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Abstract: Here we consider the quantitative Caputo and Canavatidradtapproximation of positive sublinear operators touh#
operator. At the beginning we perform the investigatiorheffractional rate of the convergence of the Bernstein-gfanich-Choquet
and Bernstein-Durrweyer-Choquet polynomial Choquetgral operators. After that we discuss the very general cohoaic positive
sublinear operators based on the representation theor&chafieidler (1986)1]. We end with the approximation by the very general
direct Choquet-integral form positive sublinear opemsitall fractional approximations are presented via ineijjigal implying the
modulus of continuity of the approximated function fracgéborder derivative.
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1 Introduction

In 1953 G. Choquetd] defined the capacities as well as his integral. At the bagmthese were utilized to statistical
mechanics and potential theory, and they gave rise to tlesiigation of non-additive measure theory. The ideas [gego
by Choquet attracted economists especially after the sgmanuscript of Shapley (1953][regarding the investigation
of cooperative games. Schmeidler utilized thethifh a model of choice with non-additive beliefs and sincenthiee
capacities and Choquet integrals became main stream tsialetheorists.

This integral has huge applications to decision making unidk and uncertainty, in finance, in economics and in
portofolio problems.

Our motivation is inspired by foundations of Bayesian diecisheory and subjective probability.

Due to the paramount importance of Choquet integral, westiyate the related positive sublinear operators
approximation, part of it is exhibited in this paper in these of Caputo and Canavati fractional derivatives.

The manuscript contains five chapters. During the first fdumpters named Background - |, Background - II,
Background - Il and Background - 1V, respectively, we imtuze the requested basic theoretical results. Finally, the
chapter five presents the original results of the manuscript

2 Background - |

Some details about the Choquet integral are given belovalsedp].

Definition 1.ConsiderQ # @ and let%¢ be aog-algebra of subsets if®.
(i) (see, e.qg.,6], p. 63) The set functiop : € — [0, +0] is called a monotone set function (or capacityjife) =0
andu (A1) < u(By) forall A1,By € ¥, with Ay C By. u is called submodular if

H(ALUB1) + U (ALNB1) < p (A1) +p(By), forall A;,Br € .
u is called bounded ifi (Q) < 4 and normalized it (Q) = 1.
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(ii) (see, e.g., 6], p. 233, or [2]) If u is a monotone set function &fi and if f; : Q — R is ¥-measurable ( for any
Borel subset BC R it follows fl‘1 (B1) € ¥), then for any A € %, the Choquet integral becomes

(C)/A fldu:/()+wu(Fﬁ(f1)ﬂA1)dB+[i 1 (Fg (f1) NAL) — 1 (Ag)] dB,

where we utilise the notatiorgK f1) = {w € Q : f1 (w) > B}. We recall that if £ > 0 on Ay, then in the above formula
we get(°, =0.

The classical Riemann integral are the integrals on thetrighnd side.

f1 is named Choquet integrable on & (C) fAl fidu € R.

Several properties of this integral are given below.

Remarkf p : ¢ — [0,+o0] represents a monotone set function, then we have:

(i) Foralla> 0 we have(C) [yafidu =a- (C) fAl fidu (if fy > 0then see, e.9.6], Theorem 11.2, (5), p. 228 and if
f1 is arbitrary sign, then see, e.dl4], p. 64, Proposition 5.1, (ii)).

(i) For all c € R and f of arbitrary sign, we have (see, e.df],[pp. 232-233, or 14], p. 65) (C) [, (f1+c)du =
© fAl fadu+c-u(Aq).

If uis submodular too, then for afl, g; of arbitrary sign and lower bounded, we get4], p. 75, Theorem 6.3)

©) [ (h+g)du=(C) [ hdu+(C) [ dn.

(iii) If f; < gonA; then(C) fAl fodu < (C) fAl g1du (see, e.g. 4], p. 228, Theorem 11.2, (3) if, g1 > 0 and p. 232
if 1,01 are of arbitrary sign).
(iv) Let fy > 0. If Ay C Bthen(C) [, fidu < (C) [g, fdu. In addition, if it is finitely subadditive, then

©/, o 1) A i+ (©) /. .

