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Abstract: In this paper, we consider and investigate a new class of harmonic convex Stochastic Process, which is called the strongly
p-harmonic log-convex Stochastic Process. We establish some new integral inequalities of Hermite-Hadamard type for the product of
strongly p-harmonic log-convex Stochastic Process, and with this we obtain particularized results, some results are also obtained for
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1 Introduction

It is well known that modern analysis directly or
indirectly involves the applications of convexity. Due to
its applications and significant importance, the concept of
convexity has been extended and generalized in several
directions. The concept of convexity and its variant forms
have played a fundamental role in the development of
various fields. Convex functions are powerful tools for
proving a large class of inequalities. They provide an
elegant and unified treatment of the most important
classical inequalities.

The following definition is well known in the literature
as convex function: a functionf : I ⊂ R→ R is said to be
convex if

f (tx+(1− t)y)≤ t f (x)+ (1− t) f (y)

holds for allx,y∈ I andt ∈ [0,1].
The convexity of functions and their generalized forms
play an important role in many fields such as Economic
Science, Biology, Optimization. In recent years, several
extensions, refinements, and generalizations have been
considered for classical convexity [2,3,4,12,13,14,23,
28].

The harmonic convex function, was introduced and
studied by Anderson et al. [1] and Iscan [5]. Iscan, in [7],

introduced the concept of harmonic s-convex function in
second sense. Noor et al. in [17,18] considered the
strongly harmonic convex functions.

Noor, in [20], introduce and consider a new class of
strongly p-harmonic log-convex function with modulus c,
and obtain some new integral inequalities for product of
this new class with other harmonic p-convex functions.

In the same way, the origins of the stochastic
processes study come from the endings of 30’s and the
stochastic convexity appeared in [16], where Nikodem
introduced this notion and some properties of convex
stochastic processes were proved based on the definition
of additive processes introduced by Nagy in 1974 (see
[15]). Other authors like Skrowroński in 1992 obtained
some further results in this area (see [26]), and it is
possible to find results that involve generalizations of the
concept of convexity and their corresponding
applications. (see [9,10,24,25] ).

Motivated by the work of Noor et. al. in [20], we
present some new results that involves Strongly
p-Harmonic Log-Convex Stochastic Process.

2 Preliminaries

In [20] we find the following definitions.
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Definition 1. A set I= [a,b] ⊆ R−{0} is said to be
harmonic p−convex set, where p6= 0, if
(

xpyp

txp+(1− t)yp

)1/p

∈ I , ∀x,y∈ I , t ∈ [0,1] .

Definition 2. A function f : I ⊂ R−{0}→ R is said to
be strongly p−harmonic log-convex function on I, if

f

(

[

xpyp

txp+(1− t)yp

]1/p
)

(1)

≤ ( f (x))1−t ( f (y))t − ct(1− t)

(

xp− yp

xpyp

)2

,

for all x,y∈ I and t∈ [0,1].

Also, it is use to say thatf is strongly p−harmonic
log-concave function if− f is stronglyp−harmonic log-
convex function.

When t = 1/2 the strongly p-harmonic log-convex
function reduces to

f

(

[

2xpyp

xp+ yp

]1/p
)

≤
√

f (x) f (y)−
c
4

(

xp− yp

xpyp

)2

,

for all x,y ∈ I , and it is called Jensen type strongly
p−harmonic log-convex function.

From (1) we have

f

(

[

xpyp

txp+(1− t)yp

]1/p
)

≤ ( f (x))1−t ( f (y))t − ct(1− t)

(

xp− yp

xpyp

)2

≤ t f (x)+ (1− t) f (y)− ct(1− t)

(

xp− yp

xpyp

)2

≤ max{ f (x), f (y)}− ct(1− t)

(

xp− yp

xpyp

)2

For p = 1, Definition 2 reduces to the definition of
strongly harmonic log-convex function introduced by
Noor et al. [21], and for p=-1, the same definition reduces
to the definition of strongly log-convex function, see [29].

The following notions corresponds to Stochastic
Process and convex Stochastic Process and its
generalizations.

Definition 3. Let (Ω ,A ,P) be an arbitrary probability
space. A function X: Ω → R is called a random variable
if it is A -measurable. Let(Ω ,A ,P) be an arbitrary
probability space and let T⊂ R be time. A collection of
random variable X(t,w), t ∈ T with values inR is called
a stochastic processes.

