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Keywords: Generalisations of incomplete gamma and beta functionsiergésations of incomplete Gauss and confluent

hypergeometric function, generalisations of incomplefgpdll's hypergeometric function, Mellin transforms, fti@oal calculus
formulae.

1 Introduction

In recent years, some extensions of the well-known spaaiaitfons have been considered by several autt2prEd], [4],
[5], [6], [7], [8]. The following extension of gamma function was introdubgdChaudhry and Zubaig], in 1994

(%) ::/ v Lexp[—t - ﬂ dt, Re(p) > 0. @
0
The following extension of beta function has been defined lhgu@hry B], in 1997
1 _
Bp(X.y) i= / tXl(l—t)ylexp[ﬁ} dt, Re(p) > 0, Rgx) > 0, Re(y) > 0. )
0 _

Afterwards, Chaudhryd] introduced to extended hypergeometric and confluent lggmenetric functions as follows:
ad Bp(b+n,c—b) 2

Fo(a,b;c;2) := Zo(a)nmﬁ, p > 0; Rec) > Reb) > 0, 3)
ad b —b) 2
®(b;cz) == ;%ﬁ’ p > 0; Rec) > Reb) > 0, 4)
where(A), is the Pochhammer given by
_ _T(A+v)
A)p=1and (A), = T

and the Euler type integral representation is given

1 —
Fo(a,b;c;2) = m/o tb—l(l—t)c—b—l(l—Zt)_aexp[t(l_pt)] dt,

p>0; p=0andlargl—2z)| < m< p; Rgc) > Reb) > 0.
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Several properties for these functions are investigateth sas Mellin transforms ofp(a,b;c;z), transformation
formulae, differentiation properties, recurrence relasi, series and asymptotic formulae. The extended (or ghsest)
Gauss hypergeometric function has been an active reseguictin recent yearsiy], [11], [12], [13], [14].

Recently, the incomplete Pochhammer symbols are definddtiéthelp of incomplete gamma functions as follows

[19):

o YA+VX) .

(A5x), = ) A,veC; x=0,
and

T4 .

A;x], = A0 , A,veC;x=0.

With the help of these symbols, the authors gave the incampigergeometric functions and investigate their progert
[15]. Some other properties of these functions have been igegst in [L6], [17], [19], [19].
Incomplete Pochhammer ratios were introduced by usingnitemiplete beta function as followa(]:

. ._ By(b+n,c—b)
b.SYn = g b
and
Bi_y(c—b,b+n
{b.ciy}, = 2ACDOID)

B(b,c—b)

where 0<y < 1. Since the incomplete beta functi@g(x,z) is defined by

"y
By(%,2) i= /O 11— t)2ldt, Re(x) > Regz) >0,0<y < 1.

Then, incomplete Gauss, confluent and Appell's hypergedeniinctions are defined in terms of these incomplete
Pochhammer ratios and integration formulae, derivativentdae, transformation formulae and recurrence relatfons
these functions are obtaine2(].

The incomplete confluent hypergeometric functions werenddfby pO|

[oe]

1F([a, By 2) Z}[G,B:y]ng, 0<y<l,

and

1Fi({a, By} 2): i{a,ﬁ:y}%’ 0<y<1

The integral representations are given B[

L—a)/olua_l(l_ uy)B—a—lezuydu (Re(a) > ReB) > 0), )

1Fi([a, B3], 2) = Ba.p

and
(1—yPF-@

m/:uﬁ—a—l(l_ u(l_y))a—le(l—u(l—y))zdu (Re(a) > RG(B) S 0).