(V) We conclude thafC) [, 1-du(t) = p(Ag).

(vi) u (A1) =y(M(A1)), y:[0,1] — [0, 1] denotes an increasing and concave function, wi) =0, y(1) = 1 andM
is a probability measure (or only finitely additive) owealgebra o2 (thatis,M (&) = 0,M (Q) = 1 andM is countably
additive), gives simple examples of normalized, monotaresubmodular set functions14, pp. 16-17, Example 2.1).
Such set functiong are also called distorsions of countably normalized, adeliheasures (or distorted measures). For a
simple example, we can takgt) = 1%“ y(t) = Vit

If yfunction increases, concave and fulfils ogl0) = 0, then for any bounded Borel measungu (A1) = y(m(Az))
gives a simple example of bounded, monotone and submodilarrstion.

(vii) If u is a countably additive bounded measure, then the Choqtegrai (C) fAl fidu reduces to the usual
Lebesgue type integral (see, e.d4][ p. 62, or ], p. 226).

(viii) If f; >0, then(C) [, frdu > 0.

(ix) Let 4 = /M, whereM represents the Lebesgue measurélom ), thenu denotes a monotone and submodular
set function, furthermorg is strictly positive, seell9].

(x) If Q@ =RN, N € N, we cally strictly positive if i (A1) > 0, for any open subsé; C RN.

Definition 2.([16]) For the Q # &, the power set? (Q) denotes the family of all subsets®f

(i) A functionA : Q — [0,1] fulfilling sup{A (s) : s€ Q} =1, is called possibility distribution o®.

(i) P: 2 (Q) — [0,1] is called possibility measure, if it fulfills @) = 0, P(Q) = 1, and P(Uic|A) = sup{P(A)) :
i €1} forall Aj C Q, and any |, an at most countable family of indices. We re¢wt tf A;,B; C Q, Ay C By, then the
last property implies PA;) < P(B;) and that RA; UB1) <P (A1) + P(By).

Any possibility distributiod onQ, induces the possibility measurg P77 (Q) — [0,1], Py (A1) =sup{A (s) :s€ A1},
A; C Q. In addition if f; : Q — R, then the possibilistic integral of; fon A, C Q with respect to p is defined by
(Pog [, f1dPy =sup{fi(t)A (t) :t € Ai} (see [L6], chapter 1).

We recall that any possiblity measurgt is normalized, monotone and submodular. By using
K (A1UB1) = max{u (A1), (B1)} we obtain monotonicity, and from (AyNB1) < min{u (A1), (B1)} we get the
submodularity.
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3 Background - 11

From Caputo fractional calculus:
We need

Definition 3.Letv > 0, n= [v] ([-] is the ceiling of the number), g AC"([a,b]) (space of functions g with®
AC([a,b]), absolutely continuous functions). We denote left Capatdibnal derivative (seeld], p. 40, [18], [ 20]) the
function

DZag(X):ﬁ/{:(x )"V g™ (t)dt, Vxelab], (1)

wherel™ is the gamma functiofi (v) = [5° e 'tV~1dt,v > 0.
We set B,g(x) = g(x), ¥ x € [a,b].

Lemma 1([9]) Letv >0,v ¢ N, n=[v], g€ C"1([a,b]) and d" € L« ([a,b]). Then D,g(a) =
We need

Definition 4.(see also 8], [17], [18]) Let g € AC"([a,b]), m= [a], a > 0. The right Caputo fractional derivative of
ordera > Ois given by

(‘”m) [ @xmetgm @ag, vxe abl @

Dp_9(x) = F(m—a)
We set[§ g(x) =g(x).
Lemma 2([9]) Letge C™ 1 ([a,b]), g™ € L ([a,b]), m=[a],a >0, a ¢ N. Then ¥ g(b)=0.

Convention 1We suppose that

D%, 9(x) =0, for x < xo, (3)
and
D§,-9(x) =0, for x> xo, 4)

for all x,Xo € [a,b].