1.If X(t,w) takes values in S= R
d if is called vector-

valued stochastic process.

2.If the time T can be a discrete subset ofR, then X(t,w)
is called a discrete time stochastic process.

3.If the time T is an interval,R+ or R, it is called a
stochastic process with continuous time

Throughout the paper we restrict our attention
stochastic process with continuous time, i.e, index set
T = [0,+∞).

Definition 4. Set(Ω ,A ,P) be a probability space and
I ⊂ R be an interval. We say that a stochastic process X:
I ×Ω →R is

1.Convex if

X(λu+(1−λ )v, ·)≤ λX(u, ·)+ (1−λ )X(v, ·) (2)

almost everywhere for all u,v∈ T andλ ∈ [0,1].
This class of stochastic process are denoted by C.

2.m-convex if

X(tu+m(1− t)v, ·)≤ tX(u, ·)+m(1− t)X(v, ·) (3)

almost everywhere for all u,v ∈ T and t∈ [0,1],m∈
(0,1].

Definition 5. Let (Ω ,A,P) be a probability space and
T ⊂ R be an interval. We say that the stochastic process
X : Ω →R is called

1.Continuous in probability in interval I if for all t0 ∈ T

P− lim
t→t0

X(t, ·) = X(t0, ·)

where P− lim denotes the limit in probability;
2.Mean-square continuous in the interval I if for all t0 ∈

T

P− lim
t→t0

E(X(t, ·)−X(t0, ·)) = 0,

whereE(X(t, ·)) denote the expectation value of the
random variable X(t, ·);

3.Increasing (decreasing) if for all u,v∈ I such that t< s,

X(u, ·)≤ X(v, ·),(X(u, ·)≥ X(v, ·)) (a.e.) (4)

4.Monotonic if it’s increasing or decreasing;
5.Differentiable at a point t∈ I if there is a random

variable

X′(t, ·) : T ×Ω → R

such that

X′(t, ·) = P− lim
t→t0

X(t, ·)−X(t0, ·)
t − t0

We say that a stochastic processX : I × Ω → R is
continuous (differentiable) is it is continuous
(differentiable) at every point of the intervalI (See [11,
26]).
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Definition 6. Let (Ω ,A,P) be a probability space
T ⊂ R be an interval with E(X(t)2)< ∞ for all t ∈ T.
Let [a,b] ⊂ T,a = t0 < t1 < ... < tn = b be a partition of
[a,b] andθk ∈ [tk−1, tk] for k= 1,2, ...,n.
A random variable Y: Ω → R is called mean-square
integral of the process X(t, ·) on [a,b] if the following
identity holds:

lim
n→∞

E[X(θk(tk− tk−1)−Y)2] = 0

Then we can write

∫ b

a
X(t, ·)dt =Y(·) (a.e.)

Also, mean square integral operator is increasing, that
is,
∫ b

a
X(t, ·)dt ≤

∫ b

a
Z(t, ·)dt (a.e.)

whereX(t, ·)≤ Z(t, ·) in [a,b] ([27]).
In throughout paper, we will consider the stochastic
processes that is with continuous time and mean-square
continuous.
Now, we give the well-known Hermite-Hadamard integral
inequality for convex stochastic processes (see [11]).

Theorem 1. If X : T × Ω → R is Jensen-convex and
mean square continuous in the interval T×Ω , then for
any u,v∈ T, we have

X

(

u+ v
2

, ·

)

≤
1

u− v

∫ v

u
X(t, ·)dt ≤

X(u, ·)+X(v, ·)
2

(a.e.)

The following definitions will be the base for our
results.

Definition 7. A Stochastic process X: I × Ω → R is
called to be strongly p−harmonic log-convex stochastic
process on I for c> 0 if

X

(

[

apbp

tap+(1− t)bp

]1/p

, ·

)

≤ (X (a, ·))1−t (X ((b, ·))t − ct(1− t)

(

ap+bp

apbp

)2

,

almost everywhere for all a,b∈ I and t∈ [0,1] .

