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Abstract: In this paper, progressive-stress accelerated life gh.T) is studied when the lifetime of test units follows pexv
generalized Weibull distribution (PGW). The maximum likelod estimates (MLEs) and Bayes estimates (BEs) of the mode
parameters are obtained under type-Il progressive cengsadvioreover, the approximate and credible confidencevate(Cls) of the
estimators are derived. Furthermore, a real dataset igzethto show the suggested methods. Also, simulation stadteeconducted

to demonstrate the precision of the MLEs and BEs for the parars of PGW distribution. Finally, some interesting cosns are
obtained.
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1 Introduction

Experiments of reliability and life testing are done to istigate data of failure time which occurs under the normal
operating conditions. Due to the hardness of collectingp slata which needs too long time, we have tended to use ALT
in order to obtain adequate failure data in a compact tim@LTR experiments are done at greater than normal levels of
stress to expedite failure occurring. Then, the collectiéel data is investigated and used to estimate the life
characteristics under normal operating conditions. Thesstin ALT can be applied in different ways, the most
commonly used methods are constant-stress, step-streégsa@gressive-stress. Nelsalj fliscussed the advantages and
disadvantages of each of such methods.

The constant-stress ALT is practiced by operating everyatra constant high stress till either failure occurs or the
test is stopped. Constant-stress models were discussearioyy authors; see Kim and B&]] Watkins and JohnJ].
Abdel-Hamid H] reviewed the constant-partially accelerated life tests Burr type-Xll distribution with type-li
progressive censoring. Guan et @] fdiscussed the optimal constant-stress accelerated dffts twith uncensored
sampling for the generalized exponential distributionhetn et al. §] tested the constant partially ALT under
progressive type-1l censoring for generalized exponédisdribution. Mohie EI-Din et al. T] studied the constant-stress
accelerated life tests for extension of the exponentidtidigion under progressive censoring. Mohie EI-Din et[8].
discussed the optimal plans of constant-stress accealditedests for the Lindley distribution. Mohie EI-Din et.4B]
introduced the geometric process as a constant-strestei@ted model. Abd EI-Raheeni(] derived the optimal
designs of constant-stress ALTs for the extension of theeeptial distribution. Abd El-Raheeni]] expanded his
results in Abd EI-Raheeni[] to the censored data.

The second method is the step-stress. In step-stress Ad apthlied stress on every unit is not fixed but is increasing
step by step at prespecified times or simultaneous the @werof a fixed number of failures. The step-stress models
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were discussed in the literature; see Miller and Nelsi#f) find Gouno et al.13]. Balakrishnan et al.14] studied the
simple step-stress ALT under type-Il censoring by using mwative exposure model for exponential distribution.
Mohie EI-Din et al. [L5] obtained BE for step-stress ALT of PGW distribution undesgressive censoring by using a
tampered random variable model. Mohie EI-Din et dl6][discussed the simple step-stress ALT under progressive
first-failure censoring by using a tampered random variadelel for Weibull distribution. Mohie EI-Din et al.1[/]
discussed the parametric inference on step-stress aatseldife testing for the extension of exponential disttidu
under progressive type-Il censoring.

The third method is the progressive-stress. In progrestiess ALT, the applied stress on test units is continyous!
increasing in time. If an ALT has a continuous linearly iresig stress, this test is called a ramp-stress test. Yin and
Sheng 18 obtained the MLEs of parameters of the exponential praivesstress model. Abdel-Hamid and
AL-Hussaini [L9 carried out the progressive-stress ALT under progressiersoring for Weibull distribution.
Abdel-Hamid and AbushulZ0] obtained the BE of exponentiated exponential distributimder type-Il progressive
hybrid censoring by using the inverse power law and the cativel exposure model. Mohie EI-Din et aR1] studied
progressive-stress ALT for the extension of the exponkdits&ribution.

In life testing, tests are often terminated before all ufaitis As a result, the censored data is used to reduce test tim
and cost. The most two common censoring schemes (CSs) itefang and reliability experiments are type-l and
type-Il censoring. Progressive type-1l CS has became mama@n in analyzing highly reliable data. This type of CS
can be defined as follows: Assumedentical items are set on a life test, the integes n is a pre-specified number of
failures andRy, Ry, ...,Rm arem pre-fixed integers satisfyinB; + Rz + ... + Rn+ m= n. At the time of the first failure
t1.mn, Ra Of the remaining units is randomly removed. Also, at the toh¢he second failur&.nn, Ry of the remaining
units is randomly removed and so on. At the time of the th failure tymn, the test is terminated and all remaining
Rn=n—m—- (R + ... + Rn_1) units are removed. For further information about progsessype-Il censoring, see
Balakrishnan and Aggarwal2Z].