iF({a,B;y}2) =

The structure of this paper is as follows: Generalisatiohsnoomplete gamma and Euler's beta function are
elaborated in Section 2. Later, we obtain distinct intégreformulae and several properties of generalised incetapl
Euler’s beta function. Furthermore, connections of gdism@d incomplete gamma and beta functions are also examined
The Generalised Incomplete Gauss Hypergeometric FuncfiGhGHF), Generalised Incomplete Confluent
Hypergeometric Function (GICHF) and Generalised Incotepiopell's Hypergeometric Function (GIAHF). The study
proceeds by obtaining some integral representations séthenctions. Mellin’s transform representation of the @F5
and GICHF are also investigated. Differentiation and tfamsation formulae of the above mentioned functions are
presented. In addition, fractional calculus formulae fdG8F can be given in terms of the GIAHF.
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2 Generalisations of incomplete gamma and Euler’s beta function

This section dwells on the following generalisations ofdmplete gamma and beta functions

&P (x) / P 11F1([a B:yl: —t—E) dt, (6)
(Re(a) > 0, RgB) >0, Rgp) >0, Rgx) >0,0<y< 1)
and
. 1 _
BP0 - = [P iR ([a,ﬁ:y]:t(lf’w)dn (7)
(Rea) > 0, RgB) >0, Rgp) >0, Rgx) >0, Rgz) >0,0<y< 1)
respectively.

Remarkin the case = 0, (6) reduces to

(@B (x) = /0°°tx_1 1F1 ([, Biy);—t)dt. (8)

Remarkin the case = 0, (7) reduces to
BYPY (x,2) = B(x,2).

Remarkin the case Iinf("”B;y> (x) is reduced to the extension of gamma functlfg,wﬁ)(x) which was defined in1]

(similarly, when I|mB #F¥) (x,2) is reduced to the extension of beta funct}fi *Y) (x, z) which was defined in1]).

The study is Contlnuous by obtaining the integral represemnts of the functions given in the above definition.

Theorem 1.The following integral representation holds true for thengealised incomplete gamma function:

I-p(aﬁ;)’)(s) aB a/ u2y2 pe- sfl(l_uy)ﬁfafldu’

wherely(s) is given in ().

ProofUsing (), we have

I-p(a,ﬁ:)’)(s)_ 5. B ) / /ts 1 7uyt7— a-— 1(1 uy)ﬁ a-1gudt

Let us now use the mapping= uyt, 4 = u, which is bijective except possibly at the boundary and Wiiaps(0,00) x

(0,1) onto itself. The Jacobian = uiy’ )

,—p(orBy)(S) (a(;Sa // v

The order of integration can be interchanged from the umifoonvergence of the integral. It gives us

i —S 1 00 y2
rp("ﬁ&’)(s): (ay(; a)/ {/O v 187‘/7“ pdv uafsfl(l_uy)ﬁfafldu

cr s—1/9 B—a-1
GB ) / l2y2p(S (1—py) du.

ﬂyzp

a1 — py)P .

Hence the proof is completed.

Remarkin the casep = 0, we have

yo—sr (s)By(a—s,B—a).

B(a.p ) ®)

I—(G,ﬁ;)’)(s) a B a / l— G s—1 1 uy)ﬁ a— lle
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This part of the study concentrates on the integral reptasen of B%”B V) (x,2) given in terms of the extended beta
function.

Theorem 2.For the generalised incomplete Euler’s beta function, weeha

B PY (x,2) = / Buyp(X, 2)u% (1 — uy)f =9 1duy,

(a B a)
where B(x,z) is given in Q).

ProofUsing 6) yields

Bl PY (x,2) = GB & / / t*l(1—1)? exp((uyp)>u"1(1—uy)p"ldudt

The order of integration can be interchanged from the umifoonvergence of the integrals. It gives us

(a.B:y) x-11 )21 —uyp a—1/q _ \p\B—a—1
Bp (x,2) = GB ) / Ut exp(t(l_t)>dt}u (1—uy) du.

In view of (2), we get

gla:Ay) _ ye 1B a-11 _yy)B-a-14
p (x,2) = Bla.B—a) o uyp(X, Z)U" (1 —uy) u.

Hence the proof is completed.

In the following theorem, we compute the Mellin transfornt the funcuonB( By)(

involves ordinary beta function afd@-BY) (s).

