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Abstract: Here we consider the quantitative Caputo and Canavati fractional approximation of positive sublinear operators to theunit
operator. At the beginning we perform the investigation of the fractional rate of the convergence of the Bernstein-Kantorovich-Choquet
and Bernstein-Durrweyer-Choquet polynomial Choquet-integral operators. After that we discuss the very general comonotonic positive
sublinear operators based on the representation theorem ofSchmeidler (1986) [1]. We end with the approximation by the very general
direct Choquet-integral form positive sublinear operators. All fractional approximations are presented via inequalities implying the
modulus of continuity of the approximated function fractional order derivative.
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1 Introduction

In 1953 G. Choquet [2] defined the capacities as well as his integral. At the beginning these were utilized to statistical
mechanics and potential theory, and they gave rise to the investigation of non-additive measure theory. The ideas proposed
by Choquet attracted economists especially after the seminal manuscript of Shapley (1953) [3] regarding the investigation
of cooperative games. Schmeidler utilized them [4] in a model of choice with non-additive beliefs and since then the
capacities and Choquet integrals became main stream to decision theorists.

This integral has huge applications to decision making under risk and uncertainty, in finance, in economics and in
portofolio problems.

Our motivation is inspired by foundations of Bayesian decision theory and subjective probability.
Due to the paramount importance of Choquet integral, we investigate the related positive sublinear operators

approximation, part of it is exhibited in this paper in the sense of Caputo and Canavati fractional derivatives.
The manuscript contains five chapters. During the first four chapters named Background - I, Background - II,

Background - III and Background - IV, respectively, we introduce the requested basic theoretical results. Finally, the
chapter five presents the original results of the manuscript.

2 Background - I

Some details about the Choquet integral are given below, seealso [5].

Definition 1.ConsiderΩ 6=∅ and letC be aσ -algebra of subsets inΩ .
(i) (see, e.g., [6], p. 63) The set functionµ : C → [0,+∞] is called a monotone set function (or capacity) ifµ (∅) = 0

andµ (A1)≤ µ (B1) for all A1,B1 ∈ C , with A1⊂ B1. µ is called submodular if

µ (A1∪B1)+ µ (A1∩B1)≤ µ (A1)+ µ (B1) , for all A1,B1 ∈ C .

µ is called bounded ifµ (Ω)<+∞ and normalized ifµ (Ω) = 1.
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(ii) (see, e.g., [6], p. 233, or [2]) If µ is a monotone set function onC and if f1 : Ω → R is C -measurable ( for any
Borel subset B1⊂ R it follows f−1

1 (B1) ∈ C ), then for any A1 ∈ C , the Choquet integral becomes

(C)
∫

A1

f1dµ =

∫ +∞

0
µ
(

Fβ ( f1)∩A1
)

dβ +

∫ 0

−∞

[

µ
(

Fβ ( f1)∩A1
)

− µ (A1)
]

dβ ,

where we utilise the notation Fβ ( f1) = {ω ∈Ω : f1 (ω)≥ β}. We recall that if f1 ≥ 0 on A1, then in the above formula

we get
∫ 0
−∞ = 0.

The classical Riemann integral are the integrals on the right-hand side.
f1 is named Choquet integrable on A1 if (C)

∫

A1
f1dµ ∈ R.

Several properties of this integral are given below.

Remark.If µ : C → [0,+∞] represents a monotone set function, then we have:
(i) For all a≥ 0 we have(C)

∫

Aa f1dµ = a· (C)∫A1
f1dµ (if f1≥ 0 then see, e.g., [6], Theorem 11.2, (5), p. 228 and if

f1 is arbitrary sign, then see, e.g., [14], p. 64, Proposition 5.1, (ii)).
(ii) For all c ∈ R and f of arbitrary sign, we have (see, e.g., [6], pp. 232-233, or [14], p. 65) (C)

∫

A1
( f1+ c)dµ =

(C)
∫

A1
f1dµ + c ·µ (A1) .

If µ is submodular too, then for allf1,g1 of arbitrary sign and lower bounded, we get ([14], p. 75, Theorem 6.3)

(C)
∫

A1

( f1+g1)dµ ≤ (C)
∫

A1

f1dµ +(C)
∫

A1

g1dµ .

(iii) If f1 ≤ g on A1 then(C)
∫

A1
f1dµ ≤ (C)

∫

A1
g1dµ (see, e.g., [6], p. 228, Theorem 11.2, (3) if1,g1≥ 0 and p. 232

if f1,g1 are of arbitrary sign).
(iv) Let f1 ≥ 0. If A1⊂ B then(C)

∫

A1
f1dµ ≤ (C)

∫

B1
f dµ . In addition, ifµ is finitely subadditive, then

(C)
∫

A1∪B1

f dµ ≤ (C)
∫

A1

f1dµ +(C)
∫

B1

f1dµ .

(v) We conclude that(C)
∫

A1
1 ·dµ (t) = µ (A1) .

(vi) µ (A1) = γ (M (A1)), γ : [0,1]→ [0,1] denotes an increasing and concave function, withγ (0) = 0, γ (1) = 1 andM
is a probability measure (or only finitely additive) on aσ -algebra onΩ (that is,M (∅) = 0,M (Ω) = 1 andM is countably
additive), gives simple examples of normalized, monotone and submodular set functions ( [14], pp. 16-17, Example 2.1).
Such set functionsµ are also called distorsions of countably normalized, additive measures (or distorted measures). For a
simple example, we can takeγ (t) = 2t

1+t , γ (t) =
√

t.
If γ function increases, concave and fulfils onlyγ (0) = 0, then for any bounded Borel measurem, µ (A1) = γ (m(A1))

gives a simple example of bounded, monotone and submodular set function.
(vii) If µ is a countably additive bounded measure, then the Choquet integral (C)

∫

A1
f1dµ reduces to the usual

Lebesgue type integral (see, e.g., [14], p. 62, or [6], p. 226).
(viii) If f1 ≥ 0, then(C)

∫

A1
f1dµ ≥ 0.