The purpose of this study is to apply the progressive-s#é&3sto units whose lifetime follows PGW distribution
under type-Il progressive censoring. MLEs, BEs and somerémices for the parameters of the supposed model are
studied.

The paper is organized as follows: In Section 2, a descriptiothe lifetime model and the test assumptions. In
Section 3, the MLEs of the model parameters are obtainedettich 4, the BEs of model parameters are obtained. In
Section 5, interval estimations for the model parametergstablished. In Section 6, a real dataset is analyzed strite
the suggested methods in Sections 3, 4 and 5. In Section 8jrthaation outcomes are represented. In Section 8, the
conclusion is introduced.

2 Model description and test assumptions

2.1 Power generalized Weibull distribution

In this subsection, PGW distribution is an extension of Wkiblistribution. It was founded by Bagdonavicius and
Nikulin [23] as a baseline distribution for the accelerated failureetmodel. It contains distributions with unimodal and
bathtub hazard shape. Moreover, PGW distribution provadbsoader class of monotone hazard rate. Besides, it is a
right skewed heavy tailed distribution which is not very coon in lifetime model. The PGW distribution can be a
possible alternative to the exponentiated Weibull distidn for modeling lifetime data, see Nikulin and Haghig®4].
Many authors considered the PGW distribution as lifetimeletosee for example, Nikulin and Haghigi2ig, Nikulin
and Haghighi 26], Bagdonavicius and NikulinZ7], Voinov et al. 8], Mohie EI-Din et al. L5 and Kumar and

Dey [29.
The PGW distribution is defined by the probability densitgdtion (PDF):
f(t) = yvo't' 11+ (at)") Lexp{1— (1+ (at)")"}, t,y,v,0 >0, 1)
the corresponding cumulative distribution function (CL¥-)
F(t)=1—exp{l—(1+ (at)")"}, t,y,v,0 >0, 2)
and the corresponding hazard rate function (hrf) is given by
h(t) = yva"t" " 1(1+ (ot)")" L. (3)

There exist three special cases of the PGW distribution lwéie:
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1-Weibull distribution whery = 1.
2-Extension of the exponential distribution when- 1, see Nadarajah and Haghig80J.
3-Exponential distribution whep= 1 andv = 1.

2.2 Assumptions and test procedures

In this subsection, the progressive-stress ALT under arpesiye type-ll is constructed by the following assumption

1-The lifetime of the test units follows the PGW with shapegpaetery and scale parameter.

2-The progressive-streS§) is a function of time and directly proportional to time witltanstant ratg, i.e, S(t) = ft,
B >0.

3-The inverse power law is satisfied, i.e,

1
a(s(t))?’

4-The linear cumulative exposure model is applied to shanefifect of changing the stress from one level to another
level, see Nelson].

5-Every group containg; unit which is under the progressive-str&$) = f(it, 0< 1 < ... < B fori=1,....k.

6-All units have the same failure mechanism at any stresBrat= 1, ...,k.

oft)= a,b>0, (4)

The type-ll progressive censoring is applied whemneis the total number of units under the test.
S < Si(t) < ... < (t) are the stress levels in the test d®dis the use-stressy identical units are tested under each
progressive-stress levei(t) wherei = 1,2,....k. When the first failure occutt.m.n,, Ri1 units are randomly removed
from the remainingn; — 1 units. When the second failure occuismn, Rz units are randomly removed from the
remaining nj — 2 — Ry units. When them-th failure occurstiy:m:n,, the test is finished and whole remaining

Rim =i —m — 3™ "R units are removed.

It is shown that the progressively censored data under theogrgssive-stress S(t) are
tiemen <tizmn < ..o <tmemen, 1 =12,k

Out of the CDF of PGW distribution in (2) and the assumptiotthef linear cumulative exposure model, the CDF of
test units under progressive-str&s$) is defined by

b+1
whereA(t) = [; % = a‘iﬂf , andF(.) is the CDF under the stress lev&(t) with a scale parameter equal to one.

