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Abstract: The current study addresses Bayesian prediction intervalsfor exponentiated family distributions observables underType-II
hybrid censored data. It includes a set of exponentiated distributions such as exponentiated linear failure rate, exponentiated Weibull
(EW), exponentiated modified Weibull, exponentiated Rayleigh (ER), exponentiated exponential (EE) distributions...etc. One and
two-sample Bayesian predictive survival function under Type-II hybrid censored data are derived. Markov chain Monte Carlo
(MCMC) sampling method utilized to generate samples from posterior distributions and Bayesian prediction intervals calculated.
Numerical results obtained under two exponentiated distributions, EE(δ ) distribution whenδ is unknown and ER(δ ,γ) distribution
when parametersδ andγ are unknown.

Keywords: Bayesian prediction, Exponentiated exponential, Exponentiated Rayleigh, Gibbs sampling, MCMC, Hybrid censored.

1 Introduction

Type-I and Type-II censoring schemes are the most commonly applied censoring schemes. In Type-I censoring scheme,
the number of observed failures is a random variable, while the experimental time is fixed. On the other hand, in Type-II
censoring scheme the experimental time is a random variable, while number of observed failures is fixed. Hybrid censoring
scheme is a mixture of Type-I and Type-II censoring schemes proposed firstly by Epstein[1] on 1954. The scheme can be
specified as following:

let n items and its ordered failure times beX1:n ≤, ...,≤ Xn:n. The experiment of Type-I hybrid censoring lasts till
reaching a pre-determined time ofT or failure of the pre-specified numberr < n, out of n items. At the random time
T ∗

1 = min(Xr:n,T ), the experiment terminated. In Type-II hybrid censoring, the experiment termination time isT ∗
2 =

max(Xr:n,T ) providing at leastr failures during the termination time. By takingr = n andT → ∞, Type-I and Type-
II censoring are special cases of hybrid censoring scheme. Hybrid censoring scheme is a common censoring scheme
utilized to investigate the statistical inference of various hybrid censoring scheme in reliability studies. Hybrid censored
data arising from various parametric distributions have been analyzed by many authors, see, Chen and Bhattacharya [2],
Ebrahimi [3], Gupta and Kundu [4], Childs et al. [5], Kundu [6], Kundu and Pradhan [7], Dube et al. [8], Balakrishnan
and Shafay [9], Ganguly et al. [10], Singh et al. [11], Deya and Pradhan [12] and Mohie El-Din et al. [13].

The prediction problems of the life time models are essential as indicated by Dunsmore [14], AL-Hussaini ([15], [16]),
Balakrishnan and Shafay [9] and Mohie El-Din et al. [13], among others. In this paper, we study the prediction problems
for exponentiated family distributions observables underType-II hybrid censored data.

The exponentiated family cumulative distribution function (cdf) is defined as

FX(x;θ ) =
(

1− e−λ (x;β)
)δ

, (1)

Where δ > 0 and λ (x;β ) is a non-negative, continuous, monotone increasing, differentiable function ofx whereas
λ (x;β )→ 0 asx → 0+, λ (x;β )→ ∞ asx → ∞. FX(x;θ ) based on the unknown parametersθ = (δ , β ). The probability
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density function (pdf) corresponding toFX(x;θ ) is

fX (x;θ ) = δ λ
′
(x;β )e−λ (x;β )

(

1− e−λ (x;β)
)δ−1

, (2)

and the survival function is

F̄X(x;θ ) = 1−
(

1− e−λ (x;β)
)δ

. (3)

The exponentiated family distributions contains many exponentiated distributions such as exponentiated generalized
linear exponential, exponentiated linear failure rate, exponentiated modified Weibull, exponentiated Gompertz, EW,EE,
ER, exponentiated Burr Type XII, exponentiated Lomax, exponentiated Pareto, exponentiated Gamma
distributions,...etc. Exponentiated family distributions have been applied by many authors. For instance, EW family
utilized to analyze bathtub failure data by Mudholkar and Srivastava [17]. Gupta and Kundu [18] proposed various
interesting properties of the EE distribution, it is clear that the EE distribution can be utilized effectively to analyze
diverse lifetime data in place of gamma distribution or Weibull distribution. The EE has increasing or decreasing hazard
function, like the gamma distribution. In many cases it might provide better data fit to a particular data set than the
gamma or Weibull distribution.

