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Abstract: We theoretically present an effective method to realize a two-stepNiSWAP,N
√

iSWAP,NSWAP andN
√

SWAP gates based
on the qubit-qubit interaction in a cavity QED driven by a strong microwave field. The operation times do not increase withthe growth
of the qubit number. Due to the virtual excitations of the cavity, the scheme is insensitive to both the cavity decay and the thermal
field. Numerical analysis under the influence of the gates operations shows that the our proposal can be implemented with high fidelity.
Moreover, the scheme can be realized in the range of current cavity QED techniques.
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1 Introduction

Quantum computers can be more powerful than classical
computers [1]. In addition, the results and limitations of
realistic quantum computers gives us overviews of the
fundamentals of quantum mechanics. The
implementation of quantum logic gates is the basis of
inventing quantum computers [2]. Thus, how to
implement various quantum gates, such as SWAP gate
[3], iSWAP gate [4],

√
iSWAP gate [5] and

√
SWAP gate

[6] in different quantum systems, such as cavity QED
system [7], linear optics [8], trapped ions [9], quantum
dots system [10] and NMR [11], attracts much attention.

Recently, Liu et al. [12] presented a scheme for
implementing two-atom

√
SWAP gate in a cavity QED.

In ref. [13] the authors proposed a method to implement a
three-stepn qubits SWAP gate simultaneously between
one qubit withn qubits coupled to a cavity. In this paper,
we propose a method for realizing anNiSWAP,
N
√

iSWAP, NSWAP andN
√

SWAP gates of one qubit
(such as atoms, quantum dots, and superconducting
qubits) simultaneously controllingN target qubits in
cavity QED with nearest dipole-dipole interaction
(qubit-qubit interaction) by adding a strong microwave
field, we calculate the evolution operator intwo-step, we
use the overall evolution operator for obtaining these

logic gates, we also calculate the implementation time
and discuss the result. Numerical analysis shows that the
scheme can be implemented with high fidelity. On the
other hand, the presence of both qubit-qubit interaction
and Jaynes-Cummings model make our system powerful.
We also notice that to enhance the performance of our
schemes, implementation of our logic gates with the total
operation time should be much shorter than the energy
relaxation time and the cavity decay time is the main way.
The rest of the paper is organized as follows: In Section 2,
we calculate the evolution operator of the whole system.
In Section 3, a two-step scheme for implementation of
quantum logic gates is presented. In Section 4, we
analyze the performance of our scheme numerically
under parameters currently reachable and then discuss its
feasibility based on current experiments in cavity QED.
Finally, a conclusion appears in Section 5.

2 Model and evolution operator

We consider(N +1) qubits each having two levels, whose
states are designated by a ground state|g j〉 and an excited
state |e j〉, interacting with a single mode cavity
simultaneously and driven by a conventional field added
to the system. TheN qubits are very close together, so the
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qubit-qubit interaction should be included in the cavity
QED. The Hamiltonian of the whole system in the
rotating wave approximation (assumingh̄ = 1) [14,15] is
given by

H = ω0

N+1

∑
j=1

Sz, j +ωaa+a+Ω
N+1

∑
j=1

(S+j e−iωt + S−j eiωt)

+g
N+1

∑
j=1

(a+S−j + aS+j )+Γ
N+1

∑
j,k=1
j 6=k

S+j S−k , (1)

Sz, j, S−j , and S+j are the collective operators for the

(1,2, ...,N +1) qubits, whereSz, j =
1
2(|e j〉〈e j |− |g j〉〈g j|),

S+j = (|e j〉〈g j|), S−j = (|g j〉〈e j|) with |e j〉(|g j〉) is the
excited state (ground state) of the qubit.ω0, ωa andω are
the transition frequencies between the two levels|g〉 and
|e〉 of each qubit, the cavity mode and the conventional
field, respectively.a+, a are the creation and annihilation
operators to the cavity mode,g is intensity qubit-cavity
coupling,Ω the Rabi frequency of the classical field, and
Γ is the force dipole-dipole coupling. Here, we consider
the case of ω0 = ω . Define the new basis
|+ j〉 = 1√

2
(|g j〉+ |e j〉), |− j〉 = 1√

2
(|g j〉 − |e j〉). In the

strong driving regionΩ ≫ δ , g, Γ [16], we can eliminate
the terms oscillating fast. Then, we haveHI in the
interaction picture [17]

HI = 2Ω
N+1

∑
j=1

σz, j + g(a+eiδ t + ae−iδ t)
N+1

∑
j=1

σz, j

+
Γ
4

N+1

∑
j,k=1

j 6=k

[

4σz, jσz,k +σ+
j σ−

k +σ−
j σ+

k

]