Hence,
bib v\ Y
Qi(t):l—exp{l— <1+ (aﬁii1> ) }, t>0. (6)

The PDF of (6) is given by
bib+1y V1 b1y V) Y bib+1y VY Y
qi(t) = ayvB°t° (aBbIT) 1+ (aﬁ|+ T ) exp{1— |1+ (aﬁ'+ T ) ., t>0. (V)

3 Estimation by maximum likelihood method

In this section, MLEs of the model parametgrs, v andb are obtained under progressive type-1l censoring. Assgmin
thattij.m:n, =tij, wherei =1,2,--- . kandj=1,2,---,m, is the observed data of the lifetime under the progressivess
level S(t). The likelihood function of the four parametersa, v andb is given by

Kk m
L(y,a,v,b) = _I_!Ci rllQi(tij)[l—Qi(tij)]Rija (8)
i= =
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whereCi =ni(ni—1—R1)(Ni—2—R1—R2) - (ni -m+1- XTl_llRij) .
From (6) and (7) in (8), we obtain the following equation

k
L(y,a,v,b) = rlCn |'|1aWB|bt.,( ()" 2+ (0 (t)")" Fexp{ (R +1) (1~ (1+ (v(t;)")")} 9)
btb+1
whereu (tjj) = t')+"1

So, the log-likelihood function is written as

k k
{(y,a,v,b) = ZlogQ + (logy—+logv + loga) Zlm +b Zm logfBi

=~
3

log (1+ (u(tij))") (10)

k m
+bZZIogtU+ (v—1) zig v(tij))+(y— 1) X

+_ Fm+1)( — 1+ (uE)")"),

= J:]_

the likelihood equations af, a, v andb are respectively

ot _ SE 1m+212|og (1+(v(tj)")

0
g K m (12)
=33 R+ A+ (0(4)") gL+ ()",
= J:
or Vzl m V K m B|btb+1 ))vfl
FEN a1 b+1 Z\Z )Y)
e (12)
—ﬁziz R+ (B (0(6)" L+ (w(t)") .
o sk Bam z'og olt) ‘ s Iog( (ty)
Z D2 2 T )Y -
k m
¥y 3 Rt (L)) (u(t))" log(u (t))),
I=1]=
ot m; logBi + > ogtij o “lss —1+ (b+1)(logti; +l0gBi))
ab Z 2,209 T p1 2 2 ,
(y=1v £ ™ (~1+ (b+1)(logt; +logh)) (u(t;)"
Thi A2 A+ iE)") a4
k m
- %i: J;(R,- +1) (—1+ (b+1)(logtj +logB)) (1+ (u(t;)")" (v (t;))"

Hence, four nonlinear equations in four unknowns, v andb are obtained. It is very difficult to obtain a closed
form solution for these equations. Thus, an iterative mg¢tfiech as Newton-Raphson can be used to obtain numerical

solutions for the four nonlinear equations in (11), (123)(@nd (14).
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4 Bayes estimation

In this section, Bayesian inference of the model paramgtexs andb under progressive type-Il censoring are calculated
by using the square error (SE) loss function and linear egptial loss function (LINEX). Assuming that the model
parametery, v, a andb are independent. The two parametgi@ndv have gamma prior. While, the two parametars
andb are noninformative prior.

4
m(y) Oy tel, y>0, g, A1 >0, (15)
1
m(a) O 3 a>0, (16)
ms(v) O Vuz_le;_;a V>0, iz, A2>0, (17)
1
mu(b) O b’ b>0. (18)

From (15), (16), (17) and (18), the joint prior of the paraensy, a, v andb is given by:

H—1y—1 _(y v
Le (Alﬂz), y,a,v,b>0. (29)
ab

The joint posterior density function of the parametgra, v andb can be written from (9) and (19) as follows:

n(y,a,v,b) O

m(y,a,v,b) OL(y,a,v,b) n(y,a,v,b)

YA DHS M (- 1)+ 3 m g =15l m e (1)
b . (20)

ﬂl’lﬁ.bt., (t1))" L+ (0(6)") exp{ Ry +1) (1~ (L+ (u(;)")) }

By using the SE and LINEX loss functions, the Bayes estimafdhe function of parametets(9) =U(y,a,v,b)
can be obtained, respectively, as follows :

USE:/SUR*(S)OIS, 21)
and

ULiNEx = —% log [/79 e_cuﬁ(ﬁ)dﬁ] ) (22)

note thatt # 0 represents the shape parameter of LINEX loss functionifitegrations in equations (21) and (22) cannot
be calculated analytically. So, these integrals can becaqupated by using Markov chain Monte Carlo (MCMC) method.