We have
Proposition 2[9] Let g € C"([a,b]), n= [v], v > 0. Then D/,g(x) is continuous in x [a,b].
Proposition 3]9] Let g € C™([a,b]), m= [a], a > 0. Then @' g(x) is continuous in x [a,b].

Forg € C([a,b]) we define the (first) modulus of continuity:

w1 (g,0) 1= sup |g(x)—g(y)|.0>0. (5)
x,ye(a,bl:
Ix—y|<d

The modulus of continuityy (g, d) is defined the same way for bounded functions, Sgeafd it is finite.
We have

Remark9] Letge C"1([a,b]), g™ € L ([a,b]),n=[v], v >0,v ¢ N. We get
2]jg"
r(n —v+1)

w1 (D30, 0) < (b—a)™™". (6)

Letge C™ 1 ([a,b)), g™ € Lw ([a,b]), m=[a], a > 0,a ¢ N, then

U R ;
b=+ —rm a+1 '
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It meansw; (DY,9,9d), w (DE_g, d) are finite.
Thus,D},g andD{ g are bounded, from

|
m(b—a) s VXE[a,b], (8)

IDLag(X)| <
see P].
We need

Definition 5.Let D{ g denote any of B g, DY, g, andd > 0. We set

w; (DG 9,0) := maX{wl (D%-8:9) ) - @1 (D%0. 9) [Xo,b]} : 9)

where ¥ € [a,b]. We discuss the moduli of continuity oyarx| and[xo, b], respectively.
We have

Definition 6.We consider € ([a,b]) := {g: [a,b] — R, continuous functions Let Ly : C; ([a,b]) — C; ([a b)),
operatorsY N € N, obeying

(i)
Ly (ag) =aln(9), Ya >0,Vge C, ([a,b]), (10)
(i) ifg,he C. ([a,b]) :g<h, then
Ln(9) <Ln(h), YNEN, 11)
(iii)
Ln(g+h) <Ln(9)+Ln(h), Vg,heCy([ab]). (12)

We denotg Ly } o POSitive sublinear operators.
We have

Theorem 1[12] Let a >0, a ¢ N, m= [a], % € [a,b] C R, f € AC™([a,b],R,), and g™ € L« ([a,b]). We suggest
that g (xo) =0, k=1,...,m— 1. Let Ly : C, ([a,b]) — C. ([a,b]), V N € N, be positive sublinear operators, obeying
Ln (1) =1,V N e N. Thus, we get

w (DF9,6)

ILn (9) (x0) —9(%0)| < r(a+1)

Ln (-~ %0l "*) (x0)
(a+1)0 ’

L (|- =X %) (X0) + (13)

0>0,¥YNeN.
We recall that 13) is true fora > 1, a ¢ N.

Ry),andd € L ([a,b]). Let Ly : C4 ([a,b]) = C. ([a,b]),

Corollary 1.([12]) Let0< a < 1, % € [a,b] CR, ge AC([a,b],
1,V N € N. Thus @3) is true.

vV N € N, be positive sublinear operators, obeying (1) = 1,
We also need:

Theorem 2([12]) Let 0 < o < 1, X € [a,b] C R, g€ AC([a,b],R+), and g € L« ([a,b]). Let Ly from C; ([a,b]) into
itself be positive sublinear operators, such that(ll) = 1, Vv N € N. Suppose thatph_(|- —x0|°’+1) (o) >0,VNeN.

Then
ILn () (X0) =9 (x0)| <

1
a+1

(a+2)1 (D (1 (1= 01) )
r(a+2)

a

) (Ln (=l ) (14)
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We mention some notions from Canavati fractional calculus.
Then we need

Remark) Here seeT], pp. 7-10.
Letx,Xp € [a,b] obeyx > xg, v > 0,v ¢ N, such thatpo = [v], [] the integral partg =v—-p (0 < a < 1).
Letg e CP([a,b]) and define

X
(309) (x) i= — / (x=t)"*g(t)dt, o <x<b. (15)
r(v) Jx

as the left generalized fractional Riemann-Liouville gri.