X,Z) , an expression which

Theorem 3.The following Mellin transform representation holds tree the generalised incomplete beta function:
/O 1B PY) (x, 2)dp= B(x-+ 5,2+ 9 @FY(s), (10)

where Rés) > 0, Rgx+s) >0, Rgz+s) >0, Regp) >0, Rga) >0, RB) >0,0<y< 1.
ProofMultiplying (7) by p>~1 and applyfy dp

| p e xadp= [ “/ Pl 1-1)7 L3R ( [0, Biy); —— ) dtdp (11)
t(1-t)

The order of integration inl(l) can be interchanged from the uniform convergence of tlegynat. Therefore, we have
® s 1n(a.By) ! 11 )21 s 1 P

[ e  adp= [Cota-ur ot ( (Bt ) dedt 12)

Let us now use the mapping= m%w
(0,0) x (0,1) onto itself. We have

, U =tin(12), which is bijective except possibly at the boundary andolimaps

0 . 1 0
| p e cgdp= [ 9 1 @9 dap vt (la. iy v)ov.
Substituting from 8) gives
/ P> 1BYPY) (x, 2)dp= B(x+ 5,2+ I @FY(s),
0
and whence the result is.

RemarkSettings = 1 and using the fact th&t(@-FY) (1) = % in (10), we get

y' By(a—-1B-0a)
B(a,-a)

/ B (x, 2dp=B(x+1,z+1)
0
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Theorem 4.Mellin transform representation of the generalised inctetgpgamma function is given by

@By ;. (S (X+9)By(a—2s—x,f—a)
sm{rp V(x).s}_ 2o b — o) : (13)

RemarkSettings= 1 in (13), we have

® (a,By) _Fx+1)By(a—x-2,8-a)
/o fo 77 (x)dp= B(a.B_a) '

Theorem 5.The following integral representations hold true for thengealised incomplete beta function:

BUIPY) (x,2) = z/ogcoéx—lesin”—le 1F1([a, B;y]; —pseé 6 — pcsé 6)d6, (14)
. 0 X—1
ByAY (x,2) :/0 aiiu)m 1F1 ([G,B;y] i—2p—p <U+ é)) du. (15)

ProofThe proofs of {4) and (L5) are obtained from#) with the substitution = co 6 andt = ﬁ, respectively.

Theorem 6.The following functional relation holds true for the genksad incomplete beta function:
B PY (x, 2+ 1) + BYPY x4+ 1,2) = BY Y (x 2.

ProofDirect calculations yield,

(a.By) (a.By) Yol P
B 02+ 1)+ B 1.2) = [Te M1t 4R ([ Bl gy ) o

jL/()ltX(1—t)Z*1 1F1 ([a,B;y] ! t(l_—pt)> o

_ 1tx—11 2+ tX4(1 tz—l E aB. ._—P dt
= [ A @t R (B g

1 _
_ /O txfl(l_t)z*l 1F1 ([aJ};y] : t(l —pt)> dt
=B Y (x 2).

Hence the proof is completed.

Theorem 7.The following integral representation holds true for theoguct of two generalised incomplete gamma
function:

PNz =4 [* [ r20- o 2 gsin* o
0 JO

e b e 2ei2n. P
x 1F1 ([a,ﬁ,y], rcos 6 7r200§9) 1F1 <[a,B,y], résinf @ rzsin26>drde'
ProofSettingn = 1/t in (6), we have

rp®P¥ (%) = 2/0 N>R ([a,B;y] —n?— n_p2> dn.

Therefore

P r g =4 [ [“nrig g ([G,B;y];—nz— n—pz) 1 ([a,B;y] —E2- E—pz) dndé.
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Settingn =rcosB andé =rsin@ in the above equality,
M@V ()P (2) =4/§/ r2042-1oo@1gsinP? 19
o Jo
x 1Fp ([a B'y]'—rcosze—i) WFi([a, Byl —r2site— —P ) drde
R r2cog 6 R r2sir’ @ ’

and whence the result is.

