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Abstract: In this paper, we consider and investigate a new class ofdr@mtonvex Stochastic Process, which is called the styongl
p-harmonic log-convex Stochastic Process. We establiste seew integral inequalities of Hermite-Hadamard type fier product of
strongly p-harmonic log-convex Stochastic Process, arld tlvis we obtain particularized results, some results B @btained for
the cases where one of the stochastic processes consislefegipe stronglyp—harmonics—convex, stronglyp—harmonicP—convex
and stronglyp—harmonich—convex. Results obtained in this paper may be starting foirfurther research.
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1 Introduction introduced the concept of harmonic s-convex function in
second sense. Noor et al. il718] considered the
It is well known that modern analysis directly or strongly harmonic convex functions.
indirectly involves the applications of convexity. Due to Noor, in [20], introduce and consider a new class of
its applications and significant importance, the concept ofstrongly p-harmonic log-convex function with modulus c,
convexity has been extended and generalized in severaind obtain some new integral inequalities for product of
directions. The concept of convexity and its variant formsthis new class with other harmonic p-convex functions.
have played a fundamental role in the development of |n the same way, the origins of the stochastic
various fields. Convex functions are powerful tools for processes study come from the endings of 30’s and the
proving a large class of inequalities. They provide anstochastic convexity appeared 6], where Nikodem
elegant and unified treatment of the most importantintroduced this notion and some properties of convex
classical inequalities. stochastic processes were proved based on the definition
The following definition is well known in the literature  of additive processes introduced by Nagy in 1974 (see
as convex function: a functioh: | C R— Ris said to be  [15]). Other authors like Skrowrofski in 1992 obtained

convex if some further results in this area (se2d]}, and it is
f(tx+ (L—t)y) <tf(x)+ (1—t)f(y) possible to find results that involve generalizations of the

concept of convexity and their corresponding
holds for aIIX,y ¢l andt [O, 1] applications. (Se69[10, 24,25-| )

The convexity of functions and their generalized forms Motivated by the work of Noor et. al. in2[], we
play an important role in many fields such as EconomiCyesent some” new results that involves Strongly
Science, Biology, Optimization. In recent years, several -Harmonic Log-Convex Stochastic Process
extensions, refinements, and generalizations have beé?'] '
considered for classical convexity?,B,4,12,13 14,23,
28. , _ , 2 Preliminaries
The harmonic convex function, was introduced and
studied by Anderson et all] and Iscan §]. Iscan, in [7], In [20] we find the following definitions.
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Definition 1. A set I= [a,b] € R—{0} is said to be
harmonic p-convex set, where $ 0, if

xPyP i/p
(m) el, wxyelte[01].

Definition 2. A function f: | ¢ R— {0} — R is said to
be strongly p-harmonic log-convex function on I, if

Xpyp 1/p
f ([txM—(l—t)yP} )

(£ (F) — et(1—1) (

1)

Xp_yp

<
- xpyp

),

Also, it is use to say thaf is strongly p—harmonic
log-concave function if-f is strongly p—harmonic log-
convex function.

Whent = 1/2 the strongly p-harmonic log-convex
function reduces to

(&)

f<[2xpypr/p>§ T0y)

XP 4 yP
for all x,y € I, and it is called Jensen type strongly
p—harmonic log-convex function.
From (@) we have

Xpyp 1/p

(0 (T — et 1) (

forallx,yelandte [0,1].

¢
4

xP — yp
xpyp

xP — yp
xpyp

2
: )
Xp_yp)z

xpyp

< max{f(X),f(Y)}_Ct(l_t)( >2

For p = 1, Definition 2 reduces to the definition of
strongly harmonic log-convex function introduced by
Noor et al. R1], and for p=-1, the same definition reduces
to the definition of strongly log-convex function, s8],

The following notions corresponds to Stochastic

< tf(x)—i—(l—t)f(y)—ct(l—t)(

xP — yp
xpyp

2.If the time T can be a discrete subseRothen Xt,w)
is called a discrete time stochastic process.

3.If the time T is an intervalR™ or R, it is called a
stochastic process with continuous time

Throughout the paper we restrict our attention
stochastic process with continuous time, i.e, index set
T = [0, +00).

Definition 4. Set(Q,.«7,P) be a probability space and
| € R be an interval. We say that a stochastic process X
I xQ—Ris

1.Convex if
XAUu+(1=2A),-) <AX(u,- )+ (L=A)X(v,-) (2)

almost everywhere for allw € T andA € [0,1].
This class of stochastic process are denoted by C.
2.m-convex if

X{tu+m(1—t)v,-) <tX(u,-) +m(L—-t)X(v,-) (3)

almost everywhere for alllw € T and te [0,1],me
(0,1].