4.1 Bayesian inference by MCMC approach

In this subsection, MCMC approach is used to obtain sampbes the posterior distribution and then the BEsg/oé, v
andb are computed.

Out of the joint posterior density function in (20), the cdiwhal posterior distributions of, a, v andb are given
respectively by:

—y k
Pi(yla, v,b) Oytka— V+EiamMeh |‘| 0 (tj))")"x

3

(23)

Il
—

exp{—(Rj+1) (1+ (v(tj))")"},
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Py(aly, v, b) Oa12am x

kK m ) L (24)
|_l ﬂl(U(tij))V_ (1+ (v (tij))") texp{—(Rj+1) (1+ (v(t;)")"},
i=1 j=

k —v
Py(v|y,a,b) vk D+3amet,

kK m (25)
I_l |_|1(U(tij )Y (L+ (u(ti))")Y Fexp{—(Rj + 1) (1+ (v(tj))")"},
i=1 j=

k m
Pu(bly.a,v) Op [ [ 8% (0(6))" M0+ (006
i=1 j=

exp{—(Rj +1) (1+ (u(tj))")"}.

It is clear that the conditional posterior distributionsf, v andb are very difficult to reduce analytically to known
distributions. So, Metropolis-Hasting algorithm is catesied to generate random samples from these distributees;
Upadhyay and Gupta[].

The BEs ofU =U(y,a,v,b) under SE and LINEX loss functions are calculated by the ¥ailg algorithm :

(26)

Algorithm(1)
1.Start with initial guess point dfy, a, v,b) say(y\9,a®, v(© p©),
2.Seti = 1.
3.Generatg!!, al), v() andbl) from equations (23), (24), (25) and (26) respectively.
4.Seti =i+ 1.

5.Repeat steps ((2)-(4) times.
6.The approximate meansdfande %V are given respectively by

1 N N i) i
_ ) al) y)
E(U) v +1U(y< ,al v py, (27)

1 N

N_Mi= +1

£l ) exp{—cU (Y1), al), v b))}, (28)

whereM is the burn-in period.

5 Confidence intervals

In this section, the approximate and credible Cls of thepatarsy, a, v andb are obtained.

5.1 Normal approximation CI

In this subsection, the asymptotic distributions of the ML& the unknown parameters is considered to obtain the
approximate Cls of the four parametéts= (y,a, v,b). This asymptotic distribution of the MLEs & was introduced
by Miller [32].

((V_ y)7 (é_ a)a (0 - V), (B_ b)) ~ N (07 Z) )
wherey = gjj, i, j = 1,2,3,4, represents the variance-covariance matrix of the unkn@asapeters) = (y,a,v,b). The
approximate 1001 — w)% two sided ClI of9 is given by:

(éiLv éiU) - éi + Zl—w/Z\/a_“a i = 17 27 37 47 (29)

Whereél =y, 92 =3, 53 =v, 94 =b andZq is the 10@ — th percentile of a standard normal distribution.
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5.2 Credible CI

A 100(1 — w)% posterior interval for a random quantiyis the interval which has the posterior probability— w), that
9 exists in the interval where

U
pL<d<U)= / (9 =1 .
L
The credible Cl ofy, a, v andb is obtained by the following algorithm :

Algorithm (2)

1.Do stepg(1) — (6)) in algorithm(1).
2.Sort the posterior sampl{eﬁ(‘),i =M+1,..., N} to obtain the ordered values %59 [ 90 ...,S[N‘M]} whereM is
the burn-in period. Then, the the 10D— w)% credible CI ofd is given by

(91, 8u) = (91172, 9l-w/2N-M))  whered is y, a, v orb.

6 Application

In this section, the proposed producers in Section 3, 4 amd 8eamonstrated with a real data example.