(ix) Let µ =
√

M, whereM represents the Lebesgue measure on[0,+∞), thenµ denotes a monotone and submodular
set function, furthermoreµ is strictly positive, see [19].

(x) If Ω = R
N, N ∈ N, we callµ strictly positive ifµ (A1)> 0, for any open subsetA1⊆ R

N.

Definition 2.([16]) For the Ω 6=∅, the power setP (Ω) denotes the family of all subsets ofΩ .
(i) A functionλ : Ω → [0,1] fulfilling sup{λ (s) : s∈Ω}= 1, is called possibility distribution onΩ .
(ii) P : P (Ω)→ [0,1] is called possibility measure, if it fulfills P(∅) = 0, P(Ω) = 1, and P(∪i∈I Ai) = sup{P(Ai) :

i ∈ I} for all Ai ⊂ Ω , and any I, an at most countable family of indices. We recall that if A1,B1 ⊂ Ω , A1 ⊂ B1, then the
last property implies P(A1)≤ P(B1) and that P(A1∪B1)≤ P(A1)+P(B1).

Any possibility distributionλ onΩ , induces the possibility measure Pλ : P (Ω)→ [0,1] ,Pλ (A1) = sup{λ (s) : s∈A1},
A1 ⊂ Ω . In addition if f1 : Ω → R+, then the possibilistic integral of f1 on A1 ⊂ Ω with respect to Pλ is defined by
(Pos)

∫

A1
f1dPλ = sup{ f1 (t)λ (t) : t ∈ A1} (see [16], chapter 1).

We recall that any possiblity measureµ is normalized, monotone and submodular. By using
µ (A1∪B1) = max{µ (A1) ,µ (B1)} we obtain monotonicity, and fromµ (A1∩B1) ≤ min{µ (A1) ,µ (B1)} we get the
submodularity.
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3 Background - II

From Caputo fractional calculus:
We need

Definition 3.Let ν ≥ 0, n= ⌈ν⌉ (⌈·⌉ is the ceiling of the number), g∈ ACn([a,b]) (space of functions g with g(n−1) ∈
AC([a,b]), absolutely continuous functions). We denote left Caputo fractional derivative (see [15], p. 40, [18], [ 20]) the
function

Dν
∗ag(x) =

1
Γ (n−ν)

∫ x

a
(x− t)n−ν−1g(n) (t)dt, ∀ x∈ [a,b] , (1)

whereΓ is the gamma functionΓ (ν) =
∫ ∞

0 e−ttν−1dt, ν > 0.
We set D0∗ag(x) = g(x), ∀ x∈ [a,b] .

Lemma 1.([9]) Let ν > 0, ν /∈ N, n= ⌈ν⌉, g∈Cn−1([a,b]) and g(n) ∈ L∞ ([a,b]). Then Dν
∗ag(a) = 0.

We need

Definition 4.(see also [8], [ 17], [ 18]) Let g ∈ ACm([a,b]) , m= ⌈α⌉, α > 0. The right Caputo fractional derivative of
orderα > 0 is given by

Dα
b−g(x) =

(−1)m

Γ (m−α)

∫ b

x
(ζ − x)m−α−1g(m) (ζ )dζ , ∀ x∈ [a,b] . (2)

We set D0b−g(x) = g(x).

Lemma 2.([9]) Let g∈Cm−1 ([a,b]) , g(m) ∈ L∞ ([a,b]) , m= ⌈α⌉, α > 0, α /∈N. Then Dα
b−g(b) = 0.

Convention 1We suppose that
Da
∗x0

g(x) = 0, for x< x0, (3)

and
Dα

x0−g(x) = 0, for x> x0, (4)

for all x,x0 ∈ [a,b] .

We have

Proposition 2.[9] Let g∈Cn ([a,b]), n= ⌈ν⌉, ν > 0. Then Dν
∗ag(x) is continuous in x∈ [a,b] .

Proposition 3.[9] Let g∈Cm([a,b]), m= ⌈α⌉, α > 0. Then Dα
b−g(x) is continuous in x∈ [a,b] .

Forg∈C([a,b]) we define the (first) modulus of continuity:

ω1 (g,δ ) := sup
x,y∈[a,b]:
|x−y|≤δ

|g(x)−g(y)| ,δ > 0. (5)

The modulus of continuityω1 (g,δ ) is defined the same way for bounded functions, see (5), and it is finite.
We have

Remark.[9] Let g∈Cn−1([a,b]), g(n) ∈ L∞ ([a,b]), n= ⌈ν⌉, ν > 0, ν /∈ N. We get

ω1 (D
ν
∗ag,δ )≤

2
∥

∥

∥g(n)
∥

∥

∥

∞
Γ (n−ν +1)

(b−a)n−ν . (6)

Let g∈Cm−1 ([a,b]), g(m) ∈ L∞ ([a,b]), m= ⌈α⌉, α > 0, α /∈ N, then

ω1
(

Dα
b−g,δ

)

≤
2
∥

∥

∥g(m)
∥

∥

∥

∞
Γ (m−α +1)

(b−a)m−α . (7)
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It meansω1 (Dν
∗ag,δ ), ω1

(

Dα
b−g,δ

)

are finite.
Thus,Dν

∗ag andDα
b−g are bounded, from

|Dν
∗ag(x)| ≤

∥

∥

∥g(n)
∥

∥

∥

∞
Γ (n−ν +1)

(b−a)n−ν , ∀ x∈ [a,b] , (8)

see [9].