Theorem 8.The following summation relation holds true for the genisead incomplete beta function:
=] n
B(l[,””ﬁ;y> (x,1-2) = QB(F,“’B;Y) (x+n,1), Regp)>00<y<1

Proof Equation ) gives us

(a.,Byy) ) | -2 . P
Bp "7 (X,1-2) = ot (1-t)*1FR [U,B-Y]-tl_ dt.

Use the following expansion

0 n

A-07= 5 @y, 1<,

to have

. 1 _
Bl AY) (x,l—z):/o nzj%t””l 1P ([a,B;y];t(l_pt))dt

Hence, by changing the order of integration and summatidredter that using¥), we obtain
ngﬁ;)’) (Xa 1- Z) / tx+n 1 1F1 ([a B y] ( P )) dt
- Z B PY (x+n,1),

and whence the result is.

In addition, we introduce another extension of the gengzdlincomplete gamma and beta functions

P poy= | R (a;B; %) d, (16)
(@B) ey o [ exe p. P
Mo {xy} -—/y t l1|:1( : ’t(l—t))dt’ (17)
Bl(oa,m X ZY] = /Oyt"*l(l—t)zfl 1F1 (a; ;t(l_ft)> dt, 0<y< 1 Rgx) >0,Regz) >0, (18)
and 1y
Plixzy) = /O 71—t R <a;B; ﬁ) dt, 0<y< 1, Rex) >0,Rez) >0, (19)

respectively. For these functions, we have the followingoeposition formulae

Fa%P oy + P yy = R P (x)

and
BIA) (x,zy] + By P {x, zy} = By P (x,2).

The integral representations of these functions are givéime following theorem.

(@© 2019 NSP
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Theorem 9.The following integral representation holds true:

1
(0.B) [yerf] — x—1 .p._ P
I [X,Y]—YX/O w iR <G’B’uy(1_uy))d”' (20)
RemarkUsing the integral representation ¥ (a B; TygEs uy))
P (a g — P ) 1 /1t"‘1(1—t)ﬁ_°’_1exp(7_pt )dt, 1)
uy(l-uy)/ B(a,B—a)o uy(1—uy)

in (20), we get

(@B) g Y /1/1 x-lra—1(q _(\B-a-1 —pt
Mo [Xy] Bla.B—a) o ou 7 (1-1) exp -1y dudt

Theorem 10.The following integral representation holds true:

(B) 1y g [ 21 p P
Bp [XaZvY]—yX/O ut(1-uy) 1F1<U:B:m>du (22)

and

Pezy) =y [ ue ) R (B gy ) 3)

RemarkUsing 1) in (22) and £3), we get

X 1,1 —pt
Bl@A) 1y zy| = yi/ / (1 —uy)? o1 —t)B o Lex (7;)) dudt 24
p [ ) y] B(U,B—U) o Jo ( y) ( ) p uy(l—uy) ( )

and

—1 1 ,1 _
“B){x,z;y}ziB(a)fzﬁ_a)/o /O u21(1—u(1—y))X1t°’1(1—t)B"lexp<u(1_y)(1ﬁtu(1_y))>dudL

respectively.

3 Generalised incomplete hypergeometric functions

In this part, we apply®) to generalise the GIGHF and GICHF as follows:

© O'BY) (b4n,c—b) 2"
Fs“PY (@ bc;2) : =3 @O gpo )n! (25)
and (@)
0 a.ply, o

& B(bc—b) n!’
respectively. Furthermore, usingj§) we define another extension of the GIGHF and GIAHF as follows

w a.B — by 2"
FoP(abcyliz) = Zo(a)”Bp é(;:fb) y]ﬁ’ (27)

Rec) > Regb) >0, Rga) > 0, RgB) > 0,

and
o0 B . n
a.p . . . .o B [V+n7y_vry] Bp(/\+m7“_)\)x_£
ey Ay keze) = 3 P gy B a-n) ()

Re(y) > Re(v) >0, Rgu) > RegA) >0, Re(a) >0, Re(B) > 0.
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3.1 Integral representations

Theorem 11.For the GIGHF, we have the following integral representatio

(a,B:y) o ! cee ) a1 p-a-1
Fp (a,b;c;z) = 0!)/0 Fuyp(a,b;c;z)u” = (1 —uy) du,

B(G,B -
Re(B) > Re(a) > 0, Re(c) > Re(b) > 0, |arg(l—u)| < 1,

where F (a,b;c;z) is given in @).