I represents Gamma function.

We have(J;°g) (xo) = 0. We defing(J;°g) (x) = 0 for x < Xo. By [7], p. 388, (3;°g) (x) is a continuous function ir,
for a fixedxo.

We define the subspa . ([a,b]) of CP([a,b]):

Gy ([aub)) = {g e CP([ab]) : 32,49 € C* (bo.b]) }. (16)

So letg € C , ([a,b]), we define the left generalizedfractional derivative ofj over[xo,b] as

D, 1= (30,9) . (17)
that is 1 .
(P%.9) 09 = F gy ., -0 9P e (19)

which exists forf € C¢ | ([a,b]), fora<xo <x<b[13].
II) Here see 8], [4].
Letx, X € [a,b] obeyx < xp, v >0,v ¢ N, fulfilling p=[v], a=v—-p(0<a < 1).
Letg e CP([a,b]) and define

(3% 900 =57 [ 2% ta@dz a<x< (19)

(v

the right generalized Riemann-Liouville fractional intaly
Define the subspace of functions

Cy_([ab]) = {g € CP([a,b]) : JL9gP e Cl([a, xo])} . (20)

Define the right generalizeg-fractional derivative of over|[a, xo] as

Dy-g= (-1 (Jxloi"g@)/. (21)
Notice that 1 "
J%oiag(p> (x) = m/x (z—x) g\ (z)dz (22)
exists forg € Cy _ ([a,b]), and
_qyp-1
(0fy 90 =+ gy gx ). 2-X " @z @)
l.e. 1 g
_1)P X0
(DY _9) (x):%&/x (z—x)PVglP (2)dz (24)

which exists forg € C;_ ([a,b]), fora<x<xp <h.

We make
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Definition 7.Let5)‘:og denote any of B _f, Dy g, andd > 0. We denote

W (5)‘:09, 5) = max{wl (D5%-9:9) 5 - @1 (D5, 9:9) [Xo,b]} , (25)
where ¥ € [a,b]. The moduli of continuity are discussed o¥&Ixp| and [xo, b], respectively.
We will use

Theorem 3[11] Letv >1,v ¢ N, p=[v], % € [a,b] and g: [a,b] = R, ge C{ , ([a,b]) NC{ _ ([a,b]). Suppose that
g¥ (x0) =0,k=1,....p—1,and(D},, g) (xo) = (DY, g) (xo) =0. Let Ly : C, ([a,b]) =+ C. ([a,b]), ¥ N € N, be positive
sublinear operators, obeyingyl(1) = 1,V N € N. As a result we have

w (Dy 9,0
wmmuw—an<—;é%ﬁl
|_ | X0|v+l ( )
Ln (|- —%0l") (x0) + ((V+1)6) , 26

d>0,VNeN.

4 Background - 11l

We mention

Definition 8.[19] Let | = [0,1], % the o-algebra of all Borel measurable subsets offfy x) .y, x; Will be the collection
of the familyly x = {F‘N,kx}E:o’ of monotone, submodular and strictly positive set funatjaqi x on 4 .
Let fi : [0,1] — R, be a B-measurable function which is bounded, and caJlx) = (E) X< (1— x)N‘k, for any

x € [0,1].
The expression of Bernstein-Kantorovich-Choquet opesato

(k+1)

(C)fmﬂ) f1 (t) dpnkx (1)

N+
K,y (1) ( ;ka uka({( _il),((,ﬁfl))]) , Vxe[0,1]. (27)

If unkx = W, forall N, x,k, we denote Kr,, (f1) == Kn,u (f1).