We need

Definition 5.Let Dα
x0

g denote any of Dαx0−g, Dα
∗x0

g, andδ > 0. We set

ω1
(

Dα
x0

g,δ
)

:= max
{

ω1
(

Dα
x0−g,δ

)

[a,x0]
,ω1

(

Dα
∗x0

g,δ
)

[x0,b]

}

, (9)

where x0 ∈ [a,b] . We discuss the moduli of continuity over[a,x0] and[x0,b], respectively.

We have

Definition 6.We consider C+ ([a,b]) := {g : [a,b]→ R+, continuous functions} . Let LN : C+ ([a,b]) → C+ ([a,b]),
operators,∀ N ∈ N, obeying

(i)
LN (αg) = αLN (g) , ∀α ≥ 0,∀g∈C+ ([a,b]) , (10)

(ii) if g ,h∈C+ ([a,b]) : g≤ h, then
LN (g)≤ LN (h) , ∀N ∈ N, (11)

(iii)
LN (g+h)≤ LN (g)+LN (h) , ∀ g,h∈C+ ([a,b]) . (12)

We denote{LN}N∈N positive sublinear operators.

We have

Theorem 1.[12] Let α > 0, α /∈ N, m= ⌈α⌉, x0 ∈ [a,b] ⊂ R, f ∈ ACm([a,b] ,R+), and g(m) ∈ L∞ ([a,b]). We suggest
that g(k) (x0) = 0, k= 1, ...,m− 1. Let LN : C+ ([a,b])→C+ ([a,b]), ∀ N ∈ N, be positive sublinear operators, obeying
LN (1) = 1, ∀ N ∈ N. Thus, we get

|LN (g)(x0)−g(x0)| ≤
ω1
(

Dα
x0

g,δ
)

Γ (α +1)
·



LN
(

|·− x0|α
)

(x0)+
LN

(

|·− x0|α+1
)

(x0)

(α +1)δ



 , (13)

δ > 0, ∀ N ∈ N.
We recall that (13) is true forα > 1, α /∈N.

Corollary 1.([12]) Let 0<α < 1, x0∈ [a,b]⊂R, g∈AC([a,b] ,R+), and g′ ∈L∞ ([a,b]). Let LN :C+ ([a,b])→C+ ([a,b]),
∀ N ∈N, be positive sublinear operators, obeying LN (1) = 1, ∀ N ∈ N. Thus (13) is true.

We also need:

Theorem 2.([12]) Let 0 < α < 1, x0 ∈ [a,b] ⊂ R, g∈ AC([a,b] ,R+), and g′ ∈ L∞ ([a,b]). Let LN from C+ ([a,b]) into

itself be positive sublinear operators, such that LN (1) = 1, ∀ N ∈ N. Suppose that LN
(

|·− x0|α+1
)

(x0) > 0, ∀ N ∈ N.

Then
|LN ( f ) (x0)−g(x0)| ≤

(α +2)ω1

(

Dα
x0

g,
(

LN

(

|·− x0|α+1
)

(x0)
) 1

α+1
)

Γ (α +2)

(

LN

(

|·− x0|α+1
)

(x0)
) α

α+1
. (14)
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We mention some notions from Canavati fractional calculus.
Then we need

Remark.I) Here see [7], pp. 7-10.
Let x,x0 ∈ [a,b] obeyx≥ x0, ν > 0, ν /∈ N, such thatp= [ν], [·] the integral part,α = ν− p (0< α < 1).
Let g∈Cp([a,b]) and define

(

Jx0
ν g
)

(x) :=
1

Γ (ν)

∫ x

x0

(x− t)ν−1g(t)dt, x0≤ x≤ b. (15)

as the left generalized fractional Riemann-Liouville integral.
Γ represents Gamma function.
We have

(

Jx0
ν g
)

(x0) = 0. We define
(

Jx0
ν g
)

(x) = 0 for x< x0. By [7], p. 388,
(

Jx0
ν g
)

(x) is a continuous function inx,
for a fixedx0.

We define the subspaceCν
x0+

([a,b]) of Cp ([a,b]) :

Cν
x0+

([a,b]) :=
{

g∈Cp([a,b]) : Jx0
1−αg(p) ∈C1 ([x0,b])

}

. (16)

So letg∈Cν
x0+

([a,b]), we define the left generalizedν-fractional derivative ofg over[x0,b] as

Dν
x0+

f =
(

Jx0
1−αg(p)

)′
, (17)

that is
(

Dν
x0+

g
)

(x) =
1

Γ (1−α)

d
dx

∫ x

x0

(x− t)−α g(p) (t)dt, (18)

which exists forf ∈Cν
x0+

([a,b]), for a≤ x0≤ x≤ b [13].
II) Here see [8], [4].
Let x,x0 ∈ [a,b] obeyx≤ x0, ν > 0, ν /∈ N, fulfilling p= [ν], α = ν− p (0< α < 1).
Let g∈Cp([a,b]) and define

(

Jν
x0−g

)

(x) :=
1

Γ (ν)