ProofSince
o (a,By)
(a.Bry o Bp " (b+nc—b)Z
Fmm@bic =5 @n"gpcp
we have from the Theorem 2
. ya zn
(a,Biy) . uo-t B-a-1
Fp (a,b;c;2) = B o) %B b - b / Buyp(b+n,c—b)u® (1 —uy) du

Focusing on the uniform convergence of the series involvetitae absolute convergence of the integral, interchanging
the order of series and the integral, we have

(@Y (a gy — Y ) <, Buplbtnc—b)Z| . Ba-
Fp y(a,b,c,z)—m/o {n;(a)”yg(b,fb)ﬁ}u Y(1-uy) du,

and whence the result is.

RemarkTo obtain the following integral representation usiiy (

ya
B(a,B—a)B(b,c—b)

1 r1 _
></ / tb‘l(l—t)Cblexp< “y")(l 282U (1 - uy)P 9 Ldtdu
0 Jo t(1-t)

Theorem 12.For the GICHF, we have the following integral representatio

Fo@PY) (a,b;c;2) =

1
PP bciz) = g B—O!)/o Qyp(b; ;U7 (1 — uy)P~a1du

RemarkTo obtain the following integral representation usidy (

((a.Biy)ip ye
1R PP (bieiz) = B(a,B—a)B(b,c—b)

11 _
></ / tb‘l(l—t)Cblexp( e +zt) u?t(1—uy)P*dtdu
0 Jo t(1-t)

Theorem 13.The GIGHF can be represented by an integral as follows:

FA"PY) (a,b;c2) = _b / 21— t)eb-Y1—z)a

x 1Fy ([a,B;y];t(l_pt))dt, (29)

Regp) > 0; 0<y<1; Rgc) > Reb) > 0;

La+urCl4ul-2]? 1R ([a,B;y] ;—2p—p (u+ %)) du,

00

L [T
B(b,c— b)/o

(@BY) (4 b o 7) — 2 /l} b1 c-2b-1\,(1 _ yai - —p
Fo' Y (a,b;c;2) Bib.c b Jo sir*~1v cod v(1 zsmzv)lFl([a,ﬁ,y],sinzvcoszv)dv

FaPY) (ab;c2) =

(@© 2019 NSP
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ProofUsing the definitions

oo (a,Biy)
(a.By) e Bp (b+n,c—b) 2
Fo (a,b;c;z) = nZo(a)n (b e D) o

(b 5. / {b+n- 1 ) -1 R <[G’B;y];t(1_—pt)) gdt

_ b C—b / tbfl(l_t)cfbfl ]_Fl ([G7B,y],t(1—_pt)> > (a)n(Zt) dt

o b/tb L1t P a—zt)" 1F1([a,[3;y];t1__p )dt.

in (29), we get

Substitutingu = 1

(a.Byy) Ao\ 1 /m b—1 a—c _\a N, P 1—
Fp (a’b’c'z)_iB(b,c—b) A A+ w1+ u(l-2)] % 1R ([a,B,y], 2p p<u+u>)du.
Otherwise, setting= sir’ v in (29), we get

(@BY) (4 b7 — 2 /g- b1 C-2b-1\,(1 _ yai T
Fo" Y (a,b;c;2) Bb.c b Jo sir*~1y cod v(1 zsmzv)lFl<[a,B,y],Sin2vcoszv>dv,

and whence the result is.