Theorem 4[19] Assume thapiy xx = U := VM, for all N,k and x, where M represents the Lebesgue measufe, &h
Then

Ko (F1) (00— F2 0] < 261 (fl, = %) , (29)
VNeN, xe[0,1], f1 € C; ([0,1]), abovew, is over[0,1].
Remarkwith the help of L9 we conclude
KN,“(|-_x|)(x)g%+ﬁ, ¥NEN. (29)
Form> 1, we conclude that —x|™* < 1, it implies
=" ==X =X < ] =X
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thus
Kn,ee ([ =X) () < K (|- =) (%)
that is
KN,y(|'—X|m)(X)S%+%, Vxel[0,1], Ne NNm> 1. (30)

We conclude than , (1) =1,V N e N.
Kn,u Operators are positive sublinear operators fn{[0, 1)) into itself.

Definition 9.[5] We discuss measures of possibility. Denotingfx) = (E) X<(1— x)N’k, let us define

N—k
Ani(t) = Pk (1) __ta-y K=0....N. (31)

o () R

We suppose th& = 1. As a result the casesk0, and k= N are interesting. By using the roﬁi of pg\,!k (x), we get

max{ pnk (1) it € [0,1]} = NN (N—k)N K <l\kl) 7

which says that eachy  is a possibility distribution orf0, 1] .
Denoting by R, the possibility measure induced By x and lnx = ' := {PAN,k}E:o (that is Iy is independent of
x), we define the nonlinear Bernstein-Durrmeyer-Choqubtrmonial operators with respect to the set functiongyras
(©) Jo f Ot (1-" Ry, (1)
©) fotk(L—tN " dPy, (¥

N
Dy (f1) (¥) == Pk (X) ; (32)
k=0

Vxe[0,1],NeN, f € CL([0,1]).

RemarkAboveP, , is bounded, monotone, submodularand strictly positive N, k=0, 1,....,N. Notice thaDnr, (1) =

1,VNeN.
Dn,r;, Operators are positive sublinear operators map@ingf0, 1]) into itself.

We mention
Theorem 5[5] For every fe C. (]0,1]), x€ [0,1] and Ne N — {1}, we have

14+v2) /X(1—X) +v2X
Pru (1) (9~ f2.(9)] < 20 (f, (2 N +$> , (33)
wherew is on|[0,1].
Remarki-rom [5] we conclude
14+v2) XA =X) + V2%
D,y (I =) (%) < ( ) N +%, VNeN-{1}. (34)
Letm> 1, notice that- — x|™* < 1, we get
=X =] =X = X" < |- =],
hence
Dy (I =X™) (%) < Dy (|- = 1) (%)
that is
(1+ \/i) XA+ V2% 4
Dy (|- =xM) (x) < N + (35)

YNeN—{1},¥xe[0,1],m> 1.
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We have

Remarl-or x € [0, 1], we have max(1—x)) = %1 atx= % Thus,

\/x(l—x

1 1
— <t —, 36
TN NS NN (36)
Vxe[0,1],¥NeN.
We also have
(1-1—\/?) X(1—x -l-\/—\/)—( 1 1+3V2 1
— < + -, (37)
VN N 2/N N
Vxe0,1],¥NeN—{1}.
Corollary 2.(to Theoren®#) We have
Knpe (F1) — fa <2w1<f1,i+1), (38)
’ © 2N N
VNeN, feC,([0,1]).
Corollary 3.(to Theorenb) We have
1432
DN (1) = fallo, < 200 <f17 2N N ) (39)

YNeN—{1}, f; eC,([0,1]).

The Bernstein-Kantorovich-Choquet operati§ks,, whereu := VM, with M the Lebesgue measure {1] can be
written as:

(kt1)
©) /7 fut)du(t)
(N+1)
KN[,l fl szk (|: K (k+l):|) )
(N+1 +1)

(40)

Vxe0,1,YNEN, f; €C, ([0,1]).

5 Background - IV

The following definitions are given.

Definition 10.Let Q be a set, and let;fg; : Q — R be bounded functions; fand g are comonotonic, if for every
w,w e Q,
(f1(w) — f1 (o)) (91 (w) — 01 (') > 0. (41)

Theorem 6[1] Let .%. (<7) be the vector space of -measurable bounded real valued functions®@nwhere.sr C 292
is ao-algebra. Forl” : %, («/) — R, suppose that forifg; € Zw (#):

() r(cf)=cl (f1),Vc>0,

(i) f1 < g, impliesr (f1) <TI (g1),

and

(i) I (fo+01) =T (f1)+T (g1), for any comonotonicifg;.