∫ x0

x
(z− x)ν−1g(z)dz, a≤ x≤ x0. (19)

the right generalized Riemann-Liouville fractional integral.
Define the subspace of functions

Cν
x0− ([a,b]) :=

{

g∈Cp([a,b]) : J1−α
x0− g(p) ∈C1 ([a,x0])

}

. (20)

Define the right generalizedν-fractional derivative ofg over[a,x0] as

Dν
x0−g= (−1)p−1

(

J1−α
x0− g(p)

)′
. (21)

Notice that

J1−α
x0− g(p) (x) =

1
Γ (1−α)

∫ x0

x
(z− x)−α g(p) (z)dz, (22)

exists forg∈Cν
x0− ([a,b]), and

(

Dν
x0−g

)

(x) =
(−1)p−1

Γ (1−α)

d
dx

∫ x0

x
(z− x)−α g(p) (z)dz. (23)

I.e.
(

Dν
x0−g

)

(x) =
(−1)p−1

Γ (p−ν +1)
d
dx

∫ x0

x
(z− x)p−ν g(p) (z)dz, (24)

which exists forg∈Cν
x0− ([a,b]), for a≤ x≤ x0≤ b.

We make
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Definition 7.LetD
ν
x0

g denote any of Dνx0− f , Dν
x0+

g, andδ > 0. We denote

ω1

(

D
ν
x0

g,δ
)

:= max
{

ω1
(

Dν
x0−g,δ

)

[a,x0]
,ω1

(

Dν
x0+

g,δ
)

[x0,b]

}

, (25)

where x0 ∈ [a,b] . The moduli of continuity are discussed over[a,x0] and[x0,b], respectively.

We will use

Theorem 3.[11] Let ν > 1, ν /∈ N, p= [ν], x0 ∈ [a,b] and g: [a,b]→ R+, g∈Cν
x0+

([a,b])∩Cν
x0− ([a,b]). Suppose that

g(k) (x0) = 0, k= 1, ..., p−1, and
(

Dν
x0+

g
)

(x0) =
(

Dν
x0−g

)

(x0) = 0. Let LN : C+ ([a,b])→C+ ([a,b]), ∀N ∈N, be positive
sublinear operators, obeying LN (1) = 1, ∀ N ∈ N. As a result we have

|LN (g)(x0)−g(x0)| ≤
ω1

(

D
ν
x0

g,δ
)

Γ (ν +1)
·



LN
(

|·− x0|ν
)

(x0)+
LN

(

|·− x0|ν+1
)

(x0)

(ν +1)δ



 , (26)

δ > 0, ∀ N ∈ N.

4 Background - III

We mention

Definition 8.[19] Let I = [0,1], BI theσ -algebra of all Borel measurable subsets of I,(ΓN,x)N∈N, x∈I will be the collection
of the familyΓN,x = {µN,k,x}Nk=0, of monotone, submodular and strictly positive set functions µN,k,x onBI .

Let f1 : [0,1]→ R+ be a BI -measurable function which is bounded, and call pN,k (x) =

(

N
k

)

xk (1− x)N−k, for any

x∈ [0,1].
The expression of Bernstein-Kantorovich-Choquet operators is

KN,ΓN,x ( f1) (x) =
N

∑
k=0

pN,k (x)
(C)

∫

(k+1)
(N+1)

k
(N+1)

f1 (t)dµN,k,x (t)

µN,k,x

([

k
(N+1) ,

(k+1)
(N+1)

]) , ∀ x∈ [0,1] . (27)

If µN,k,x = µ , for all N,x,k, we denote KN,ΓN,x ( f1) := KN,µ ( f1) .

Theorem 4.[19] Assume thatµN,k,x = µ :=
√

M, for all N,k and x, where M represents the Lebesgue measure on[0,1] .
Then

∣

∣KN,µ ( f1) (x)− f1 (x)
∣

∣≤ 2ω1

(

f1,

√

x(1− x)√
N

+
1
N

)

, (28)

∀ N ∈N, x∈ [0,1], f1 ∈C+ ([0,1]), aboveω1 is over[0,1] .

Remark.With the help of [19] we conclude

KN,µ (|·− x|)(x)≤
√

x(1− x)√
N

+
1
N
, ∀ N ∈ N. (29)

Form> 1, we conclude that|·− x|m−1 ≤ 1, it implies

|·− x|m = |·− x| |·− x|m−1≤ |·− x| ,

c© 2019 NSP
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thus
KN,µ (|·− x|m) (x)≤ KN,µ (|·− x|)(x) ,

that is

KN,µ (|·− x|m) (x)≤
√

x(1− x)√
N

+
1
N
, ∀ x∈ [0,1] , N ∈ N,m≥ 1. (30)

We conclude thatKN,µ (1) = 1,∀ N ∈ N.
KN,µ operators are positive sublinear operators fromC+ ([0,1]) into itself.

Definition 9.[5] We discuss measures of possibility. Denoting pN,k (x) =

(

N
k

)

xk (1− x)N−k, let us define

λN,k (t) :=
pN,k (t)

kkN−N (N− k)N−k
(

N
k

) =
tk (1− t)N−k

kkN−N (N− k)N−k , k= 0, ...,N. (31)

We suppose that00 = 1. As a result the cases k= 0, and k= N are interesting. By using the rootk
N of p′N,k (x), we get

max{pN,k (t) : t ∈ [0,1]}= kkN−N (N− k)N−k
(

N
k

)

,

which says that eachλN,k is a possibility distribution on[0,1] .
Denoting by PλN,k

the possibility measure induced byλN,k andΓn,x := ΓN := {PλN,k
}Nk=0 (that isΓN is independent of

x), we define the nonlinear Bernstein-Durrmeyer-Choquet polynomial operators with respect to the set functions inΓN as

DN,ΓN ( f1) (x) :=
N

∑
k=0

pN,k (x)
(C)

∫ 1
0 f1 (t)tk (1− t)N−k dPλN,k

(t)

(C)
∫ 1

0 tk (1− t)N−k dPλN,k
(t)

, (32)

∀ x∈ [0,1], N ∈N, f1 ∈C+ ([0,1]) .