The layout of the paper is as follows. In the following section, the prior and posterior distributions based on
exponentiated family distributions are provided. One- andTwo-Sample are presented, in addition to Bayesian predictive
survival function discussed utilize MCMC under Type-II hybrid censored sample in section 3. In Section 4, we introduce
the results for the EE(δ ) distribution whenδ is unknown and ER(δ ,γ) distribution when both parametersδ andγ and
are unknown. A real life data set is utilized to illustrate the findings for these examples in Section 5. Finally, we conclude
the paper with concluding remarks in Section 6.

2 Posterior Distribution and Conditional Density Function

Suppose thatX1:n,X2:n, ...,Xn:n are the order statistics of random sampleX1:n,X2:n, ...,Xn:n. Based on Type-II hybrid
censored sample, for fixedr andT the experiment is terminated at a random timeT ∗ = max(Xr:n,T ), where 1≤ r ≤ n
and 0< T < ∞. In this case, we have two forms of observations as follows:
Case I.X1:n < ... < Xr:n whenXr:n ≥ T .
Case II.X1:n < ... < Xr:n < Xr+1:n < ... < Xk:n < T < Xk+1:n if r ≤ k < n andXk:n < T < Xk+1:n.
Thence, the likelihood function for the above two cases can be written as

L(x|θ ) =
n!

(n− d)!

d

∏
i=1

f (xi;θ )
[

1−F(c;θ )
]n−d

, (4)

whered andc are respectively given by

d =







r, for Case I

k, for Case II
, c =







Xr:n, for Case I

T, for Case II.

Consider a prior density in the formula (see, AL-Hussaini ([15], [16]))

π(θ)≡







π(δ ), when onlyδ is the unknown parameter ofFx(x;θ ) ,

π(δ ,β ), when all parameters ofFx(x;θ ) are unknown,
(5)

whereδ andβ are independent.
From (4) and (5), the posterior density function,π∗(θ |x), is

π∗(θ |x) ∝
d

∏
i=1

f (xi)
[

1−F(c)
]n−d

π(θ). (6)

From [9] the conditional density function ofXs:n is
Case I

f1(xs|θ ) =
(n− r)!

(n− s)! (s− r−1)!

(

F(xs)−F(xr)
)s−r−1(

1−F(xs)
)n−s

f (xs)
(

1−F(xr)
)n−r , (7)
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wherex = (x1, ...,xr), xs > xr andr < s ≤ n.
Equation (7) can be written as

f1(xs|θ ) =
s−r−1

∑
i=0

n−s

∑
j=0

(−1)i+ j
(s−r−1

i

)(n−s

j

)

(n− r)!

(n− s)! (s− r−1)!

(

F(xs)
)s−r−i+ j−1(

F(xr)
)i

f (xs)
(

1−F(xr)
)n−r . (8)

Case II

f2(xs|θ ) =
1

P(r ≤ K ≤ s−1)

s−1

∑
k=r

f2(xs|x, K = k)P(K = k)

=
s−1

∑
k=r

(n− k)! φk(T )
(s− k−1)! (n− s)!

(

F(xs)−F(T )
)s−k−1(

1−F(xs)
)n−s

f (xs)
(

1−F(T )
)n−k (9)

wherex = (x1, ...,xk), xk > T andφk(T ) =
P(K=k)

∑s−1
j=r P(K= j)

.