As aresulty(A) ;=T (1a), V A€ </, defines a finite monotone set function@hand/" is the Choquet integral with
respect toy, i.e.

- C)/ B dy(t), ¥ f1 € Lu(). (42)
Q
Here 15 means the characteristic function on A.
We give
(@© 2019 NSP

Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl5, No. 1, 7-20 (2019) wwww.naturalspublishing.com/Journals.asp NS = 15

RemarkWe assume here that, b] ¢ R, Z = % ([a,b]) is the Borelo-algebra orfa, b], and.%. (%) is the vector space
of #-measurable bounded real valued functionsaph]. Let (Ln )y be @ sequence of positive sublinear operators from
Zo (AB) into C, ([a,b]), andx € [a,b]. That is hereLy fulfills the positive homogenuity, monotonicity and subégidiy
properties, se€l(Q)-(12).

Assumely (1) =1,V N € N. Clearly hereZ, (%) > C, ([a,b]). We treatin|c, ((a)), just denoted aky, ¥ N € N.

Ln (¢) (X) 1 % (%) — Ris a functionaly N € N.The properties are given below:

0]
Ln () (X) =cln (f1) (X), Ve >0, V f1 € % (8), (43)
(i)
f1 <g, impliesLn (1) (X) <Ln(91) (X), wherefy,g1 € % (%), (44)
and
(iii)
Ln(f+9) (%) <Ln(F) (X) +Ln(9) (%), V f,0€ Za(H). (45)

For comonotonid, g € % (#), we suppose that
Ln (f+9) () = Ln (F) (%) + Ln (9) (%) (46)
ThusLy is called comonotonic.
With the help of Theorer we conclude:
Wix(A) ==Ly (1a) (), VA€ B,¥YNEN, (47)

defines a finite monotone set functioneh and

b
Ln (1)) = (©) [ 1 (0dx). (48)

V1€ %0 (%), YNeN.
We conclude that{7) is true for anyf; € C ([a,b]). Furthermoras x is normalized, namely x ([a,b]) =1,V N € N.
Thus, we have:

RemarkAssume thafa,b] ¢ R, # = % ([a,b]) is the Borelo-algebra or[a,b]. For eachN € N and eactx € [a,b] we
have the monotone set functiops x; Z — R. We suppose that aliy x are normalized, namelyn x ([a,b]) = 1, and
submodular. Below we discuss the operafiysC, ([a,b]) — C, ([a,b]) written as

T(f)09=(C) [ | 10)dhx(0), (49)
aa
VNeN,Vxe [ab].
| tn x are chosen in such a way tha¢ (C;- ([a,b])) € Cy ([a,b]).
We conclude that

0]
Tn(af)(xX)=aTn(fl)(X), Va >0, (50)
(ii)
f1 < g, impliesTy (f1) (X) < Tn(91) (X), (51)
and
(iii)
T (fr491) (%) < T () () + T (92) (%), (52)

VNeN,Vxe[ab],V f1,01 € C; ([a,b]).
Ty are positive sublinear operatoff-(12). Besidesly (1) =1,V N € N.
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6 Main Results
We give

Theorem 7Leta > 1,a ¢ N, m= [a], % € [0,1], f € AC™([0,1],R, ), and f™ ¢ L., ([0,1]). Furthermore we suppose

that f (xg) =0, k=1,...,m— 1. Then
%
W (Dgof, (s+&)" )