, (2)

whereδ = ω0−ωa is the detuning between the frequency
of the cavityω0 and the frequency of the qubitωa and
σz, j =

1
2(|+ j〉〈+ j| − |− j〉〈− j|), σ+

j = |+ j〉〈− j|, σ−
j =

|− j〉〈+ j|. Then, the evolution operator of the system can
be given by [18]

U(τ) = exp

[

−2iΩτ
N+1

∑
j=1

σz, j

]

exp



−i4λτ

(

N+1

∑
j=1

σz, j

)2




×exp









−i
Γ
4

τ
N+1

∑
j,k=1
j 6=k

[

4σz, jσz,k +σ+
j σ−

k +σ−
j σ+

k

]









,

(3)

whereλ = g
8 and t = τ = 2π/ |δ |. In the following, we

demonstrate how to realize a two-stepNiSWAP,
N
√

iSWAP, NSWAP andN
√

SWAP gates of one qubit
simultaneously controllingN qubits in a cavity QED.

3 Implementation of quantum logic gates

3.1 NiSWAP and N
√

iSWAP gates

It is demonstrated that more complex quantum gates can
be created by iSWAP and

√
iSWAP gates [19].

Furthermore, twoiSWAP gates together with several
one-qubit rotation gates can construct the CNOT gate,
which is considered as a universal two-qubit gate [20].
The

√
iSWAP gate forms a universal gate set, a CNOT

gate for example can be obtained from single-qubit
rotations and two

√
iSWAP gates [20]. Recently, it has

been shown that theiSWAP and
√

iSWAP gates can be
very useful for applications in quantum information
process QIP and quantum computing [21]. The iSWAP
and

√
iSWAP gates are appropriate elementary two-qubit

gates, these quantum logic gates can be represented by
the operators:

iSWAP≡ |00〉〈00|+ i|01〉〈10|+ i|10〉〈01|+ |11〉〈11|,
(4)

√
iSWAP=









1 0 0 0
0 1√

2
i√
2

0

0 i√
2

1√
2

0
0 0 0 1









. (5)

The goal of this subsection is to demonstrate how the
NiSWAP and N

√
iSWAP gates can be realized. The

proposed quantum logic gates provides a vivid blueprint
for future quantum computation, that is deterministic and
scalable. Let us now consider an(N +1) qubits placed in
single-mode cavity, where the first qubit as the controlling
qubit and the otherN qubits as the target qubits. The
NiSWAP andN

√
iSWAP gates gates can be realized by

using the evolution operator in equation(3). We now
consider two special cases:δ > 0 as well asδ < 0. The
results from the unitary evolution, obtained for these two
special cases, are employed below for the gates
implementation. The detailed procedure is given as
follows.

Step 1: Let us begin with the caseδ =ω0−ωa ∼ 2g>
0 (see Fig.1(A)): adjust the transition frequencies of(N +
1) qubits with the pulse Rabi frequencyΩ in a period of
evolution timeτ = π/g. Then, the evolution operator can
be described by

U1(τ) = exp

[

−2iΩτ
N+1

∑
j=1

σz, j

]

exp



−i4λτ

(

N+1

∑
j=1

σz, j

)2




×exp









−i
Γ
4

τ
N+1

∑
j,k=1

j 6=k

[

4σz, jσz,k +σ+
j σ−

k +σ−
j σ+

k

]









.

(6)

Step 2: Let us now consider the caseδ < 0 where
−δ = ω0−ω ′

a ∼ 2g > 0 (see Fig.1(B)): by settingΩ ′ = 0
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Fig. 1: Proposed the two-setup for anN-two-qubit quantum logic
gates withN +1 qubits and a cavity, where theN +1 qubits are
very close together. Figure(A) corresponds to the first step where
Ω is the pulse Rabi frequency applied to(1,2,3, ...,N+1) qubits.
Figure(B) corresponds to the second step where the pulse Rabi
frequencyΩ is now applied to(2,3, ...,N +1) qubits, where the
pulse Rabi frequency applied to qubit 1 isΩ ′ = 0.

for qubit 1, the coupling of qubit 1 with the cavity mode
becomes negligibly small, one can adjust the level
spacings of qubit 1 such that it is decoupled from the
cavity mode, so the cavity mode is coupled to target
qubits(2,3, ...,N +1) with the pulse Rabi frequencyΩ in
a period of timeτ = π/g, the evolution operator can be
described by

U2(τ) = exp

[

−2iΩτ
N+1

∑
j=2

σz, j

]

exp



−i4λτ

(

N+1

∑
j=2

σz, j

)2




×exp









−i
Γ
4

τ
N+1

∑
j,k=2

j 6=k

[

4σz, jσz,k +σ+
j σ−

k +σ−
j σ+

k

]









.