From (9), we get

f2(xs|θ ) =
s−1

∑
k=r

s−k−1

∑
i=0

n−s

∑
j=0

(−1)i+ j
(n

k

)(s−k−1

i

)(n−s

j

)

(n− k)!

(n− s)! (n− k−1)!

(

F(xs)
)s−k−i+ j−1(

F(T )
)i+k

f (xs)

∑s−1
j=r

(n

j

)(

F(T )
) j (

1−F(T )
)n− j (10)

LetY1:m ≤Y2:m ≤ ...≤Ym:m be the order statistics from a future random sample of sizem from the same population. Hence
the marginal density function of the sth order statisticsYs:m is given by

gYs:m(ys|θ ) =
m!

(s−1)! (m− s)!

(

F(ys)
)s−1(

1−F(ys)
)m−s

f (ys)

=
m−s

∑
i=0

(−1)i
(m−s

i

)

m!

(s−1)! (m− s)!

(

F(ys)
)s+i−1

f (ys), (11)

wherer ≤ s ≤ m.

3 Bayesian prediction using MCMC technique

In this section, we use MCMC techniques to generate samples from posterior distributions, subsequently calculate the
Bayesian prediction intervals.

3.1 One-sample Bayesian prediction

The predictive density functionh(xs|x) of Xs:n is

h(xs|x) =
∫

θ
f (xs|θ )π∗(θ |x)d θ , (12)

where f (xs|θ ) is the conditional density function given by (8) or (10), π∗(θ |x) is given by (6).
The predictive survival function ofXs:n asH(xs|x) given by

H(xs|θ ) =
∫

θ
f ∗(xs|θ )π∗(θ |x)d θ , (13)

where
f ∗(xs|θ ) =

∫ ∞

v
f (xs|θ )d xs. (14)
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Upon substituting (8) and (10) in (14), we obtain
Case I

f ∗1 (xs|θ ) =
s−r−1

∑
i=0

n−s

∑
j=0

(−1)i+ j
(s−r−1

i

)(n−s

j

)

(n− r)!

(n− s)! (s− r−1)! (s− r− i+ j)

(

1− (F(v))s−r−i+ j
)(

F(xr)
)i

(

1−F(xr)
)n−r . (15)

Case II

f ∗2 (xs|θ ) =
s−1

∑
k=r

s−k−1

∑
i=0

n−s

∑
j=0

(−1)i+ j
(n

k

)(s−k−1

i

)(n−s

j

)

(n− k)!

(n− s)! (n− k−1)! (s− k− i+ j)

(

1−
(

F(v)
)s−k−i+ j)(

F(T )
)i+k

∑s−1
j=r

(n

j

)(

F(T )
) j (

1−F(T )
)n− j . (16)

3.2 Two-sample Bayesian Prediction

The predictive survival function ofYs:m under Type-II hybrid censoring scheme as follows:

G(ys|θ ) =
∫

θ
f ∗Ys:m

(ys|θ )π∗(θ |x)d θ , (17)

where,

f ∗Ys:m
(ys|θ ) =

∫ ∞

v
fYs:m(ys|θ )d ys

=
m−s

∑
i=0

(−1)i
(m−s

i

)

m!

(s−1)! (m− s)! (s+ i)

(

1− (F(v))s+i
)

. (18)

Since (13) and (17) do not permit explicit solutions for the prediction boundson Xs:n andYs:m, we use MCMC samples
{θi = (δi,βi), i = M+1,M+2, ...,N} a simulation consistent estimators ofH(xs|θ ) andG(ys|θ ), see Chen et al.[19], we
get

Ĥ(xs|θ ) =
N

∑
i=M+1

f ∗(xs|θi)wi, (19)

and

Ĝ(ys|θ ) =
N

∑
i=M+1

f ∗(ys|θi)wi, (20)

wherewi =
h(θi|x)

∑N
i=M+1 h(θi|x)

, M is burn-in.