Definition 8. A Stochastic process X: I × Ω → R is
called to be strongly p−harmonic s−convex stochastic
process in second sense on I, for s∈ (0,1] and c> 0 if

X

(

[

apbp

tap+(1− t)bp

]1/p

, ·

)

≤ tsX (a, ·)+ (1− t)sX ((b, ·)− ct(1− t)

(

ap+bp

apbp

)2

,

almost everywhere for all a,b∈ I and t∈ [0,1] .

Definition 9. A Stochastic process X: I × Ω → R is
called to be strongly p−harmonic P−convex stochastic
process for some c> 0 if

X

(

[

apbp

tap+(1− t)bp

]1/p

, ·

)

≤ X (a, ·)+X ((b, ·)− ct(1− t)

(

ap+bp

apbp

)2

,

almost everywhere for all a,b∈ I and t∈ [0,1] .

Definition 10. A Stochastic process X: I × Ω → R is
called to be strongly p−harmonic h−convex stochastic
process , for a non-negative and not identically zero
function h: (0,1)→ R, and c> 0 if

X

(

[

apbp

tap+(1− t)bp

]1/p

, ·

)

≤ h(t)X (a, ·)+h(1− t)X((b, ·)− ct(1− t)

(

ap+bp

apbp

)2

,

almost everywhere for all a,b∈ I and t∈ [0,1] .

3 Main Results

The following results are the objectives of the present
work.

Theorem 2. Let X,Y : I × Ω → F be a strongly
p−harmonic log-convex stochastic process on I= [a,b] ,
respectively with modulus c> 0, and
(X(b, ·)/X(a, ·)),(Y(b, ·)/Y(a, ·)) are positive real
numbers for all w∈ Ω . If Yq is a strongly p−harmonic
log-convex stochastic process for q≥ 1then

papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)
xp+1 dx (5)

≤











X(b, ·)−X (b, ·)

ln
(

X(b,·)
X(a,·)

) −
c
(

ap−bp

apbp

)2

6











1−1/q

×







X(b, ·)Yq(b, ·)−X(a, ·)Yq(a, ·)

ln
(

X(b,·)
X(a,·)

)

−qln
(

Y(b,·)
Y(a,·)

)

−c

(

ap−bp

apbp

)2




X(b, ·)−X (b, ·)

ln
(

X(b,·)
X(a,·)

) +
Yq(b, ·)−Yq(a, ·)

qln
(

Y(b,·)
Y(a,·)

)





+
c2
(

ap−bp

apbp

)4

30











1/q

. (a.e.)
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Proof. With the change of variables

x=

[

apbp

tap+(1− t)bp

]1/p

and using power mean inequality, and strongly
p−harmonic log-convex property ofX andY, we have
papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)
xp+1 dx

=
∫ 1

0
X

(

[

apbp

tap+(1− t)bp

]1/p

, ·

)

Y

(

[

apbp

tap+(1− t)bp

]1/p

, ·

)

dt

≤

[

∫ 1

0
X

(

[

apbp

tap+(1− t)bp

]1/p

, ·

)

dt

]1−1/q

×

[

∫ 1

0

((

[

apbp

tap+(1− t)bp

]1/p

, ·

)

×

Yq

(

[

apbp

tap+(1− t)bp

]1/p

, ·

))

dt

]1/q

≤

{

∫ 1

0

[

(X(a, ·))1−t (X(b, ·))t −ct(1− t)

(

ap −bp

apbp

)2
]

dt

}1−1/q

×

{

∫ 1

0

[

(X(a, ·))1−t (X(b, ·))t −ct(1− t)

(

ap−bp

apbp

)2
]

×

[

(Y(a, ·))q(1−t) (Y(b, ·))qt −ct(1− t)

(

ap−bp

apbp

)2
]

dt

}1/q

≤

{

X(a, ·)
∫ 1

0

(

X(b, ·)
X(a, ·)

)t

dt−c

(

ap−bp

apbp

)2∫ 1

0
t(1− t)dt

}1−1/q

×

{

X(a, ·)Yq(a, ·)
∫ 1

0

(

X(b, ·)

X(a, ·)

)t (Y(b, ·)

Y(a, ·)

)qt

dt

−c

(

ap−bp

apbp

)2

×

∫ 1

0

[

X(a, ·)

(

X(b, ·)
X(a, ·)

)t

+Yq(a, ·)

(

Y(b, ·)
Y(a, ·)