Remark.AbovePλN,k
is bounded, monotone, submodular and strictly positive,N∈N, k= 0,1, ...,N. Notice thatDN,ΓN (1)=

1,∀ N ∈N.
DN,ΓN operators are positive sublinear operators mappingC+ ([0,1]) into itself.

We mention

Theorem 5.[5] For every f ∈C+ ([0,1]), x∈ [0,1] and N∈N−{1}, we have

|DN,ΓN ( f1) (x)− f1 (x)| ≤ 2ω1



 f ,

(

1+
√

2
)

√

x(1− x)+
√

2
√

x
√

N
+

1
N



 , (33)

whereω1 is on[0,1] .

Remark.From [5] we conclude

DN,ΓN (|·− x|)(x)≤

(

1+
√

2
)

√

x(1− x)+
√

2
√

x
√

N
+

1
N
, ∀ N ∈ N−{1}. (34)

Let m> 1, notice that|·− x|m−1 ≤ 1, we get

|·− x|m = |·− x| |·− x|m−1≤ |·− x| ,
hence

DN,ΓN (|·− x|m) (x)≤ DN,ΓN (|·− x|)(x) ,
that is

DN,ΓN (|·− x|m)(x)≤

(

1+
√

2
)

√

x(1− x)+
√

2
√

x
√

N
+

1
N
, (35)

∀ N ∈N−{1},∀ x∈ [0,1] ,m≥ 1.

c© 2019 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


14 G. A. Anastassiou : Caputo and Canavati fractional Approximation by ...

We have

Remark.Forx∈ [0,1], we have max(x(1− x)) = 1
4, atx= 1

2. Thus,

√

x(1− x)√
N

+
1
N
≤ 1

2
√

N
+

1
N
, (36)

∀ x∈ [0,1] , ∀ N ∈ N.
We also have

(

1+
√

2
)

√

x(1− x)+
√

2
√

x
√

N
+

1
N
≤ 1+3

√
2

2
√

N
+

1
N
, (37)

∀ x∈ [0,1] , ∀ N ∈ N−{1}.

Corollary 2.(to Theorem4) We have

∥

∥KN,µ ( f1)− f1
∥

∥

∞ ≤ 2ω1

(

f1,
1

2
√

N
+

1
N

)

, (38)

∀ N ∈N, f ∈C+ ([0,1]) .

Corollary 3.(to Theorem5) We have

‖DN,ΓN ( f1)− f1‖∞ ≤ 2ω1

(

f1,
1+3

√
2

2
√

N
+

1
N

)

, (39)

∀ N ∈N−{1}, f1 ∈C+ ([0,1]) .

The Bernstein-Kantorovich-Choquet operatorsKN,µ , whereµ :=
√

M, with M the Lebesgue measure on[0,1] can be
written as:

KN,µ ( f1)(x) =
N

∑
k=0

pN,k (x)
(C)

∫

(k+1)
(N+1)

k
(N+1)

f1 (t)dµ (t)

µ
([

k
(N+1) ,

(k+1)
(N+1)

]) , (40)

∀ x∈ [0,1] , ∀ N ∈ N, f1 ∈C+ ([0,1]) .

5 Background - IV

The following definitions are given.

Definition 10.Let Ω be a set, and let f1,g1 : Ω → R be bounded functions. f1 and g1 are comonotonic, if for every
ω ,ω ′ ∈Ω ,

(

f1 (ω)− f1
(

ω ′
))(

g1(ω)−g1
(

ω ′
))

≥ 0. (41)

Theorem 6.[1] Let L∞ (A ) be the vector space ofA -measurable bounded real valued functions onΩ , whereA ⊂ 2Ω

is a σ -algebra. ForΓ : L∞ (A )→R, suppose that for f1,g1 ∈L∞ (A ):
(i) Γ (c f) = cΓ ( f1), ∀ c> 0,
(ii) f 1 ≤ g, impliesΓ ( f1)≤ Γ (g1),
and
(iii) Γ ( f1+g1) = Γ ( f1)+Γ (g1), for any comonotonic f1,g1.
As a resultγ (A) := Γ (1A), ∀ A∈A , defines a finite monotone set function onA , andΓ is the Choquet integral with

respect toγ, i.e.

Γ ( f1) = (C)
∫

Ω
f1 (t)dγ (t) , ∀ f1 ∈L∞ (A ) . (42)

Here1A means the characteristic function on A.

We give
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Remark.We assume here that[a,b]⊂ R, B = B ([a,b]) is the Borelσ -algebra on[a,b], andL∞ (B) is the vector space
of B-measurable bounded real valued functions on[a,b]. Let (LN)N∈N be a sequence of positive sublinear operators from
L∞ (B) into C+ ([a,b]), andx∈ [a,b]. That is hereLN fulfills the positive homogenuity, monotonicity and subadditivity
properties, see (10)-(12).