Data in Table (5.1) of Chapter 5 of Zh@3] were collected from ramp-voltage tests of miniature lightbs with
voltage equal 2 V. In this test, 62 miniature light bulbs wisted by ramp-rate 2.01 V/h. Also, 61 miniature light bulbs
were tested by ramp-rate 2.015 V/h. The lifetime data redutiom the test are represented in Talile (

To check the fitting of PGW distribution with the data in Tall$ for every ramp-stresS(t),i = 1,2. We compute
Kolmogorov-Smirnov (K-S) distance between the empirigstribution function and the fitted distribution functiorhen
the parameters are obtained by MLE. The values of K-S distand the corresponding P-values for each stress level are
presented in Table (6.2). Since all resulted P-values aatgrthan 0.05, the PGW distribution provides a good fit to to
the given data.

Table (6.3) represents the MLEs and BEs of the four paramgtear v andb. Basyian analysis is constructed in case
of NIPs (whenu, tp — 0 andA,A; — ).

Table (6.4) represents the lengths of 99% and 95% approaiarat credible Cls of the model parameters.

It is clear that the BEs of the model parametgra, v andb give more accurate results than the MLEs through the
length of the Cls.

Table 1The lifetime data from ramp-voltage tests

Ramp-Rate 2.01 ¥h Ramp-Rate 2.015 Xh
No. Failure Time No. Failure Time No. Failure TimleNo. Failure Time No. Failure Time No. Failure Time
1 13.57 22 72.33 43 42.06 1 19.3 22 49.65 43 31.00
2 19.92 23 72.60 44 47.88 2 23.28 23 51.42 44 34.81
3 23.3 24 75.43 45 54.21 3 23.50 24 51.27 45 36.03
4 27.81 25 75.85 46 54.55 4 26.50 25 53.25 46 43.08
5 31.16 26 76.20 47 55.85 5 27.42 26 54.25 a7 45.63
6 31.56 27 77.78 48 56.43 6 28.32 27 55.47 48 46.03
7 34.00 28 79.13 49 58.86 7 28.62 28 56.83 49 46.33
8 46.26 29 80.65 50 60.60 8 30.62 29 56.17 50 49.62
9 46.41 30 82.65 51 62.48 9 34.42 30 8.85 51 49.86
10 50.60 31 90.33 52 62.81 | 10 35.30 31 11.31 52 50.66
11 56.76 32 14.51 53 63.41 | 11 35.48 32 11.83 53 50.93
12 56.85 33 15.61 54 63.76 | 12 38.30 33 14.50 54 51.03
13 60.13 34 15.85 55 64.18 | 13 40.52 34 14.83 55 51.73
14 65.00 35 17.73 56 66.15 | 14 43.83 35 17.73 56 51.95
15 65.86 36 19.65 57 66.41 | 15 43.00 36 19.35 57 52.36
16 66.20 37 21.05 58 69.91 | 16 43.00 37 25.50 58 54.78
17 66.40 38 21.20 59 71.73 | 17 43.12 38 26.15 59 55.58
18 66.80 39 24.21 60 72.46 | 18 44.43 39 27.45 60 55.83
19 66.93 40 24.85 61 73.78 | 19 45.32 40 27.61 61 57.13
20 68.25 41 31.18 62 78.91 20 47.58 41 28.05
21 70.23 42 35.08 21 47.65 42 30.96
(@© 2018 NSP
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Table 2K-S distances and the corresponding P-values of ramp-geltasts

Ramp-Rate 2.01%h 2.015V/h
K-S distance 0.2419 0.1459
P-value 0.0527 0.1492
Table 3MILEs and BEs under SE (BSE) and LINEX (BLINEX) loss functiégsa, v and b for ramp-voltage tests
© MLE BSE BLINEX

c=—-2 ¢=0001 c=2

y 3.2595 3.4894 3.3112 3.4894 3.4891
a 0.2756 0.6245 0.7300 0.6245 0.5993
\:/ 0.9587 1.0198 1.0153 1.0198 1.0056
b 1.3136 1.1258 1.2754 1.1258 1.1043
Table 4Lengths 0BP9%and95%approximate and credible Cls fof, a, v and b for ramp-voltage tests
o 99%ClI 95%Cl
Approximate ClI  Credible CI  Approximate CI  Credible ClI

% 3.2591 1.0712 3.0189 1.0703

a 0.9648 0.3043 0.9564 0.1825

v 0.9688 0.4932 0.9168 0.3102

b 1.3137 1.0087 1.2317 1.0049

7 Simulation studies

In this section, Monte Carlo simulation studies are perfedrto illustrate the performance of the MLEs and BEs. MLEs
and BEs are considered under SE and LINEX loss functionsifterent sample sizegn;,m,i = 1,2,...,k) and CSs
(Rj, ] =1,2,...,m). Also, the 95% asymptotic and credible Cls are obtained.prbgressive censoring schemes which
are used in the simulation studies are shown in Table (7.5E8/of MLEs and BEs in the case of informative priors of
the model parameters are shown in Table (7.2). Table (7t8)dunces lengths and coverage probabilities of 95%
(approximate and credible CIs) in the case of informativerprCls.