)qt]

t(1− t)dt

+c2

(

ap −bp

apbp

)4∫ 1

0
t2(1− t)2dt

}1/q

≤











X(b, ·)−X(a, ·)

ln
(

X(b,·)
X(a,·)

) −
c
(

ap−bp

apbp

)2

6











1−1/q

×







X(b, ·)Yq(b, ·)−X(a, ·)Yq(a, ·)

ln
(

X(b,·)
X(a,·)

)

−qln
(

Y(b,·)
Y(a,·)

)

−c

(

ap−bp

apbp

)2




X(b, ·)−X(a, ·)

ln
(

X(b,·)
X(a,·)

) +
Yq(b, ·)−Yq(a, ·)

qln
(

Y(b,·)
Y(a,·)

)





+
c2
(

ap−bp

apbp

)4

30











1/q

This complete the proof.

Remark. a) If q= 1 then (5) reduces to

papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)

xp+1 dx

≤
X(b, ·)Y(b, ·)−X(a, ·)Y(a, ·)

ln
(

X(b,·)
X(a,·)

)

− ln
(

Y(b,·)
Y(a,·)

)

−c

(

ap−bp

apbp

)2




X(b, ·)−X(a, ·)

ln
(

X(b,·)
X(a,·)

) +
Y(b, ·)−Y(a, ·)

ln
(

Y(b,·)
Y(a,·)

)





+
c2
(

ap−bp

apbp

)4

30
(a.e.)

b) If c= 0 then (5) reduces to

papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)

xp+1 dx

≤







X(b, ·)−X(a, ·)

ln
(

X(b,·)
X(a,·)

)







1−1/q

×







X(b, ·)Yq(b, ·)−X(a, ·)Yq(a, ·)

ln
(

X(b,·)
X(a,·)

)

−qln
(

Y(b,·)
Y(a,·)

)







1/q

(a.e.)

c) If q= 1 andc= 0 then (5) reduces to

papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)

xp+1 dx≤
X(b, ·)Y(b, ·)−X(a, ·)Y(a, ·)

ln
(

X(b,·)
X(a,·)

)

− ln
(

Y(b,·)
Y(a,·)

)

almost everywhere.

Theorem 3. Let X,Y : I × Ω → F be a p−harmonic
h−convex stochastic process on I= [a,b] , and strongly
p−harmonic log-convex stochastic process , respectively
with modulus c> 0. If Yq is a strongly p−harmonic
log-convex stochastic process for q≥ 1 then

papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)

xp+1 dx (6)

=

{

(X(a, ·)+X(b, ·))
∫ 1

0
h(t)dt

}1−1/q

×

{

Yq(a, ·)X(a, ·)
∫ 1

0

(

Y(b, ·)
Y(a, ·)

)qt

h(1− t)dt

+Yq(a, ·)X(b, ·)
∫ 1

0

(

Y(b, ·)
Y(a, ·)

)qt

h(t)dt

−c

(

ap−bp

apbp

)2

(X(a, ·)+X(b, ·))
∫ 1

0
(h(1− t)+h(t)) t(1− t)dt

}q

almost everywhere.
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Proof. With the change of variables

x=

[

apbp

tap+(1− t)bp

]1/p

and using power mean inequality, andp−harmonic
h−convex property of X and strongly p−harmonic
log-convex stochastic process ofY andYq, we have

papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)
xp+1 dx

=
∫ 1

0
X

(

[

apbp

tap+(1− t)bp

]1/p

, ·

)

Y

(

[

apbp

tap+(1− t)bp
, ·

]1/p
)

dt

≤

{

[
∫ 1

0
X

(

[

apbp

tap+(1− t)bp

]1/p

, ·

)

dt

}1−1/q

×

{

∫ 1

0
X

(

[

apbp

tap+(1− t)bp

]1/p

, ·

)

×

Yq

(

[

apbp

tap+(1− t)bp

]1/p

, ·

)

dt

}1/q

≤

{

∫ 1

0
[h(1− t)X(a, ·)+h(t)X(b, ·)]dt

}1−1/q

×

{

∫ 1

0
[h(1− t)X(a, ·)+h(t)X(b, ·)]×

[

(Y(a, ·))q(1−t) (Y(b, ·))qt −ct(1− t)

(

ap −bp

apbp

)2
]

dt

}1/q

≤

{

X(a, ·)
∫ 1

0
h(1− t)dt+X(b, ·)