We noted that for all MCMC samples{θi = (δi,βi), i =M+1,M+2, ...,N} can be used to calculatêH(xs|θ ) andĜ(ys|θ ).
Moreover, we can obtain the two sided 100(1−τ)% prediction intervals(L,U) for Xs:n andYs:m through solving equations:

P[Xs:n > L|x] = Ĥ(L|θ ) = 1−
τ
2
, P[Xs:n >U |x] = Ĥ(U |θ ) =

τ
2
. (21)

P[Ys:m > L|x] = Ĝ(L|θ ) = 1−
τ
2
, P[Ys:m >U |x] = Ĝ(U |θ ) =

τ
2
. (22)

In this case the analytically solution is not possible, thenwe need numerical technique to compute(L,U) in (21) and (22).

4 Examples

This section computed the Bayesian prediction intervals for EE(δ ) distribution whenδ is unknown and ER(δ ,γ)
distribution when parametersδ andγ and are unknown.
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4.1 Exponentiated Exponential Distribution

In this example, we takeλ (x;β ) = x. The cdf and pdf of the EE(δ ) distribution respectively given by

FX(x;δ ) =
(

1− e−x
)δ

, δ > 0, x > 0. (23)

fX (x;δ ) = δ e−x
(

1− e−x
)δ−1

. (24)

We consider the conjugate gamma prior forδ is

π(θ )≡ π(δ ) =
ba

Γ (a)
δ a−1 e−bδ

, a, b, δ > 0. (25)

From (6), the posterior density function is

π∗(δ |x) ∝ δ a+d−1e
−δ
(

b−∑d
i=1 ln(1−e−xi)

)

[

1−
(

1− e−c
)δ ]n−d

. (26)

Hence,π∗(δ |x) of δ take the form
π∗(δ |x) ∝ g(δ |x)h(δ |x),

where,g(δ |x) is a gamma density with shape parameter(d + a) and scale parameter
(

b−∑d
i=1 ln(1− e−xi)

)

, and

h(δ |x) =
[

1−
(

1− e−c
)δ]n−d

.

Sinceg(δ |x) follows gamma, it is quite simple to generate fromg(δ |x). Therefore the algorithm of Gibbs sampling
procedures are as follows:
Algorithm 1:
(1): Start with anδ 0.
(2): Formi = 1 to N, generateδ 0 form gamma distributiong(δ |x).
(3): In case of one-sample Bayesian prediction, we get the lower and upper limits through solving non-linear equations
(27).

P[Xs:n > L|x] =
∑N

i=M+1 f ∗(L|δi)h(δi|x)

∑N
i=M+1 h(δi|x)

= 1−
τ
2
, P[Xs:n >U |x] =

∑N
i=M+1 f ∗(U |δi)h(δi|x)

∑N
i=M+1 h(δi|x)

=
τ
2

(27)

where,
Case I

f ∗1 (v|δ ) =
s−r−1

∑
i=0

n−s

∑
j=0

(−1)i+ j
(s−r−1

i

)(n−s

j

)

(n− r)!

(n− s)! (s− r−1)! (s− r− i+ j)

(

1−
(

1− e−v
)δ (s−r−i+ j)

)

(

1− e−xr

)iδ

(

1−
(

1− e−xr

)δ
)n−r .

Case II

f ∗2 (v|δ ) =
s−1

∑
k=r

s−k−1

∑
i=0

n−s

∑
j=0

(−1)i+ j
(n

k

)(s−k−1

i

)(n−s

j

)

(n− k)!

(n− s)! (n− k−1)! (s− k− i+ j)

(

1−
(

1− e−v
)δ (s−k−i+ j)

)

(

1− e−T
)δ (i+k)

∑s−1
j=r

(n

j

)(

1− e−T
)δ j

(

1−
(

1− e−T
)δ
)n− j .

(4): In case of two-sample Bayesian prediction, we get lowerand upper limits through solving non-linear equations (28).

