca;teseradicated by implementing continuous controls in a short
at strategy oné Is strongly dominated. 1hat s, stra eg3f)eriod of time. This result shows that the optimal control

one is more costly and less effective than Strategy twomeasure is effective in human and environment and

Strategy one ha§ to be explqded from the set Offinallywe may have disease-free population. In particular,
alternatives since it consumes limited resources Table (

the strategy implementing sanitation of the environment
and education campaign is found to be the most
cost-effective. However, control policies implementing
either of the strategies presented in this paper can reduce

Table 4: ICER in increasing order of total infection averted. ! ' ! ;
the number of infectious in a community.

Strategies Total infection averted _ Total cost ICER For future work, it would be interesting to investigate
Strategy two 72810 38281 0.526 the effect of different objective functionals and variatiaf
Strategy three 390,640 48450 0.032 the weighting constants in the cost-effectiveness armlysi
Strategy four 490410 48450 0.
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