K () 00) =  00) | € ——ro =
1 1 1 1 1\a1
Km+ﬁ>+7<a+1>(m+ﬁ> ]”’NEN 9
If N — oo, we obtain that I ;; (f) (xo) = f (Xo).
ProofFrom (13) we concluded > 0)
DI f,5
K (1)) 1) < 2 Phl-9
Kn (1 =%l "™) (x0) | 30y
[KN,H(|'_XO|O{)(XO) N“((aﬂ)a) <
@ (D5 F.0) [ [ Vx(d-x) 1 1 X(1-x) 1)|@9
Fa+1) ( N +N>+(a+1)6< N +N>]< (54)
L] RO IRESERE)
ra+1n \avn"N) T @rns\aun TN
(settingd := (ﬁjL%)a%l thend®*! = - + %, ands® = (ﬁ+ﬁ)%)

M(D‘x’of’(ﬁJrﬁ)ﬁ) Kzl 1>+%< 1 1)711 (55)

proving the claim.
We continue with

Theorem 8Letv > 1, +— Vv ¢ N, p=[v], % €[0,1] and f:[0,1] — Ry, f € Cf, ([0,1]) NC} _ ([0,1]). Assume that
f® (%) =0,k=1,...,p—1,and (D}, f) (xo) = (D}, _f) (xo) =0. Then

o (Bl (2 +4)”)

rv+1

1 1 1 1 1\v1
[(2\/N+N)+(V+1) (2«/‘N +N> 1 PNER (©0
IfN — oo, we get that I ;, (f) (Xo) =  (Xo).

[Knuu (F) (%0) =  (x0)| <
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ProofBy (26) we get § > 0)
w (Dy, f, 0
“Wwﬁﬂm%—ﬂmﬂ<—7%£%5)- (57)
Kn (1= %" ™) (0) | oy 9, 39)
[KNYUU._XO'V)(XOH “((v+1)5) ] E
e (e 3) o ()
rvel) |[\2/N N) T wv+Ds\2/N N
(settlngé_(m+% v then6V+1_ﬁ+% ands” — (W*’%)ﬁ)

1 1
rv+1) 2\/N+N>+(v+1)

1
_v VT
a (01 (3 +4)") ”
1 1 1)\ v+t
[( () ], (58)
proving the claim.
We present
Theorem9leta > 1, a ¢ N, m= [a], xo € [0,1], f € AC™([0,1],R.), and f™ € L ([0,1]) : f® (x0) =0, k=

1,...m—1.Then

1

M(Dg’of,(lgy—k )_”)

DNy (F) (x0) = f(%0)| <

M(a+1)
1+3\/§+l + ! 1+3\/§+1 o VNeN-{1} (59)
2v/N N (a+1)\ 2yN N ’ '
IfN — o, we getthat R ;, () (Xo) = T (Xo).
ProofBy (13) we obtain § > 0)
Duury (1) (x0)— £ 0] < 1% 20)
N () 0) =TS == 7
Dy (1 —%0l*™) (xo) ,
|:DN,I'N (|-—xo|°’) (%) + N, ((a+1)5 ) (by(32 (37)
w (D f,0) [[1+3v2 1 1 1+3v2 1
r(a+1) 2N N) @ Do\ 2vN N

1
(settingd := (l;jﬁfz n %)FI)

1
143v2 | 1)\ 9+
@(Dgof,(;m +N) >

ra+1)

1+3ﬁ 1 1+3\/§ a1
[( 2N >+(or+1)< 2N ) ] (60)

proving the claim.

We also present
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Theorem 10Letv > 1, v ¢ N, p=[v], X € [0,1] and f: [0,1] — Ry, f € C¢ . ([0,1]) NCy _([0,1]). Suppose that
f® (%) =0,k=1,...,p—1,and (D}, f) (xo) = (D}, _f) (xo) =0. Then

W (ﬁ;of, (1;3ff+ )_h)

DNy (F) (0) = f(%0)| <

rv+1
1+3ﬁ 1 1+3v2 1 vt
[( 2\F >+(V+1)< 2N +N> } VNeN-{1}. (61)

IfN — oo, we get that R ;, () (Xo) = T (Xo).
ProofBy (26) we get © > 0)

D, f,0
|DN,rN<f><xo>—f<xo>|<%-

1

|:DN,I_N (| _X0|V) (Xo) + WDN,FN (| X0|V+1) (%o ):| (by (32 (37)