∫ 1

0
h(t)dt

}1−1/q

×

{

Yq(a, ·)
∫ 1

0

[

X(a, ·)

(

Y(b, ·)

Y(a, ·)

)qt

h(1− t)

+X(b, ·)

(

Y(b, ·)
Y(a, ·)

)qt

h(t)

]

dt

−c

(

ap−bp

apbp

)2

(X(a, ·)+X(b, ·))
∫ 1

0
(h(1− t)+h(t))t(1− t)dt

}q

and observing that
∫ 1

0
h(1− t)dt =

∫ 1

0
h(t)dt

we can write

papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)

xp+1 dx

≤

{

(X(a, ·)+X(b, ·))
∫ 1

0
h(t)dt

}1−1/q

×

{

Yq(a, ·)
∫ 1

0

[

X(a, ·)

(

Y(b, ·)
Y(a, ·)

)qt

h(1− t)

+X(b, ·)

(

Y(b, ·)
Y(a, ·)

)qt

h(t)

]

dt

−c

(

ap−bp

apbp

)2

(X(a, ·)+X(b, ·))
∫ 1

0
(h(1− t)+h(t)) t(1− t)dt

}q

=

{

(X(a, ·)+X(b, ·))
∫ 1

0
h(t)dt

}1−1/q

×

{

Yq(a, ·)X(a, ·)
∫ 1

0

(

Y(b, ·)
Y(a, ·)

)qt

h(1− t)dt

+Yq(a, ·)X(b, ·)
∫ 1

0

(

Y(b, ·)
Y(a, ·)

)qt

h(t)dt

−c

(

ap−bp

apbp

)2

(X(a, ·)+X(b, ·))
∫ 1

0
(h(1− t)+h(t)) t(1− t)dt

}q

.

This complete the proof.

Remark. In Theorem3 we can putc= 0 and so obtain

papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)

xp+1 dx

≤

{

(X(a, ·)+X(b, ·))
∫ 1

0
h(t)dt

}1−1/q

×

{

Yq(a, ·)X(a, ·)
∫ 1

0

(

Y(b, ·)
Y(a, ·)

)qt

h(1− t)dt

+Yq(a, ·)X(b, ·)
∫ 1

0

(

Y(b, ·)
Y(a, ·)

)qt

h(t)dt

}1/q

(a.e.)

and if, additionally, we putq= 1 then we get

papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)
xp+1 dx

≤

{

Y(a, ·)X(a, ·)
∫ 1

0

(

Y(b, ·)
Y(a, ·)

)t

h(1− t)dt

+Y(a, ·)X(b, ·)
∫ 1

0

(

Y(b, ·)
Y(a, ·)

)t

h(t)dt

}

(a.e.)

Corollary 1. Let X,Y : I × Ω → F be a p−harmonic
s−convex stochastic process on I= [a,b] , and strongly
p−harmonic log-convex stochastic process , respectively
with modulus c> 0. If Yq is a strongly p−harmonic
log-convex stochastic process for q≥ 1 then

papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)

xp+1 dx

≤

{

(X(a, ·)+X(b, ·))
s+1

}1−1/q
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×

{

X(a, ·)

(

Yq(b, ·)−1
(s+1) (s+2)

+
Yq(a, ·)

s+1

)

+X(b, ·)

(

Yq(b, ·)−1
(s+2)

+
Yq(a, ·)

s+1

)

−2c

(

ap−bp

apbp

)2(X(a, ·)+X(b, ·)
(s+2)(s+3)

)

}1/q

,

almost everywhere.

Proof. If in Theorem3 we takeh(t) = ts,s∈ (0,1) then
we get the version for ap−harmonics−convex stochastic
processes in second sense. Let’s see this
∫ 1

0
h(t)dt =

∫ 1

0
tsdt =

1
s+1

,

∫ 1

0
(h(1− t)+h(t)) t (1− t)dt

=
∫ 1

0
((1− t)s+ ts)t(1− t)dt

=
∫ 1

0
(1− t)s+1tdt+

∫ 1

0
(1− t)ts+1dt

and since
∫ 1

0
(1− t)s+1tdt =

∫ 1

0
(1− t)ts+1dt =

1
s+2

−
1

s+3
,

we have
∫ 1

0
(h(1− t)+h(t)) t(1− t)dt =

2
(s+2)(s+3)

Doing u = (Y(b, ·)/Y(a, ·)) , we can observe from
uq ≤ (uq−1)t +1, for all t ∈ (0,1), that
∫ 1

0
uqth(1− t)dt ≤

∫ 1

0
((uq−1) t +1) (1− t)sdt

=
uq−1

(s+1) (s+2)
+

1
s+1

and
∫ 1

0
uqth(t)dt ≤

∫ 1

0
((uq−1) t +1) tsdt

=
uq−1
(s+2)

+
1

s+1
.