Theorem 14.For the GIGHF, we have the following integral representatio

e (@ b.oyi) = g [P wf o wa s (asp P o (30
Rec) > Regb) > 0, Re(a) > 0, RgB) >0, |arg(l—2z)| < 1.

ProofReplacing the generalised incomplete beta funcﬁgﬁ[m- n,c— b;y] by its integral representation given bigj
and interchanging the order of summation and integral wisigfermissible under the conditions given in the hypothesis
of the theorem, we find

FoP (a,[b.ciyl:z b <) / 1) (-2 R (a;B;t—(l__pt)>dt,

which can be written as follows:

1
aB ) — y° / b-1/1  aC-b-1,q —p
Fo* (a[b,cyl;2) Bb.c—D) /o U’ (1—uy) (1-uy2~ 1F1( iB; NI-w) uy))du'
RemarkTo obtain the following integral representation usi@d)(
a,B c b-1. —aza—1/q +\B-a-1 —pt
FOP (a,[b,cy) ;2 b — / / L(1—uy) L (1—uy2 20 1 (1—t) exp<7uy(1_uy))dudt
By a similar argument, it is possible to find an integral repreation of the GICHF using the equatid. (

Theorem 15.The GICHF can be represented by an integral as follows:

((a.By)ip) b-1(3 _)c-b-1gzt - P
1F} (bici2) = bc : /t elel([a,B,y],t(l_t))dt,

((a.Biy):p 1 L b-1 c—b-1z(1-u) . b
1R P (b;c;2) = (b,c—b)/o(l u)’u e 1F1 [G’B’y]’u(l—u) du,

p>0and Ré¢c) > Rgb) >0

(@© 2019 NSP
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Theorem 16.The GIAHF can be represented by an integral as follows:

Gaﬁ . . . _ yV /1/1 v—1 _ yf\/f]_
Foy (P VALY X Zp) = By VBA L M) Jo Jo " (1—uy)

x 1Fy <01 B;

11 _QH-A-1/q1__ B
e uy))SA (1—59) (1—xuy—z9 P dsdu (31)

ProofReplacing the generalised incomplete beta and extendadimettions by their integral representatiods)(and
(2), we get

a,p . . . _ 1 S X—ng
F2y (p,V,)\.V,H-sza p) - B(V y—V)B()\ IJ_)\) n,;:o(p)mrm n! m'

//tv+n1 yvllpl( ( 5

We are interchanging the order of summation and integrd¢ionsing on the uniform convergence of the series involved,
we get

)s"*m L1—gH A~ 1exp( s ps)>dsd1;

op . . . B v— 1 V—V 1
szy (p,V,)\,V,IJ,Xazyp)_B(v’y_v) /\ TR )\ //t

1F1<or B; t(1 ))s’\ S lexp( (;E ))(1—xt—zs)pdsdt

V
_ vl y—vl
- B(v,y— vB/\u )\// (1=uy)

x 1F1<a B; W)S'A Y1—9gH 11— xuy—z9 Pdsdu

X

and whence the result is.

3.2 Differentiation and difference formulae

In this subsection, we obtain the differentiation formud&IGHF and GICHF with respect to the varialzle

Theorem 17.The GIGHF has a differentiation formulae which can be writées follows:

311 {F,S" PV (a ,b;c;z)} = 7(b)('é)(a)"Fé“’B;y> (@+n,b+n;ctn;2).
n

Proof.To obtain the differentiation formulae taking derivati\iel-'éa’p V) (a,b;c; z) with respect te, by using the formulae
B(b,c—b)=§{B(b+1,c—b)and(a), , =a(a+ 1),

d @y, o1 df&  BYYbrnc-b2
olz{Fp (a’b’c’z)}_dz 2@ g

2 By binc-b) 21
B Z B(b,c—b) (n—1)"
Replacingh — n+ 1, we get
d . ba & B PY (b+n+1,c—b) 2
d_Z{FF()a,ﬁ,W (a,b;c; z)} c nZO(aH— 1)n Bt Lo_b) o
tla (@B (a4 1,b+ 1ic+ 1:2). (32)
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Recursive application of this procedure gives us the géfama:

n .
TR @bz} = (b)(g)(a)”Fé“’ﬁ’” (a+nb+mc+n2),
n

and whence the result is.