P[Ys:m > L|x] =
∑N

i=M+1 f ∗Ys:m
(L|δi)h(δi|x)

∑N
i=M+1 h(δi|x)

= 1−
τ
2
, P[Ys:m >U |x] =

∑N
i=M+1 f ∗Ys:m

(U |δi)h(δi|x)

∑N
i=M+1 h(δi|x)

=
τ
2
, (28)

where,

f ∗Ys:m
(v|δ ) =

m−s

∑
i=0

(−1)i
(m−s

i

)

m!

(s−1)! (m− s)! (s+ i)

(

1−
(

1− e−v
)δ (s+i)

)

.
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4.2 Exponentiated Rayleigh Distribution

In this example, we takeλ (x;β ) = γ x2, γ > 0. cdf and pdf of the ER(δ , γ) distribution are given, respectively,

Fx(x;δ , γ) =
(

1− e−γ x2
)δ

, x > 0, δ , γ > 0. (29)

fx(x;δ , γ) = 2δ γ xe−γ x2
(

1− e−γ x2
)δ−1

, x > 0, δ , γ > 0. (30)

We assumeδ andγ are independent,δ ∼ gamma(a1,b1) , γ ∼ gamma(a2,b2), thus

π(δ ) =
ba1

1

Γ (a1)
δ a1−1 e−b1δ and π(γ) =

ba2
2

Γ (a2)
γa2−1 e−b2γ

,

wherea1, b1, a2, b2 > 0.

π(θ)≡ π(δ , γ) = π(δ )π(γ) =
ba1

1 ba2
2

Γ (a1)Γ (a2)
δ a1−1 γa2−1 e−b1δ−b2γ.

From (6), π∗(δ , γ|x) is

π∗(δ , γ|x) ∝ δ a1+d−1γa2+d−1e−γ(b2+∑d
i=1 x2

i ) e
−δ
(

b1−∑d
i=1 ln(1−e−γ x2

i )

)

e− ∑d
i=1 ln(1−e−γ x2

i )
[

1−
(

1− e−γ c2
)δ]n−d

. (31)

Therefore,π∗(δ , γ|x) of δ andγ can be developed as

π∗(δ , γ|x) ∝ g1(δ |γ, x)g2(γ|x)h(δ , γ, |x),

whereg1(δ |γ, x) is a gamma density with shape parameter(d + a1) and scale parameter
(

b1−∑d
i=1 ln(1− e−γ x2

i )
)

, and

g2(γ|x) a proper density function is

g2(γ|x) =
γd+a2−1 e−γ[b2+∑d

i=1x2
i ]

[

b1−∑d
i=1 ln(1− e−γ x2

i )
]d+a1

e∑d
i=1 ln(1−e−γ x2

i )
.

Moreover,

h(δ , γ, |x) =
[

1−
(

1− e−γ c2
)δ ]n−d

.

In this case, we utilize Gibbs sampling procedure to draw MCMC samples with the help of importance sampling
technique as proposed by [20]. Sinceg2(γ|x) is not known, but its plot shows that it is similar to normal distribution. So,
we utilize the Metropolis-Hastings method to produce random numbers from these distributions. Moreover, since
g1(δ |γ, x) follows gamma, it is quite simple to produce random numbers from g1(δ |γ, x). Hence, the algorithm of Gibbs
sampling procedures for parameterδ with Metropolis-Hastings technique for parameterγ:
Algorithm 2:
(1): Start with an(δ (0),γ(0)).
(2): Sett = 1.
(3): Generateδ (t) from gamma distributiong1(δ |γ, x).
(4): Generateγ(t) from g2(γ|x) using Metropolis-Hastings algorithm with theN(γ(t−1),σ) proposal distribution.
(5): Calculateδ (t) andγ(t).
(6): Sett = t +1.
(7): Duplicate Step 3−6N times and obtain(δ1,γ1),(δ2,γ2), ...,(δN ,γN).
(8): In case of one-sample Bayesian prediction, we compute the lower and upper limits through solving non-linear
equations (32).