Definition 5. Let (Q,A,P) be a probability space and
T C R be an interval. We say that the stochastic process
X:Q —Riscalled

1.Continuous in probability in interval | if for allte T

P—Jirt]oX(t, ) = X(to,")
where P—lim denotes the limit in probability;
2.Mean-square continuous in the interval | if for gjld
T

P-JE}?O]E(X(L ) - X(t07 )) = 07
whereE(X(t,-)) denote the expectation value of the
random variable Xt,-);

3.Increasing (decreasing) if for all,w € | such thatt< s,
X(U,-) SX(V,-),(X(U,-) ZX(VV)) (a'e') (4)
4 .Monotonic if it's increasing or decreasing;
5.Differentiable at a point & | if there is a random
variable

Process and convex Stochastic Process and its

generalizations. X'(t,):TxQ >R

Definition 3. Let (Q,.<,P) be an arbitrary probability such that

space. A function XQ — R is called a random variable

if it is «/-measurable. Let{Q,<,P) be an arbitrary X'(t,-) = P— lim X(t,-) — X(to, ")

probability space and let T= R be time. A collection of ’ t—tp t—to

random variable Xt,w),t € T with values inR is called ) .

a stochastic processes. We say that a stochastic process | x Q — R is
continuous (differentiable) is it is continuous

1.If X(t,w) takes values in S- RY if is called vector-
valued stochastic process.

(differentiable) at every point of the interval(See L1,
26]).
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Definiton 6. Let (Q,A,P) be a probability space Definition9. A Stochastic process Xl x Q — R is
T C R be an interval with EX(t)?) < o forallt € T. called to be strongly pharmonic P-convex stochastic
Let[a,b] C T,a=tp <ty < .. <ty =D be a partition of  process for some s 0 if

[a,b] and 6 € [tx_1,t] fork=1,2,...,n. 1/p

A random variable Y: Q — R is called mean-square <[ aPbP ] )

integral of the process ¥,-) on [a,b] if the following taP+ (1—t)bP ’

identity holds:

lim E[X(6k(t —tk-1) -Y)?]=0

aP -+ bp> 2
Then we can write

aPpp

almost everywhere for allld € | and t € [0, 1].

<X(a,)+X((b,-)—ct(1—t) (

/bx(t Jdt=Y() (ae) Definition 10. A Stochastic process Xl x Q — R is
a ’ called to be strongly pharmonic h-convex stochastic
rocess , for a non-negative and not identically zero

Also, mean square integral operator is increasing, tha - .
9 g P g unction h: (0,1) — R, and c> 0O/if

is,

b b pPpP 1/p
/ X(t,-)dtg/ Z(t,)dt  (ae) x([|_ab 7

a a taP+ (1—t)bP
whereX(t,-) < Z(t,-) in [a,b] ([27]).
In throughout paper, we will consider the stochastic aP 1 bP\ 2
processes that is with continuous time and mean-square <h(t)X (a,-) +h(1—t)X((b,-) —ct(1—t) | ——
continuous. ’ 7 aPbp )

Now, we give the well-known Hermite-Hadamard integral gimost everywhere for all,& € 1 and t € [0,1].
inequality for convex stochastic processes (46§ [

Theorem1l. If X : T x Q — R is Jensen-convex and .
mean square continuous in the intervalkTQ, then for 3 Main Results

any uve T, we have . -
The following results are the objectives of the present

Vv . .
X (%’) < uiv X(t,-)dt < w (ae) Work.
! Theorem2. Let XY : 1 x Q — F be a strongly
The following definitions will be the base for our p—harmonic log-convex stochastic process oa |a,b],
results. respectively with modulus c> 0 and
. ) ) (X(b,-)/X(a,-)),(Y(b,-)/Y(a,-)) are positive real
Definition 7. A Stochastic process Xl x Q — R iS  numbers for all we Q. If Y9 is a strongly p-harmonic
called to be strongly pharmonic log-convex stochastic |og-convex stochastic process fobglthen
process on | for ¢ O if

papbp b X (X7 )Y (X7 )
X aPbP e _ bP—aP/a ot X ®)
taP+ (1—t)bP ’
b\ 2 1-1/q
P4 bP 2 <} X(b)=X(b,) (%) x
_ a*+ = ; -
< (X (b)) —eta-0 () n(ey) e

almost everywhere for allld € l and t € [0, 1].

i . . X(b,-)Y(b,-) —X(a,-)Y(a,")
Definition 8. A Stochastic process Xl x Q — R is X(b,) Y(b.)
called to be strongly pharmonic s-convex stochastic |n<><(a )) —aln <Y(a ))
process in second sense on |, far §0, 1] and ¢> O if

opp /P C(ap—bp>2 [xm—xm-) LYY,

X| | ———— , B PpP X (b, Y (b,

[tap+ (1—t)bp] 2 In (xgai ain (YEa;)

aP +bP 2 2 ((a-b° 4y 1/
S S a U

<tX(@)+ (1-0%(0.) -0 () Kl o V1 e

almost everywhere for alld € | and t € [0, 1].
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Proof. With the change of variables

aPbP e
X= [tap+(1—t)bp]

and using power mean inequality, and strongly ) N )
p—harmonic log-convex property of andY, we have X(b,)Y(b,-) = X(a, )Y

dx

paPD? (D X (x)Y (x,°)
bP —aP /a\ xP+1

:/:X< %JIPM

(o] ]