Theorem 18.The GICHF has a differentiation formulae which can be writges follows:

:T{Fl“"ﬁy \(bic;2) | = %H(“By (b+nc+nz).
n

Theorem 19.For the GIGHF, we have the following recurrence relation:
2FPY (b c;2) = t:: Fs®PY(a+1,b+1;c41;2).

ProofWe obtain the following formulae from the equatid®)

BFSPY) (a,brc;2) = F“’*B?” (a+1bcz) — F Y (abic;2)

_ c b—1 a—1
_ b — / 9 (1-zt)
o p
><1F1<[a,B,y],t(1_t))dt. (33)
Then, changing the arguments in the GIGHF by raising eacinpeter by one, we also find frorg9) that
(a.Byy) . . c b—1 a—1
Fp (a+1,b+1;c+1;2) = 7(b+1 b / £ (1—zt)~
- p
. 1F1<[G,B,y],t(1_t )dt. (34)
Finally, by comparing33) and 34), we have
AF P (a,bicz) = bEZFé"”B;y)(ajL 1,b+1;c+1;2), (35)

which is our first recurrence relation for the GIGHF.

Remarld-urther, we obtain the following differential differencguation by using the differentiation formulag2y:

d (a,B:y) . _a, —(aBy) .
d—Z{Fp (a,b;c; z)} = EAan (a,b;c;2),

where, just as in33), A, is the shift operator with respect &

3.3 Mellin Transform Representation
In this subsection, expressions for the Mellin transforiithe GIGHF and GICHF are given.

Theorem 20.The GIGHF has a Mellin transform which can be written as foko

r @By (s)B(b+s,c—b+s)
B(b,c—b)

W{Féa’p;w (a,b;c;2) ZS} = oF1(a,b+sc+2s2). (36)
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ProofMultiply on both sides 0f29) by p5~! and applyfg’dp. Then we have,

W{Féa’p;w (a,b;c;2) :s} :/ psle("’ﬁw (a,b;c;z)dp

- bc 5 / {1 i b L(1— 702 @a7)

y [/O 1R ([a,ﬁ;y];t 1_—pt)> dp] dt

Settingp=ut(1—t)in (37),

vt am (fwpli By ) dp= [ e vt aR (o piyii -y
:ts(l—t)s/ooo u$14F ([a,B;y];—u)du
—t3(1—t)Sr (@AY)(s),

In this way, we obtain

m{Féo{ﬁ;W (a,b;c;z):s} (bi' b)/ tb+s—1(1_t)c—b+s—1(1_Zt)—ar(mﬁ;W(S)dt
r(@BY)(s)B(b+s,c—b+s)
B(b,c—b)
1

1
% B(b+sc_b+S)A tb“rsfl(1_t)C+287(b+S>71(1_Zt)fadt

(a,By) -
_r (9B(b+sc-b+s) 2F1(a,b+sc+2s2).

B(b,c—b)
RemarkSettings= 1 in (36), we have
W{Féa’p;w (a,b;c;2) : 1} - I2527;3/-(0&33/) (1) oF1 (a,b+1ic+2:2).

Theorem 21.The GICHF has a Mellin transform which can written as follows

r(@By(s)B(b+sc—b+s)
B(b,c—b)

ﬁﬁ{lF((a BYIP) (1 ¢ 7) - s} _ 1Fi(b+s,c+2s2). (38)

RemarkSettings= 1 in (38), we have

b(c—b)

(a,Biy) . .
c@+nr (1) 1F1(b+1;c4 2;2).

m {1Fl((a,ﬁ;y);p> (b;c;2): 1} -

3.4 Transformation formulae

Theorem 22.The GIGHF satisfies the following functional equation:

F@PY (abicz) = (1—2) 2Ry AY) (a c—b;c —_Z 1)

larg(l—2)| <
ProofUsing the identity

[1-z1-1)] 2=(1-2*° (L+I:—0a
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and substituting -t for t in (29), we obtain

(@BY) (o ey (1—2)72 /1 Cobtebif, 2 N\ . P
Fp (a’b’c’z)_iB(b,c—b) O(1 t)° 't 1 —Z_lt 1F [a,B,y],tl_ dt.