M(ﬁﬁofﬁ) 14+3v2 1 1 1+3v2 1
Fvil 2N N)Twrns\ 2N N
(settingd := (1;\%5 + ﬁ) %I)
o (D1, (53¢ +4) ™)
- r(v+1) '
1+3\f 1 1+3\f
[( 2UN >+<v+1>< 2UN ) ] ©2

proving the claim.
Based on Theore®and Remarlé we present

Theorem 11lleta >0, a ¢ N, m= [a], % € [a,b] C R, f € AC"([a,b],R,), and f™ ¢ L« ([a,b]). Furthermore
we suppose that® (xg) =0, k=1,...,m— 1. Let Ly : % (% ([a,b])) — C. ([a,b]), ¥ N € N, be positive sublinear
comonotonic operators, obeying (1) =1,V N € N. Then

DY f,0
(1) o)~ )] < “HT0)
b b
(10 =50 dmne©) + g (© [ -0 e )] (69
0>0,VYNeN.
ProofBy Theoreml.

Theorem12let 0 < a < 1, X € [ab ¢ R, f € AC([ab],R;), and f € Lo([ab]). Let
Ln : %0 (% ([a,b])) — C4 ([a,b]), ¥ N € N, be positive sublinear comonotonic operators, fulfilling(l) = 1, V N € N.

Suppose thaC) [ |t —xo|* " dyix, (t) >0,V N € N. Then

(@ 2)0n (D1 (10) 2Tt g () )
ILn () (%0) = f (X0)| < r(a+2)
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b a+1 GLH
(© [ 10l am0) (64)
VNeN.
If (C) j}f|t —xo|"“’1dyN7x(J (t) — 0, then Ly () (x0) — f (X0), as N— oo.
ProofBy Theorem?.
Theorem 13Letv > 1, v ¢ N, p=[v], X € [a,b] and f: [a,b] — Ry, f € C . ([a,b]) NCy _([a,b]). Suppose that

f® (%) =0, k=1,...,p—1,and (D} , f) (xo) = (DY, _f) (x0) =0. Let Ly : L (53([ b))) — C; (a b]) VN €N, be
positive sublinear comonotonic operators, fulfilling 1) = 1,V N € N. Then

w (D) f,5
|LN(f)(XO)_f(XO)|SM-

rv+1
b v 1 b v+1
©) [ It=0l" s 0+ gy ((©) [ 1t s )] (65)
vV NeN.
ProofBy Theorems.
We finish by giving related results based on Renfark
We give

Theorem 14Leta >0, a ¢ N, m= [a], % € [a,b] C R, f € AC™([a,b],R.), and f™ € L ([a,b]). Furthermore we
suppose that® (xg) =0, k=1,...,m— 1. Then

w, (DY f,3)
[Tn (F) (X0) = F(x0)| < I'(aixil)'
b b
(© [ 1507 dm©) + g (© [ -0 e )] (66)
0>0,VNeN.
ProofBy Theoremi.

Theorem15Let 0 < a < 1, X € [ab] ¢ R, f € AC([ab],R;), and f € L«([ab]). Assume that
(C) J2[t — x0/* L dpinx, (1) > 0, ¥ N € N. Then

(a+2)e (D;’ofa (© 1210l dinse “))M>
T (F) (x0) — f (x0)] <

Ma+2)
b a+1 %I
(© [ 1l dimse ) 7
VY NeN.
If (C) f§|t —xo|°’+1du,\j7x(J (t) — 0, then | () (x0) = f (X0), as N— oo.
ProofBy Theorem?.

Theorem 16Letv > 1, v ¢ N, p=[v], X € [a,b] and f: [a,b] - Ry, f € C, ([a,b]) NCy _([a,b]). Suppose that
f® (x0) =0,k=1,...,p—1,and(Dy , f) (xo) = (D}, _f) (%) =0. Then

w (D f,0
|TN<f><xO>—f(xO>|s%.

(© [t s 0+ 155 (10 1o v 0] (68)

0>0VNeN.
ProofBy Theorems.
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