AssumeLN (1) = 1,∀ N ∈ N. Clearly hereL∞ (B)⊃C+ ([a,b]). We treatLN|C+([a,b]), just denoted asLN, ∀ N ∈ N.
LN (·)(x) : L∞ (B)→R is a functional,∀ N ∈N.The properties are given below:
(i)

LN (c f) (x) = cLN ( f1)(x) , ∀ c> 0, ∀ f1 ∈L∞ (B) , (43)

(ii)
f1 ≤ g, impliesLN ( f1)(x)≤ LN (g1) (x) , where f1,g1 ∈L∞ (B) , (44)

and
(iii)

LN ( f +g)(x)≤ LN ( f ) (x)+LN (g)(x) , ∀ f ,g∈L∞ (B) . (45)

For comonotonicf ,g∈L∞ (B), we suppose that

LN ( f +g)(x) = LN ( f ) (x)+LN (g)(x) . (46)

ThusLN is called comonotonic.

With the help of Theorem6 we conclude:

γN,x (A) := LN (1A) (x) , ∀ A∈B, ∀ N ∈ N, (47)

defines a finite monotone set function onB, and

LN ( f ) (x) = (C)
∫ b

a
f1 (t)dγN,x (t) , (48)

∀ f1 ∈L∞ (B), ∀ N ∈ N.
We conclude that (47) is true for anyf1∈C+ ([a,b]). FurthermoreγN,x is normalized, namelyγN,x ([a,b]) = 1,∀N∈N.
Thus, we have:

Remark.Assume that[a,b] ⊂ R, B = B ([a,b]) is the Borelσ -algebra on[a,b]. For eachN ∈ N and eachx ∈ [a,b] we
have the monotone set functionsµN,x;B→ R+. We suppose that allµN,x are normalized, namelyµN,x ([a,b]) = 1, and
submodular. Below we discuss the operatorsTN : C+ ([a,b])→C+ ([a,b]) written as

TN ( f1) (x) = (C)
∫

[a,b]
f1 (t)dµN,x (t) , (49)

∀ N ∈N, ∀ x∈ [a,b] .
I µN,x are chosen in such a way thatTN (C+ ([a,b]))⊆C+ ([a,b]) .
We conclude that
(i)

TN (α f ) (x) = αTN ( f1)(x) , ∀ α ≥ 0, (50)

(ii)
f1 ≤ g, impliesTN ( f1) (x)≤ TN (g1) (x) , (51)

and
(iii)

TN ( f1+g1) (x)≤ TN ( f1) (x)+TN (g1) (x) , (52)

∀ N ∈N, ∀ x∈ [a,b] , ∀ f1,g1 ∈C+ ([a,b]) .
TN are positive sublinear operators (10)-(12). BesidesTN (1) = 1,∀ N ∈ N.
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6 Main Results

We give

Theorem 7.Letα > 1, α /∈N, m= ⌈α⌉, x0 ∈ [0,1], f ∈ ACm([0,1] ,R+), and f(m) ∈ L∞ ([0,1]). Furthermore we suppose
that f(k) (x0) = 0, k= 1, ...,m−1. Then

∣

∣KN,µ ( f ) (x0)− f (x0)
∣

∣≤
ω1

(

Dα
x0

f ,
(

1
2
√

N
+ 1

N

) 1
α+1
)

Γ (α +1)
·

[

(

1

2
√

N
+

1
N

)

+
1

(α +1)

(

1

2
√

N
+

1
N

) α
α+1
]

, ∀ N ∈N. (53)

If N→ ∞, we obtain that KN,µ ( f ) (x0)→ f (x0) .

Proof.From (13) we conclude (δ > 0)

∣

∣KN,µ ( f ) (x0)− f (x0)
∣

∣≤
ω1
(

Dα
x0

f ,δ
)

Γ (α +1)
·



KN,µ
(

|·− x0|α
)

(x0)+
KN,µ

(

|·− x0|α+1
)

(x0)

(α +1)δ





(30)
≤

ω1
(

Dα
x0

f ,δ
)

Γ (α +1)

[(

√

x0 (1− x0)√
N

+
1
N

)

+
1

(α +1)δ

(

√

x0 (1− x0)√
N

+
1
N

)]

(36)
≤ (54)

ω1
(

Dα
x0

f ,δ
)

Γ (α +1)

[(

1

2
√

N
+

1
N

)

+
1

(α +1)δ

(

1

2
√

N
+

1
N

)]

(settingδ :=
(

1
2
√

N
+ 1

N

) 1
α+1

, thenδ α+1 = 1
2
√

N
+ 1

N , andδ α =
(

1
2
√

N
+ 1

N

) α
α+1

)

=

ω1

(

Dα
x0

f ,
(

1
2
√

N
+ 1

N

) 1
α+1
)

Γ (α +1)

[

(

1

2
√

N
+

1
N

)

+
1

(α +1)

(

1

2
√

N
+

1
N

) α
α+1
]

, (55)

proving the claim.