(7)

After the above two steps (after a period of time 2τ),
the evolution operator of the system is

U(2τ) = e−2iΩτσz,1
N+1

∏
j=2

e−8iλ τσz,1σz, j

×
N+1

∏
j=2

e−i Γ
4 τ(4σz,1σz, j+σ+

1 σ−
j +σ−

1 σ+
j ). (8)

When the conditionΩ = 2Nλ is satisfied, one can find
that the joint time-evolution operator, after the above two
steps of operation, is given by

U =
N+1

∏
j=2

e−iξ τ , (9)

with
ξ =4λ (σz,1+ 2σz,1σz, j)+

Γ
4 (4σz,1σz, j +σ+

1 σ−
j +σ−

1 σ+
j ),

j = 2,3, ...,N +1. According to the operatore−iξ τ on the
basis (|+1〉|+ j〉, |+1〉|− j〉, |−1〉|+ j〉, |−1〉|− j〉), we can
obtain following evolutions

|+1〉|+ j〉 −→ e−i( Γ
4 +2λ )τ |+1〉|+ j〉

|+1〉|− j〉 −→ eiηπ [cos(Γ τ/4)|+1〉|− j〉
+isin(Γ τ/4)|−1〉|+ j〉]

|−1〉|+ j〉 −→ eiηπ [cos(Γ τ/4)|−1〉|+ j〉 (10)

+isin(Γ τ/4)|+1〉|− j〉]
|−1〉|− j〉 −→ |−1〉|− j〉,
where a phase factorηπ in the previous evolutions can be
produced by several different proposals [22]. By choosing
Γ τ = 2π , η = 2k (with k being an integer) and
2λ τ = − π

2 , an N-two-qubit iSWAP operations are
simultaneously performed onN qubit pairs(1,2), (1,3),
..., (1,N +1), written as

|+1〉|+ j〉 −→ |+1〉|+ j〉
|+1〉|− j〉 −→ i|−1〉|+ j〉
|−1〉|+ j〉 −→ i|+1〉|− j〉 (11)

|−1〉|− j〉 −→ |−1〉|− j〉.

By choosingΓ τ = π , η = 2k′ (with k′ being an
integer) and 2λ τ = − π

4 , we obtainN-two-qubit
√

iSWAP
operations (from equation(10)) as

|+1〉|+ j〉 −→ |+1〉|+ j〉

|+1〉|− j〉 −→
1√
2
[|+1〉|− j〉+ i|−1〉|+ j〉]

|−1〉|+ j〉 −→
1√
2
[|−1〉|+ j〉+ i|+1〉|− j〉] (12)

|−1〉|− j〉 −→ |−1〉|− j〉.

Then, the purely quantumNiSWAP andN
√

iSWAP
gates can be implemented simultaneously between the
first qubit and theN qubits.

3.2 NSWAP and N
√

SWAP gates

The SWAP gate is equivalent to three CNOT gates. It is
an appropriate elementary two-qubit gate. On the other
hand, the

√
SWAP gate constitutes a universal set of

quantum gates together with single-qubit rotations around
an arbitrary axis [6]. After the successive application of
two

√
SWAP gate the states of the qubits are

interchanged. Thus, the SWAP and
√

SWAP gates are
useful in quantum computation and quantum information
processing [20], such as establishing the universality of
two-qubit gates [23], programmable gate arrays [24], and
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constructing quantum circuits [25], these type of quantum
logic gates can be represented by the operators:

SWAP≡ |00〉〈00|+ |01〉〈10|+ |10〉〈01|+ |11〉〈11|,
(13)

√
SWAP=









1 0 0 0
0 1+i

2
1−i
2 0

0 1−i
2

1+i
2 0

0 0 0 1









. (14)

The main object of this subsubsection is to realize
NSWAP andN

√
SWAP gates using the evolutions of the

subsection 2.1 (see equation(10)). The proposed
quantum logic gates provides a vivid blueprint for future
quantum computation and quantum information
processing, that is deterministic and scalable.

By selectingΓ τ = 2π , η =
(

2k− 1
2

)

(with k being an
integer) and 2λ τ = − π

2 (from equation(10)), an N two
qubit SWAP operations are simultaneously performed on
N qubit pairs(1,2), (1,3), ..., (1,N +1) (from equation
(10)), written as

|+1〉|+ j〉 −→ |+1〉|+ j〉
|+1〉|− j〉 −→ |−1〉|+ j〉
|−1〉|+ j〉 −→ |+1〉|− j〉 (15)

|−1〉|− j〉 −→ |−1〉|− j〉.