P[Xs:n > L|x] =
∑N

i=M+1 f ∗(L|δi, γi)h(δi, γi|x)

∑N
i=M+1 h(δi, γi|x)

= 1−
τ
2
, P[Xs:n >U |x] =

∑N
i=M+1 f ∗(U |δi, γi)h(δi, γi|x)

∑N
i=M+1 h(δi, γi|x)

=
τ
2
, (32)
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where,
Case I

f ∗1 (v|δ , γ) =
s−r−1

∑
i=0

n−s

∑
j=0

(−1)i+ j
(s−r−1

i

)(n−s

j

)

(n− r)!

(n− s)! (s− r−1)! (s− r− i+ j)

(

1−
(

1− e−γ v2
)δ (s−r−i+ j)

)

(

1− e−γ x2
r

)iδ

(

1−
(

1− e−γ x2
r

)δ
)n−r .

Case II

f ∗2 (v|δ , γ) =
s−1

∑
k=r

s−k−1

∑
i=0

n−s

∑
j=0

(−1)i+ j
(n

k

)(s−k−1

i

)(n−s

j

)

(n− k)!

(n− s)! (n− k−1)! (s− k− i+ j)

(

1−
(

1− e−γ v2
)δ (s−k−i+ j)

)

(

1− e−γ T 2
)δ (i+k)

∑s−1
j=r

(n

j

)(

1− e−γ T 2
)δ j

(

1−
(

1− e−γ T 2
)δ
)n− j .

(9): In case of two-sample Bayesian prediction, we get the lower and upper limits through solving non-linear equations
(33).

P[Ys:m > L|x] =
∑N

i=M+1 f ∗Ys:m
(L|δi, γi)h(δi, γi|x)

∑N
i=M+1 h(δi, γi|x)

= 1−
τ
2
, P[Ys:m >U |x] =

∑N
i=M+1 f ∗Ys:m

(U |δi, γi)h(δi, γi|x)

∑N
i=M+1 h(δi, γi|x)

=
τ
2
, (33)

where,

f ∗Ys:m
(v|δ ) =

m−s

∑
i=0

(−1)i
(m−s

i

)

m!

(s−1)! (m− s)! (s+ i)

(

1−
(

1− e−γ v2
)δ (s+i)

)

.

5 Numerical Results

The procedures developed in the previous sections can be explained through presenting a numerical study for EE(δ )
distribution whenδ is unknown and ER(δ , γ) distribution when both parametersδ andγ are unknown.

Example 5.1. To explain the prediction results of the EE(δ ) distribution, whenδ is unknown, we consider a real life
data given by Bjerkedal [21]. The Kolmogorov-Smirnov (K-S) distance between empirical and fitted distribution function
equals 0.224051 and corresponding p-value equals 0.00117451. We observed that EE(δ ) distribution represents a good fit
to these data, hence these data utilized to examine two different Type-II hybrid censoring schemes:
Scheme 1. Letr = 61 andT = 170, thenT > x61:72.

Scheme 2. Letr = 63 andT = 170, thenx63:72> T.
According to the two Schemes 1 and 2 , we utilize the findings introduced in Section 4 to construct 95% one-sample
Bayesian prediction intervals for future order statisticsXs:72, wheres = 64, ...,72. In addition, we compute 95% two-
sample Bayesian prediction intervals for future order statistics Ys:20, wheres = 1, ...,20, from a future sample of size
m = 20. Tables 1 and 2 reported the lower and upper 95% one-sampleBayesian prediction bounds forXs:72, where
s = 64, ...,72, for selectinga = 0, 0.3, 0.8 andb = 0, 2, 5. The lower and upper 95% two-sample Bayesian prediction
bounds forYs:m, wheres = 1, ...,20, for selectinga = 0, 0.5, 1 andb = 0, 0.7, 12 are presented in Tables 3 and 4.