N E
(o] )]

- - ) 1-1/q
< {/01 X(@)) (0, ) et <%> } dt}

1l p_pr\?
x{/o »<X<a,»>>1*‘<X<b«>>‘—ct(l—t)(%)

aPbp

<fxr [ (22 o o2 fraval

,c<a"*bf’)z X(b.)~X(a)  Yi(b.) ~Y(a)
In (XEZ§ qin (%)

1/q
2 (aP-op\?
aPbP
+—a

30

This complete the proof.

aPbP e
_— .- | dt
tap+(l—t)bp]

- 1/q
(Y (@)%Y (Y (b, ) —ct(1—t) (ap — b ) T dt}

Remark. a) If =1 then §) reduces to
PpP b ) .
DaPLP XY )
a

bP — aP xP+1
< ) a7')
- X(b b,
n(X@1)-In (¥ia})
(ap—bp)2 {xw, =X(@) | Y(b)-Y(@)
aPbP X(b,") (b)
'”< (a,>> '“(Y—a»>
4
(%)
30 (ae)

b) If c = 0 then 6) reduces to

paPbP /b X (%)Y (X,-)

bP —ap o OX

1/q

AYY(b. ) — IY9(a.-

{xm Vi)~ X(a, V(e )} ae)
In (X&) —ain (¥&3)

¢) If g=1 andc = 0 then §) reduces to

paPbP /’bX(x,-)Y(x,-)dX< X(b,)Y(b,-) = X(a,-)Y(a,-)

bP — aP p+1 = X(b, b,
. n(%63) —n (s

almost everywhere.

Theorem 3. Let XY : 1 x Q — F be a p-harmonic
h—convex stochastic process on=l[a,b], and strongly
p—harmonic log-convex stochastic process , respectively
with modulus c> 0. If Y9 is a strongly p-harmonic
log-convex stochastic process fobdl then

papbp b X(X7')Y(X7')
bP —aP /a ot X ©

1 1-1/q
:{(X(a,~)+x(b,~)) A h(t)dt}

X {Yq(a,-)x(a,~)/ol Gg::§>qth(1—t)dt

. A at
+YQ(a,.)X(b,.)/lGE:_§) h(t)dt

0

2 4 q
—C(azpl,ffp) (X(a) +X(b~))/ol(h(1—t) +h(t))t(l—t)dt}

almost everywhere.
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Proof. With the change of variables

aPhP 1/p
B Lap—k(l—t)bp}

and using power mean inequality, ang-harmonic
h—convex property of X and strongly p—harmonic
log-convex stochastic processYoaindY9, we have

paPbP 'bx(x,»)Y(x,»)d
bp —ap /a xp+1 X

1 aPbP 1/p aPbP e
/o ([tap+ 1 tbp] >Y<[m] )dt
1 aPpP p a
{[/0 X( taP+ (1— tbp] ) dt}
1 aPpP /p
{/0 X( @+ (1- tbp] ")X
aPbP 1/p 1/q
v ([m] ) ‘“}
: iy
< {/01 [h(lft)x(a,»)+h(t)x(b,»)]dt} !
1
x{/o [h(L—t)X(a,) + h(t)X(b,)] x

X

/

1/q

- {X<a")/;h<1*t>dt+><<b,~>/;1h(t>dt}l i

2 q
%%) <X<a.,~>+X<b.,~>>/01<h<1—t>+h<t>>t<1—t>dt}

and observing that

/Olh(l—t)dt: /Olh(t)dt

we can write
papbp ‘bX(X,')Y(Xf)d
b —ap /a XP1 X

1-1/q

< {(X(a,~)+X(b,-))/:h(t)dt}

—c(%) (X(a,)+X(b,")) (h(l—t)+h<t>)t<1—t)dt}

S—

1-1/q

- {(X(a,-)+x<b,.))/:h(t)dt}

— 2 1 a
—c(%) (X(a7~)+X(b7~))/0 (h(1—t)+h(t))t(1—t)dt} .

This complete the proof.