Making the substitution in the inequality (7)we get, forX
p−harmonic s− convex stochastic process in second
sense on I = [a,b] and Y strongly p−harmonic
log-convex stochastic process with modulusc> 0, that

papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)

xp+1 dx

≤

{

(X(a, ·)+X(b, ·))
s+1

}1−1/q

×

{

X(a, ·)

(

Yq(b, ·)−1
(s+1) (s+2)

+
Yq(a, ·)

s+1

)

+X(b, ·)

(

Yq(b, ·)−1
(s+2)

+
Yq(a, ·)

s+1

)

−2c

(

ap−bp

apbp

)2(X(a, ·)+X(b, ·)
(s+2)(s+3)

)

}1/q

.

The proof is complete.

Remark. If in Corollary 1 we makec= 0 we have

papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)

xp+1 dx

≤

{

(X(a, ·)+X(b, ·))
s+1

}1−1/q

×

{

X(a, ·)

(

Yq(b, ·)−1
(s+1) (s+2)

+
Yq(a, ·)

s+1

)

+X(b, ·)

(

Yq(b, ·)−1
(s+2)

+
Yq(a, ·)

s+1

)}1/q

(a.e.),

and, if in additionq= 1 we obtain

papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)

xp+1 dx

≤

(

Y(b, ·)−1
(s+1) (s+2)

+
Y(a, ·)
s+1

)

(X(a, ·)+X(b, ·)) (a.e.).

Corollary 2. Let X,Y : I × Ω → F be a p−harmonic
P−convex stochastic process on I= [a,b] , and strongly
p−harmonic log-convex stochastic process , respectively
with modulus c> 0. If Yq is a strongly p−harmonic
log-convex stochastic process for q≥ 1 then

papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)
xp+1 dx

≤ {(X(a, ·)+X(b, ·))}1−1/q







[X (a, ·)+X (b, ·)]
Yq(b, ·)−Yq(a, ·)

qln
(

Y(b,·)
Y(a,·)

)

−c

(

ap−bp

apbp

)2(X(a, ·)+X(b, ·)
3

)

}q

. (a.e.)

Proof.In Theorem3 we makeh(t)= 1, t ∈ (0,1) and obtain
the desired result.

Remark. If in Corollary 2 we makec= 0 we get

papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)

xp+1 dx

≤ {(X(a, ·)+X(b, ·))}1−1/q×







[X (a, ·)+X (b, ·)]
Yq(b, ·)−Yq (a, ·)

qln
(

Y(b,·)
Y(a,·)

)







q

(a.e.),

and if in additionq= 1

papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)

xp+1 dx

≤







[X (a, ·)+X (b, ·)]
Y(b, ·)−Y (a, ·)

ln
(

Y(b,·)
Y(a,·)

)







(a.e.).
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Theorem 4. Let X,Y : I × Ω → F be a p−harmonic
quasi convex stochastic process on I= [a,b] , and strongly
p−harmonic log-convex stochastic process , respectively
with modulus c> 0. If Yq is a strongly p−harmonic log-
convex stochastic process for q≥ 1 then

papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)

xp+1 dx

≤ (max{X (a, ·) ,X (b, ·)})×







Yq(b, ·)−Yq(b, ·)

qln
(

Y(b,·)
Y(a,·)

) −
c
(

ap−bp

apbp

)2

6







1/q

. (a.e.)