Hence,

FPY) (ab;c2) = (1—2) 2F§FY) (a c—bc—= 1)
RemarkBy substituting - % for zin Theorem 22, the following functional equation can be oigd easily
i A) (a, b;c;1— %) =2F"PY (@ c—bic1l-2), |argz)| <

Furthermore, substitutingi—Z for zin Theorem 22 gives the following functional equation:

FsPY) <a, bic; —1;) = (1+2°F"PY (a,c—bici—2), |argl+2) <.
Theorem 23.The GICHF satisfies the following functional equation:
1F((0’By (b;c;2) = eZlFl((ml-?;)’);P) (c—b;c2).

RemarKkTo obtain the following connection between GIGHF and betefions, setting= 1 in (29)

FSPY (a,b;c;1) = X b/tbl CballFl([aBy] Feie _pt)>dt

By"*Y (b,c—a—b)
B(b.c—b)

3.5 Fractional calculus formulae

This subsection identifies extended Riemann-Liouvilleticmal derivative of the GIGHF showing the generalisation
of the incomplete Appell's hypergeometric function. Theesded Riemann-Liouville fractional derivative operaitor
defined by R1]

DEP{f(Z / f(t - 1exp(t(_zp_zi)) dt, Re(u) < 0, Re(p) > 0.

Itis well known [21] that

Déf,p{zf\} _ Wﬂ“, Re(A) > —1, Re(u) < 0. (39)

Theorem 24.For Re(11) > Re(A) > 0, Re(p) >0, Re(v) >0, Re(y) > 0; | 5| < 1and|x|+ |z < 1, we have

- . - X ra) .,
D} “’p{zA Y1-2PFgP (P,[V,V,Y]al_z)}z /_Euiz“ P (o v Ay X zp).
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ProofUsing 39) and @1), we get

1-z
2 BIPv+ny—viy (£5)"

DA HP) AL 5P P ) ) 12

i { -2 nZO(p)n B(v,y—v) n!
_ 1 el s (0), BLE [V +n,y— V_y]X_”(l_Z)_p_n

B(v,y—v) * nzo nop T
—# - a,p - X_n(p)n(p+n)m A—U,p —1+m
_B(v,V—V)mzbon vy —viy o D T
—# - a,B . X_n(p)nerBp(/\ +mpu—2A) Jpimo1
“Buy v, 2, VY Y T T R Ay
_ @A)

= 2P (p,v, Ay, %, Z D).
F(IJ) 2y (p Y, U p)

Hence the proof is completed.

4 Conclusion

Very recently, the incomplete Pochhammer rati®g fwere introduced in terms of the incomplete beta functiaiih

the help of these Pochhammer ratios we have defined the idetamPauss, confluent and Appell's hypergeometric
functions. We have investigated several properties of tseoh as integral representation, differentiation forraula
transformation formulae etc. In our present work, the gelisation of incomplete gamma and beta functions are
identified by means of the incomplete confluent hypergedoietnctions. Also, we obtain integration formulae, Mellin
transform, functional and summation relation for thesecfioms. Furthermore, Generalised Incomplete Gauss
Hypergeometric Functions (GIGHF), Generalised Incongpl€onfluent Hypergeometric Function (GICHF) and
Generalised Incomplete Appell’s Hypergeometric Func{iGhAHF) are defined by means of generalised incomplete
beta functions. Additionally, several properties of thagections are given. Finally, we use the extended R-L foauzl
derivative operator to obtain the images of the generalissainplete Gauss hypergeometric function.
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