Remark. In Theorem3 we can put = 0 and so obtain

papbp AbX(XF)Y(XV)d
bp_ap/a XP+1 X

1-1/q

< {(X(a,-)+x<b,.))/:h(t)dt}

+Yq(a,.)x(b,~)/(;l (igg;)qt h(t)dt}l/q (ae)

and if, additionally, we putj = 1 then we get

papbp AbX(XF)Y(XV)d
bp_ap/a XPL X

+
=
o

. X(b,-)/(;l (iggz:;)th(t)dt} (ae)

Corollary 1. Let XY : I x Q — F be a p-harmonic
s—convex stochastic process on=l[a,b], and strongly
p—harmonic log-convex stochastic process , respectively
with modulus ¢> 0. If Y9 is a strongly p-harmonic
log-convex stochastic process fobdl then

papbp AbX(XF)Y(XV)d
bp_ap/a XPL X

(X(a,-) +X(b,)) | * M0
= { s+1 }
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<[ (Ganerg +ser) o0 (g o)
1/a
+X(b,) (Yq((:l)z; =+ Y:f 1)) - (a:p_br?p ) 2 <X((sa+)2;;(+(2))> } '
The proofis complete.
(ap - bp)2 (X(a, )+ X(b, ~)) }l/q Remark. If in Corollary 1 we makec = 0 we have
aPbp (s+2)(s+3) ' paPbP /b X (%)Y (") "
almost everywhere. bP—aP /o xPtl

Proof. If in Theorem3 we takeh(t) =t5,s€ (0,1) then  _ { (X(a,-) + X(b,-)) }ll/q

we get the version for p—harmonics—convex stochastic  — s+1

processes in second sense. Let’s see this Yib)—1 Yo
x ¢ X(a,-) { +

/lh(t)dt:/ltsdt:i st1)(s+2)  s+1
0 0 s+1’

Yab.)—1 YYa.- 1/q
1 +X(b7')( ((si)z) Sf’l))} (ae),
h(1—t)+h(t)) t (1—t)dt
/o (3=t +h)) t A=) and, if in additiong = 1 we obtain
1
— [ (A=) +t9)t(1—t)dt paPbP X (x, )Y ()
/"1(( Feenay 2 R ax
:/ (1—t)5+1tdt+/ (1-t)t5"dt Y(b,)-1 Y(a)
< . . X(a,-)+X(b,- ).
. 0 0 (rierg e K@) X6 (ae)
L L Corollary 2. Let X,Y : |1 x Q — F be a p-harmonic
/ (1—t)5+1tdt:/ (1—t)t5tdt = 1 P—convex stochastic process or=I[a,b], and strongly
0 0 s+2 s+3’ p—harmonic log-convex stochastic process , respectively
we have with modulus ¢> 0. If Y9 is a strongly p-harmonic

log-convex stochastic process fobdl then

1 2
(h(1—t)+ht)t(l-t)dt=— > paPbP b X (x,)Y (x,)
/o (5+2)(s+3) bp_ap/a 5 dx
Doing u = (Y(b,-)/Y(a,-)), we can observe from
W< (u—1)t+1,forallt € (0,1), that (X(a X0 .))}11/‘4{[x oo x (o YD V9@
1 1 = d ’ d 1) | m
/O uTh(1—t)dt S/O (W—1)t+1) (1—t)%dt qn(Y(fW)
W1 1 (ap—bp)z(x<a,->+X<b,->) !
— +_— —c . (ae)
(s+1)(s+2) s+1 aPbP 3
and Proofln TheorenBwe makeh(t) = 1,t € (0,1) and obtain
1 g 1 DD the desired result.
< —
/o uTh(t) t*/o (W=Dt+ Dt Remark. If in Corollary 2 we makec = 0 we get
w-1 1 PHP /b
= +—. pa b X(X>')Y(X7')
(S+2) s+1 bp—ap/a xP+1 dx
Making the substitution in the inequality (7)we get, $r 1-1/
p—harmonic s— convex stochastic process in second = {(X(@)+X(0,-))} A
sense onl = [a,b] and Y strongly p—harmonic q
log-convex stochastic process with modutus 0, that {[X (@) +X (b,-)] Y9(b,-) ~Y9(a,-) } (ae)
e ) Y(b) )
papbp /ibX(XV)Y(XF)dX q|n (Y(a,-))
bP —aP Ja xp+1 and if in additiong =1
papbp b X (X> )Y (X7 )
_ [ (X@)+X(b) |1 bp—ap/a NSRS
- s+1

Yab,)—1 Yi(a,.)
x {X(a") ((s+1) s+2) T st1 )
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Theorem4. Let XY : |1 x Q — F be a p-harmonic 4 Conclusions

quasi convex stochastic process oa [a,b], and strongly

p—harmonic log-convex stochastic process , respectivelywe expect that the ideas and techniques used in this paper
with modulus ¢ 0. If Y9 is a strongly p-harmonic log-  may inspire interested readers to explore some new

convex stochastic process forql then applications of these newly introduced functions in
paPbP b X (x,)Y (x,-) various fields of pure and applied sciences.
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Y9(b,-) —Y9(b, ) C<—b—aap P )
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