By selectingΓ τ = −π , η =
(

2k′+ 1
4

)

(with k′ being
an integer) and 2λ τ = π

4 , we obtainN-two-qubit
√

SWAP
operations (from equation(10)) as

|+1〉|+ j〉 −→ |+1〉|+ j〉

|+1〉|− j〉 −→
1+ i

2
|+1〉|− j〉+

1− i
2

|−1〉|+ j〉

|−1〉|+ j〉 −→
1+ i

2
|−1〉|+ j〉+

1− i
2

|+1〉|− j〉 (16)

|−1〉|− j〉 −→ |−1〉|− j〉.

Hence, it is clear that theNSWAP andN
√

SWAP gates
can be realized after the two-step process.

4 Fidelity and Discussion

In order to check the validity of our proposal, we study
the following fidelity of the system for finding the target
state. We assume that the cavity QED is initially in a Fock
state|n〉, the fidelity of implementing the conditional phase
operation is given by [26,27]

F = |〈Ψ(t)|U(t)|Ψ(0)〉|2 , (17)

where |Ψ(t)〉 is the state of the whole system after the
above two-step gate operations, in the ideal case without
considering the dissipation of the system during the entire
gate operation that the initial state|Ψ(0)〉 followed by an

Fig. 2: Numerical results represent the fidelity of the gate
operations versus the force qubit-qubit couplingΓ (Hz) with the
increase of the photon numbern.

ideal phase operation, andU(t) represents the overall
evolution operator of the whole system after the gate
operations are performed in a real situation.

We numerically simulate the relationship between the
fidelity of the system and the force qubit-qubit coupling
Γ . Numerical simulations shows the influence of the
photon number operations on the fidelity. Even forn = 5,
the fidelityF > 90% (see Fig. 2).

Now, we discuss some issues which are relevant for
future experimental implementation of our proposal. For
our scheme to work, the total operation time
top = 2τ + τa j + 3τmo should be much smaller than the
cavity decay timeκ−1, so that the cavity dissipation is
negligible. Here,top is independent of the number of
target qubitsN, τa j is the typical time required for
adjusting the cavity mode frequency during step 2 andτmo
is the typical time required for moving atoms into or out
of the cavity. In addition, thetop needs to be much smaller
than the energy relaxation time of the level|e j〉, such that
the decoherence induced by the spontaneous decay of the
level |e j〉 is negligible. In principle, these conditions can
be satisfied by choosing a cavity with a high quality factor
Q and Rydberg atoms with a sufficiently long energy
relaxation time where the principal quantum numbers are
50 and 51 (respectively, corresponding to the levels|g j〉
and|e j〉). The transition frequency isω0/2π ∼ 51.1GHZ,
the radiative time of the level|e j〉 is Tr = 3.0×10−2s [12]
and the coupling strength isg = 2π ×50KHz [28], which
is experimentally available. We consider the conservative
case of a larger cavity frequencyωc/2π ∼ 51.2GHZ, the
photon lifetime in the cavity or cavity decay time is
Tc = Q/ωc ∼ 13.1 × 10−2s for a cavity with a
high-quality factor Q ∼ 4.2 × 1010 which have been
reported in experiments [29]. The direct calculation
shows that the time required to implement anNiSWAP,
N
√

iSWAP, NSWAP andN
√

SWAP gates istop = 24µs

c© 2018 NSP
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for τa j = τmo ∼ 1µs, then theN-two-qubit quantum logic
gates operations timetop is much shorter than theTr and
Tc, which satisfies our experimental requirement. Also,
we note that the decoherence time of field state inside a
cavity depends on the initial field state. However, the gate
operation is independent of the initial state of the
resonator because of the operatorU(2τ) does not incluse
the photon operatora anda+ of the cavity. Our numerical
calculation shows that a high fidelity∼ 98% can be
achieved when the photon numbern 6 5 (Fig. 2).

5 Conclusion

In Summary, We have proposed an effective method to
realize a two-stepNiSWAP, N

√
iSWAP, NSWAP and

N
√

SWAP gates with (N +1) qubits in a cavity QED by
introducing the qubit-qubit interaction. As shown above,
quantum logical gates are implemented by driving the
resonator with microwave fields. The scheme is
insensitive to the thermal field. The system requires no
disagreement between the qubits and the cavity. In
addition, the operation time is only dependent on the
detuning and the time can be controlled by adjusting the
frequency between the|g j〉 and |e j〉. However, we have
presented a method to obtaine these logic gates, and we
have calculated an evolution operator in two-step. Finally,
we have applied the overall evolution operator to the
working basis of the qubit 1 and the qubitsj
( j = 2, ...,N + 1) to find our quantum logic gates. The
essential advantage of the scheme is that the our logic
gates can be realized in a time much smaller than
radiative time and lifetime of the cavity photons. In
addition, numerical simulation of the gate operations
shows that the scheme could be achieved with high
fidelity under current state-of-the-art technology.
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