The estimation procedure is performed according to thewietig algorithm.

Algorithm (3)

1.Determine the values of, m, k, a, b,candf;,i=1,2,...,k.

2.Generatg from 5 (y) andv from 15(v) by using the determined values of the prior paramaigrglz, A1 andA,.
3.Generatd simple random samples of simg from Uniform(0, 1) distribution, (Ui, U2, ...,Uim, ), i = 1,2, ..., k.
4.Determine the values of the censored scheRes, = 1,2,....k, andj = 1,2,....m;, such thaig'j“le;j =n —m.

G+sm R

5.SetEj = U”_/u z"*m'*'“Rd), i=1,2,...mandi=12 ..k

6.0btain the progressive type-Il censored samflis U;5, ...,Ui;‘ni), whereUi*j‘ =1- ﬂg‘:mel Eq, j=1,2,...,m;,
i=12,..k

7.Use step 6, to generate random samfllegio, ....tim ), i = 1,2,...,k, from CDF in equation (6) as follows:

1

v 1 V)

0= ((22)" [amoaa-vini-1)) ™ i=12m =120
1

8.Compute the MLEs of the model parameters by using the pssigye censored data and solving the nonlinear system
((11)-(14)).

9.Compute the BEs of the model parameters relative to SE 8BX loss functions, using algorithrfll), with N =
11000 anavi = 1000.
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10.Compute the approximate confidence bounds with confedienel 95% for the model parametessa, v andb.
11.Compute 95% credible confidence intervals using algori{?) of the parameterg, a, v andb.

12.Replicate the stefd$3) — (11)) 1000 times.

13.Compute the average values of the MSEs of the MLEs and Bieg parameters.

14.Compute the average values of the length and the covprafbability of Cls of the parameters.

15.Repeat steps ((1)-(14)) with different valuesioim andRj, j =1,2,...m,i=1,2,... .k

Table 5The progressive censoring schemes used in the simulatidiest

CS (Rila"' 7Rimi) CS (Ril7"' 7Rimi) CS (Rila"' 7Rimi)
5i=1j=1 5i=1j=m l1i=1j=17---,20
4i=2j=1 4i=2j=mp 1i=2j=91011

1 Rj=93i=3j=1 [2 Rj={3i=3j=m [3 Rj=471i=3]=829
3i=4j=1 Ji=4j=m li=4j)=5
0 other wise 0 other wise 0 other wise
8i=1j=1 8i=1j=m 1i=1j=16,---,20
5i=2j=1 5i=2j=m 1i=2j=8,---,1

4 Rj=<¢4i=3,j=1 [5 Rj=¢4i=3j=mg 6] Rj=¢1i=3j=7289
2i=4,j=1 2i=4j=my 1i=4,j=56
0 other wise 0 other wise 0 other wise
6i=1j=1 6i=1j=m 1i=1]=28---,35
5i=2j=1 Si=2j=m li=2j=14---,18

77 Rj=¢4i=3j= B8 Rj=<4i=3j=mg 9 Rj=¢1li=3j=11.--,14
3i=4j= 3i=4j=my li=4,j=86,

0 other wise 0 other wise 0 other wise

8 Conclusion

In this paper, we have considered a progressive-stress Abdiehfor PGW distribution under progressive type-ll
censoring. From simulation studies, MLEs and BEs in the cag&ormative priors of the model parametgrsa, v and

b were calculated. Point estimation of the model paramateas v andb was illustrated via maximum likelihood and
Bayes methods. Moreover, approximate and credible Cls esablished for the model parametgra, v andb. The
calculations have been worked out based on different sasiges and three different progressive CSs.

From the results in Tables (7.1)-(7.3), we observed thevaiig:

1.The MSEs of MLEs and BEs of the parameters decrease asripessize increases, except for few cases. This may
be due to variation in data.