We continue with

Theorem 8.Let ν > 1,←− ν /∈ N, p= [ν], x0 ∈ [0,1] and f : [0,1]→ R+, f ∈Cν
x0+

([0,1])∩Cν
x0− ([0,1]). Assume that

f (k) (x0) = 0, k= 1, ..., p−1, and
(

Dν
x0+

f
)

(x0) =
(

Dν
x0− f

)

(x0) = 0. Then

∣

∣KN,µ ( f ) (x0)− f (x0)
∣

∣≤
ω1

(

D
ν

x0
f ,
(

1
2
√

N
+ 1

N

) 1
ν+1
)

Γ (ν +1)
·

[

(

1

2
√

N
+

1
N

)

+
1

(ν +1)

(

1

2
√

N
+

1
N

) ν
ν+1
]

, ∀ N ∈ N. (56)

If N→ ∞, we get that KN,µ ( f ) (x0)→ f (x0) .
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Proof.By (26) we get (δ > 0)

∣

∣KN,µ ( f ) (x0)− f (x0)
∣

∣≤
ω1

(

D
ν
x0

f ,δ
)

Γ (ν +1)
· (57)



KN,µ
(

|·− x0|ν
)

(x0)+
KN,µ

(

|·− x0|ν+1
)

(x0)

(ν +1)δ





(by (30), (36))
≤

ω1

(

D
ν
x0

f ,δ
)

Γ (ν +1)

[(

1

2
√

N
+

1
N

)

+
1

(ν +1)δ

(

1

2
√

N
+

1
N

)]

(settingδ :=
(

1
2
√

N
+ 1

N

) 1
ν+1

, thenδ ν+1 = 1
2
√

N
+ 1

N , andδ ν =
(

1
2
√

N
+ 1

N

) ν
ν+1

)

=

ω1

(

D
ν

x0
f ,
(

1
2
√

N
+ 1

N

) 1
ν+1
)

Γ (ν +1)

[

(

1

2
√

N
+

1
N

)

+
1

(ν +1)

(

1

2
√

N
+

1
N

) ν
ν+1
]

, (58)

proving the claim.

We present

Theorem 9.Let α > 1, α /∈ N, m= ⌈α⌉, x0 ∈ [0,1], f ∈ ACm([0,1] ,R+), and f(m) ∈ L∞ ([0,1]) : f (k) (x0) = 0, k =
1, ...,m−1. Then

|DN,ΓN ( f ) (x0)− f (x0)| ≤
ω1

(

Dα
x0

f ,
(

1+3
√

2
2
√

N
+ 1

N

) 1
α+1
)

Γ (α +1)
·





(

1+3
√

2

2
√

N
+

1
N

)

+
1

(α +1)

(

1+3
√

2

2
√

N
+

1
N

) α
α+1


 , ∀ N ∈ N−{1}. (59)

If N→ ∞, we get that DN,ΓN ( f ) (x0)→ f (x0) .

Proof.By (13) we obtain (δ > 0)

|DN,ΓN ( f ) (x0)− f (x0)| ≤
ω1
(

Dα
x0

f ,δ
)

Γ (α +1)
·



DN,ΓN

(

|·− x0|α
)

(x0)+
DN,ΓN

(

|·− x0|α+1
)

(x0)

(α +1)δ





(by (35), (37))
≤

ω1
(

Dα
x0

f ,δ
)

Γ (α +1)

[(

1+3
√

2

2
√

N
+

1
N

)

+
1

(α +1)δ

(

1+3
√

2

2
√

N
+

1
N

)]

(settingδ :=
(

1+3
√

2
2
√

N
+ 1

N

) 1
α+1

)

=

ω1

(

Dα
x0

f ,
(

1+3
√

2
2
√

N
+ 1

N

) 1
α+1
)

Γ (α +1)
·





(

1+3
√

2

2
√

N
+

1
N

)

+
1

(α +1)

(

1+3
√

2

2
√

N
+

1
N

) α
α+1


 , (60)

proving the claim.

We also present
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Theorem 10.Let ν > 1, ν /∈ N, p = [ν], x0 ∈ [0,1] and f : [0,1]→ R+, f ∈ Cν
x0+

([0,1])∩Cν
x0− ([0,1]). Suppose that

f (k) (x0) = 0, k= 1, ..., p−1, and
(

Dν
x0+

f
)

(x0) =
(

Dν
x0− f

)

(x0) = 0. Then

|DN,ΓN ( f ) (x0)− f (x0)| ≤
ω1

(

D
ν

x0
f ,
(

1+3
√

2
2
√

N
+ 1

N

) 1
ν+1
)

Γ (ν +1)
·





(

1+3
√

2

2
√

N
+

1
N

)

+
1

(ν +1)

(

1+3
√

2

2
√

N
+

1
N

) ν
ν+1


 , ∀ N ∈ N−{1}. (61)

If N→ ∞, we get that DN,ΓN ( f ) (x0)→ f (x0) .

Proof.By (26) we get (δ > 0)

|DN,ΓN ( f ) (x0)− f (x0)| ≤
ω1

(

D
ν
x0

f ,δ
)

Γ (ν +1)
·

[

DN,ΓN

(

|·− x0|ν
)

(x0)+
1

(ν +1)δ
DN,ΓN

(

|·− x0|ν+1
)

(x0)

]

(by (35), (37))
≤

ω1

(

D
ν
x0

f ,δ
)

Γ (ν +1)

[(

1+3
√

2

2
√

N
+

1
N

)

+
1

(ν +1)δ

(

1+3
√

2

2
√

N
+

1
N

)]

(settingδ :=
(

1+3
√

2
2
√

N
+ 1

N

) 1
ν+1

)

=

ω1

(

D
ν

x0
f ,
(

1+3
√

2
2
√

N
+ 1

N

) 1
ν+1
)

Γ (ν +1)
·





(

1+3
√

2

2
√

N
+

1
N

)

+
1

(ν +1)

(

1+3
√

2

2
√

N
+

1
N

) ν
ν+1


 , (62)

proving the claim.