Proof. With the change of variables

x=

[

apbp

tap+(1− t)bp

]1/p

and using power mean inequality, andp−harmonic quasi
convex property of X and strongly p−harmonic
log-convex stochastic process ofY andYq, we have

papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)

xp+1 dx

=
∫ 1

0
X

(

[

apbp

tap+(1− t)bp

]1/p

, ·

)

Y

(

[

apbp

tap+(1− t)bp , ·

]1/p
)

dt

≤

{

∫ 1

0
max{X (a, ·) ,X (b, ·)}dt

}1−1/q

×

{

∫ 1

0
[max{X (a, ·) ,X (b, ·)}]×

[

(Y(a, ·))q(1−t) (Y(b, ·))qt −ct(1− t)

(

ap−bp

apbp

)2
]

dt

}1/q

≤ (max{X (a, ·) ,X (b, ·)})×







Yq(b, ·)−Yq(b, ·)

qln
(

Y(b,·)
Y(a,·)

) −
c
(

ap−bp

apbp

)2

6







1/q

.

The proof is complete.

Remark. If in Theorem4 we makec= 0 then we have
papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)

xp+1 dx

≤ (max{X (a, ·) ,X (b, ·)})





Yq(b, ·)−Yq(b, ·)

qln
(

Y(b,·)
Y(a,·)

)





1/q

, (a.e.),

and if in additionq= 1 we obtain

papbp

bp−ap

∫ b

a

X (x, ·)Y (x, ·)

xp+1 dx

≤ (max{X (a, ·) ,X (b, ·)})





Y(b, ·)−Y(b, ·)

ln
(

Y(b,·)
Y(a,·)

)



 (a.e.).

4 Conclusions

We expect that the ideas and techniques used in this paper
may inspire interested readers to explore some new
applications of these newly introduced functions in
various fields of pure and applied sciences.
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Inequalities in Analysis, Kluwer Academic Publishers
/Dordrecht /Boston, London, (1993).

[15] B. Nagy, On a generalization of the Cauchy equation,
Aequations Math., Vol. 10, pp. 165-171, (1974).

c© 2018 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


600 M. Vivas-Cortez, J. Hernández.: Some Inequalities via Strongly p-Harmonic Log-Convex...

[16] K. Nikodem, On convex stochastic process, Aequations
Math., Vol. 20, pp. 184-197, (1980).

[17] M.A. Noor, K.I. Noor and M.U. Awan, Some
characterizations of harmonically log-convex functions,
Proc. Jangjeon. Math. Soc., Vol. 17, pp. 51-61, (2014).

[18] M.A. Noor, K. I. Noor and M.U. Awan, Integral inequalities
for harmonically s-Godunova-Levin functions, FACTA Uni.
Ser. Math. Info., Vol. 29, pp. 415-424, (2014).

[19] M.A. Noor, K.I. Noor and S. Iftikhar, Integral inequalities
for differentiable p-harmonic convex functions, Filomat,
31:20 , pp. 65756584, (2017).

[20] M.A. Noor, K.I. Noor and S. Iftikhar, Inequalities Via
Strongly p-Harmonic Log-Convex Functions, J. Nonlinear
Funct. Anal. Vol. 2017, Article ID 20, (2017).

[21] M.A. Noor, K.I. Noor and S. Iftikhar, Hermite-hadamard
inequalites for strongly harmonic convex functions, J.
Inequal. Special Funct., Vol. 7, pp. 99-113, (2016).

[22] T.Y. Zhang, A.P. Ji and F. Qi, Integral inequalities of
Hermite-Hadamard type for harmonically quasi-convex
functions, Proc. Jangjeon Math. Soc., Vol. 16, pp. 399-407,
(2013).

[23] A.W. Roberts and D. Valberg, Convex Functions, Pure and
Applied Mathematics, Academic Press, (1973).

[24] E. Set, M. Tomar and S. Madena, Hermite-Hadamard Type
Inequalities for s-Convex Stochastic Processes in the Second
Sense, Turkish Journal of Analysis and Number Theory, Vol.
2, No. 6, pp. 202-207, (2014).

[25] E. Set, M. Tomar and S. Madena, On Hermite-Hadamard
Type Inequalities for Strongly-Log convex Stochastic
Processes, Journal of Global Engineering Studies, Vol. 1,
No. 2, pp. 53-61, (2014).
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Decanato de Ciencias Económicas y Empresariales of
Universidad Centroccidental Lisandro Alvarado (UCLA),
Barquisimeto, Lara state, Venezuela.

c© 2018 NSP
Natural Sciences Publishing Cor.


	Introduction
	Preliminaries
	Main Results
	Conclusions