2.The BEs ofy, a, v andb give more accurate results through the MSEs than MLEs, ¢Xoefew cases.

3.The BEs ofy, a, v andb under LINEX loss functior(c = 2) have the smallest MSEs as compared with estimates
under SE and LINEXc = —2) loss function.

4.The BEs ofy, a, v andb under LINEX loss functior{c = .001) have the same MSEs as estimates under SE loss
function.

5.The lengths of approximate and credible Cls decreaseeaathple size increases, except for few cases. This may be
due to variation in data.

6.The credible ClIs oy, a, v andb give more accurate results than approximate Cls througditien

7.The coverage probability of credible Cls pfa, v andb greater than the corresponding coverage probability of
approximate Cls.
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Table 6MSEs of MLEs and BEs under SEL and LINEXL functiop, @f, v and b with true valuesy= 1.1, a=0.4, v =
1.1 and b= 0.8), values of the prior parametergy{ = 12.1, pp = 121 andA; = 0.0909 A> = 0.0909, k=4, 31 =4,
B>=8,B3=12andB; = 16.

m m CS 6 ML SEL CINEXL
c=—-2 ¢c=.001 c=2

201 =1 151=1 y 1.7486 00112 00244 00112 00141

L_)1ei=2 _J12i=2 | a 02365 00514 00937 00514 0.0344

i=Y12i=3 M=\9i=3 v 0.1869 0.0360 0.0937 0.0360 0.0309

10i=4 7i=4 b 03225 0.1563 0.3791 0.1563 0.1133

y 1.7571 0.0067 0.0242 0.0067 0.0088

, a 01471 00399 00561 00398 0.0233

v 0.1391 0.0299 0.0396 0.0299 0.0264

b 03352 0.1435 0.4096 0.1434 0.0952

y 1.6506 0.0033 0.0285 0.0033 0.0016

g a 01716 00305 00740 00305 0.0250

v 0.1216 0.0207 0.0451 0.0207 0.0103

b 0.3185 0.1336 0.3089 0.1336 0.0985

201 =1 201 =1 y 1.3001 0.0034 0.0260 0.0034 0.0019

 J1ei=2 J16i=2 a 01703 0.0212 0.0657 0.0212 0.0101

Ni=Y12i=3 MT(12i=3 v 0.1426 0.0134 0.0411 0.0134 0.0105

10i=4 10i=4 b 0.2359 0.1229 0.3366 0.1228 0.0861

4571=1 371=1 y 1.2809 0.0025 0.0135 0.0025 0.0012

L_)esi=2 _J20i=2 , a 00614 00198 00417 00198 0.0087

i=Y20i=3 MTY16i=3 v 0.1034 0.0121 0.0210 0.0121 0.0054

10i =4 8i—=4 b 01534 0.0993 0.1027 0.0993 0.0315

y 1.2766 0.0015 0.0311 0.0015 0.0009

g a 00456 00162 00387 00162 0.0010

v 0.0948 0.0173 0.0452 0.0173 0.0031

b 01533 0.0965 0.1847 0.0965 0.0722

y 009813 0.0012 00293 0.0012 0.0008

g @ 00108 00121 00302 00121 0.0088

v 0.0725 0.0126 0.0315 0.0126 0.0066

b 01433 0.0765 0.2261 0.0765 0.0145

4571=1 4571=1 y 06287 00018 00373 0.0018 0.0002

L_)esi=2 ) 25i=2 a 0.0087 0.0106 0.0327 0.0106 0.0065

i=Y20i=3 M=Y20i=3 v 0.0672 0.0103 0.0265 0.0103 0.0026

10i =4 10i=4 b 01193 0.0726 0.2045 0.0726 0.0066

501 = A4 =1 y 0.4527 0.0017 0.0487 0.0017 0.0005

L_)soi=2 _J25i=2 _ a 00040 00051 00319 00051 0.0019

i=V25i=3 M=T(21i=3 v 0.0763 0.0089 0.0303 0.0089 0.0057