Based on Theorem6 and Remark5 we present

Theorem 11.Let α > 0, α /∈ N, m= ⌈α⌉, x0 ∈ [a,b] ⊂ R, f ∈ ACm([a,b] ,R+), and f(m) ∈ L∞ ([a,b]). Furthermore
we suppose that f(k) (x0) = 0, k = 1, ...,m− 1. Let LN : L∞ (B ([a,b]))→ C+ ([a,b]), ∀ N ∈ N, be positive sublinear
comonotonic operators, obeying LN (1) = 1, ∀ N ∈ N. Then

|LN ( f ) (x0)− f (x0)| ≤
ω1
(

Dα
x0

f ,δ
)

Γ (α +1)
·

[(

(C)
∫ b

a
|t− x0|α dγN,x0 (t)

)

+
1

(α +1)δ

(

(C)
∫ b

a
|t− x0|α+1dγN,x0 (t)

)]

, (63)

δ > 0, ∀ N ∈ N.

Proof.By Theorem1.

Theorem 12.Let 0 < α < 1, x0 ∈ [a,b] ⊂ R, f ∈ AC([a,b] ,R+), and f′ ∈ L∞ ([a,b]). Let
LN : L∞ (B ([a,b]))→C+ ([a,b]), ∀ N ∈ N, be positive sublinear comonotonic operators, fulfilling LN (1) = 1, ∀ N ∈ N.
Suppose that(C)

∫ b
a |t− x0|α+1dγN,x0 (t)> 0, ∀ N ∈ N. Then

|LN ( f ) (x0)− f (x0)| ≤
(α +2)ω1

(

Dα
x0

f ,
(

(C)
∫ b

a |t− x0|α+1dγN,x0 (t)
) 1

α+1
)

Γ (α +2)
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(

(C)
∫ b

a
|t− x0|α+1dγN,x0 (t)

)
α

α+1

, (64)

∀ N ∈N.
If (C)

∫ b
a |t− x0|α+1dγN,x0 (t)→ 0, then LN ( f ) (x0)→ f (x0) , as N→ ∞.

Proof.By Theorem2.

Theorem 13.Let ν > 1, ν /∈ N, p = [ν], x0 ∈ [a,b] and f : [a,b]→ R+, f ∈ Cν
x0+

([a,b])∩Cν
x0− ([a,b]). Suppose that

f (k) (x0) = 0, k= 1, ..., p−1, and
(

Dν
x0+

f
)

(x0) =
(

Dν
x0− f

)

(x0) = 0. Let LN : L∞ (B ([a,b]))→C+ ([a,b]), ∀ N ∈ N, be
positive sublinear comonotonic operators, fulfilling LN (1) = 1, ∀ N ∈N. Then

|LN ( f ) (x0)− f (x0)| ≤
ω1

(

D
ν
x0

f ,δ
)

Γ (ν +1)
·

[

(C)
∫ b

a
|t− x0|ν dγN,x0 (t)+

1
(ν +1)δ

(

(C)
∫ b

a
|t− x0|ν+1dγN,x0 (t)

)]

, (65)

∀ N ∈N.

Proof.By Theorem3.

We finish by giving related results based on Remark5.
We give

Theorem 14.Let α > 0, α /∈ N, m= ⌈α⌉, x0 ∈ [a,b] ⊂ R, f ∈ ACm([a,b] ,R+), and f(m) ∈ L∞ ([a,b]). Furthermore we
suppose that f(k) (x0) = 0, k= 1, ...,m−1. Then

|TN ( f ) (x0)− f (x0)| ≤
ω1
(

Dα
x0

f ,δ
)

Γ (α +1)
·

[(

(C)
∫ b

a
|t− x0|α dµN,x0 (t)

)

+
1

(α +1)δ

(

(C)
∫ b

a
|t− x0|α+1dµN,x0 (t)

)]

, (66)

δ > 0, ∀ N ∈ N.

Proof.By Theorem1.

Theorem 15.Let 0 < α < 1, x0 ∈ [a,b] ⊂ R, f ∈ AC([a,b] ,R+), and f′ ∈ L∞ ([a,b]). Assume that
(C)

∫ b
a |t− x0|α+1dµN,x0 (t)> 0, ∀ N ∈ N. Then

|TN ( f ) (x0)− f (x0)| ≤
(α +2)ω1

(

Dα
x0

f ,
(

(C)
∫ b

a |t− x0|α+1dµN,x0 (t)
) 1

α+1
)

Γ (α +2)

(

(C)
∫ b

a
|t− x0|α+1dµN,x0 (t)

)
α

α+1

, (67)

∀ N ∈N.
If (C)

∫ b
a |t− x0|α+1dµN,x0 (t)→ 0, then TN ( f ) (x0)→ f (x0), as N→ ∞.

Proof.By Theorem2.

Theorem 16.Let ν > 1, ν /∈ N, p = [ν], x0 ∈ [a,b] and f : [a,b]→ R+, f ∈ Cν
x0+

([a,b])∩Cν
x0− ([a,b]). Suppose that

f (k) (x0) = 0, k= 1, ..., p−1, and
(

Dν
x0+

f
)

(x0) =
(

Dν
x0− f

)

(x0) = 0. Then

|TN ( f ) (x0)− f (x0)| ≤
ω1

(

D
ν
x0

f ,δ
)

Γ (ν +1)
·

[

(C)
∫ b

a
|t− x0|ν dµN,x0 (t)+

1
(ν +1)δ

(

(C)
∫ b

a
|t− x0|ν+1dµN,x0 (t)

)]

, (68)

δ > 0, ∀ N ∈ N.

Proof.By Theorem3.
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