15i =4 12i=4 b 0.0969 0.0618 0.1456 0.0618 0.0357

y 03821 00011 00331 0.0011 0.0006

g @ 00072 00043 00361 00043 0.0015

v 0.0648 0.0074 0.0242 0.0074 0.0017

b 0.0770 0.0531 0.1603 0.0531 0.0126

y 0.1050 0.0009 0.0295 0.0009 0.0005

g @ 00055 00049 00344 0.0049 0.0009

v 0.0608 0.0065 0.0243 0.0065 0.0018

b 0.0659 0.0401 0.1363 0.0401 0.0064

5071 =1 501 =1 y 0.0547 0.0007 0.0399 0.0007 0.0004

) 30i=2 ) 30i=2 a 0.0048 0.0021 0.0285 0.0021 0.0014

Ni=q925i=3 M=3y25i=3 v 0.0607 0.0048 0.0278 0.0048 0.0019

15i =4 15i =4 b 0.0590 0.0370 0.1188 0.0369 0.0093
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Table 7Lengths and coverage probabilities @% approximate and credible Cls faor, a, v and b with true valuesy(=
1.1, a=0.4, v=1.1and b= 0.8), values of the prior parameterg{ = 12.1, up =12.1andA; = 0.0909 A, = 0.0909,
k=4,B1=4,B=8, B=12andB; = 16.

n; m CS 6 Length Coverage Probability
Approximate ClI  Credible CI  Approximate CI  Credible ClI
20i=1 15i=1 y 8.0009 1.1786 0.967 1
no— 16i=2 _J12i=2 ;@ 1.8818 0.9703 0.825 0.958
i=V12i=3 M~V9i=3 Y 1.5984 0.9919 0.95 0.975
10i=4 7i=4 b 2.1435 1.6071 0.892 0.958
y 7.6616 1.1423 0.975 1
5 @ 1.7164 0.9038 0.858 0.975
Y 1.4573 0.9840 0.967 1
b 2.0622 1.6244 0.967 0.975
y 7.5078 1.1380 0.963 1
3 @ 1.6525 0.9010 0.825 0.983
Y 1.3239 1.0067 0.975 1
b 2.0825 1.5575 0.967 0.975
20i=1 20i=1 y 6.1523 1.1091 0.98 1
no— 16i=2 _J16i=2 a 1.5521 0.8621 0.85 0.97
i=V12i=3 M~)12i=3 Y 1.2860 0.9175 0.98 0.99
10i=4 10i=4 b 1.7563 1.4605 0.96 0.96
45i=1 37i=1 y 6.5284 1.1156 0.95 1
no_ 25i=2 _J20i=2 4 @ 1.4023 0.8025 0.87 0.96
i=V20i=3 M~T)16i=3 Y 1.2506 0.9091 0.97 0.99
10i=4 8i=4 b 1.5209 1.3516 0.95 0.951
y 6.0251 1.0873 0.933 1
5 @ 1.3474 0.7810 0.883 0.967
Y 1.2151 0.9067 0.967 0.992
b 1.4314 1.2554 0.95 0.982
y 5.3377 1.0631 0.933 1
6 @ 1.3733 0.7381 0.833 0.975
Y 1.1244 0.8463 0.958 0.983
b 1.3540 1.2063 0.917 0.958
45i=1 45i=1 y 4.2698 1.0514 0.968 1
no_ 25i=2 _J25i=2 a 1.1845 0.6869 0.858 0.975
i=y20i=3 M~T)20i=3 Y 1.0451 0.8013 0.958 0.992
10i=4 10i=4 b 1.3045 1.1654 0.95 0.951
50i=1 4i=1 y 4.1178 1.0456 0.958 1
no— 30i=2 ) 25i=2 ;@ 1.1736 0.6687 0.85 0.951
i=V25i=3 M~T)21i=3 Y 1.0182 0.7712 0.975 1
15i=4 12i=4 b 1.2284 1.1252 0.985 0.985
y 3.8391 1.0394 0.942 1
g @ 1.1386 0.6249 0.883 1
Y 1.0354 0.8022 0.967 1
b 1.2406 1.1047 0.965 0.967
y 3.2952 1.0185 0.962 1
9 @ 1.0526 0.6172 0.858 0.958
v 1.0126 0.7203 0.975 1
b 1.2150 1.0942 0.967 0.95
50i=1 50i=1 y 3.0757 1.0120 0.962 1
no— 30i=2 _)30i=2 a 1.0432 0.6095 0.825 0.975
1=125i=3 M={25i=3 Y 0.9221 0.7510 0.973 0.983
15i=4 15i=4 b 1.1356 0.9734 0.967 0.967
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