Example 5.2. To explain the prediction results of the ER(δ , γ) distribution, when both parametersδ and γ are
unknown, let us consider the data given in Table 5. It indicates 39 liver cancers patients from El-Minia Cancer Center,
Ministry of Health-Egypt, in (1999). The K-S space between empirical and fitted distribution function equals 0.22785
and corresponding p-value equals 0.02917. It is obvious that ER(δ , γ) distribution provides a good fit to the data. For
computational ease, we have divided each data point by 100. We utilized these data to examine two different Type-II
hybrid censoring schemes:
Scheme 1. Letr = 28 andT = 70, thenT > x28:39.

Scheme 2: Letr = 30 andT = 70, thenx30:39> T.
We can use the results presented in Section 4 to compute 95% one-sample Bayesian prediction intervals for future order
statisticsXs:39, wheres = 31, ...,39. In addition, we compute 95% two-sample Bayesian prediction intervals for future
order statisticsYs:20, wheres = 1, ...,20, from a future sample of sizem = 20. Tables 6 and 7 reported the lower and
upper 95% one-sample Bayesian prediction bounds forXs:n, s = 31, ...,39, for selecting(a1, a2, b1, b2), (0.1, 2, 0.6, 3),
(0.2, 4, 0.8, 5). The lower and upper 95% two-sample Bayesian prediction bounds forYs:m, s = 1, ...,20, for selecting
(a1, a2, b1, b2), (0.1, 2, 0.6, 3), (0.2, 4, 0.8, 5), are presented in Tables 8 and 9.
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Table 1: 95% One-sample Bayesian prediction bounds ofXs:72, s = 64, ...,72 from the EE(δ ) distribution in Case I

r = 63 and T = 170
b = 0 b = 2 b = 5

a s LXs:n UXs:n Length LXs:n UXs:n Length LXs:n UXs:n Length
64 175.294 217.427 42.1332 175.292 217.258 41.9663 175.290216.983 41.6928
65 177.979 242.927 64.9479 177.961 242.642 64.6810 177.941242.307 64.3668
66 183.106 269.164 86.0584 183.059 268.783 85.7272 183.006268.405 85.3993
67 190.318 298.505 108.186 190.245 298.157 107.912 190.138297.641 107.503

0 68 199.724 333.316 133.592 199.610 332.916 133.307 199.456 332.380 132.924
69 211.825 377.247 165.449 211.658 376.818 165.160 211.437376.217 164.780
70 227.732 437.938 210.206 227.529 437.501 209.971 227.232436.844 209.612
71 250.026 535.539 285.927 249.729 535.421 285.682 249.358534.755 285.397
72 286.716 766.505 479.789 286.338 765.954 479.616 285.900765.320 479.419
64 175.294 217.490 42.1490 175.292 217.236 41.9442 175.290217.022 41.7319
65 177.977 242.898 64.9208 177.963 242.664 64.7014 177.941242.315 64.3734
66 183.109 269.191 86.0814 183.066 268.860 85.7939 183.006268.411 85.4045
67 190.322 298.523 108.201 190.260 298.231 107.971 190.146297.678 107.532

0.3 68 199.732 333.341 133.610 199.624 332.969 133.345 199.458 332.385 132.926
69 211.840 377.312 165.473 211.680 376.878 165.198 211.462376.285 164.823
70 227.749 437.975 210.226 227.541 437.521 209.980 227.258436.902 209.644
71 250.043 535.986 285.943 249.780 535.515 285.735 249.425534.878 285.453
72 286.693 766.468 479.774 286.383 766.020 479.637 285.904765.323 479.418
64 175.294 217.461 42.1673 175.292 217.293 42.0004 175.290217.046 41.7553
65 177.983 242.994 65.0117 177.966 242.712 64.7462 177.945242.375 64.4303
66 183.118 269.251 86.1335 183.071 268.903 85.8319 183.018268.497 85.4791
67 190.347 298.645 108.298 190.261 298.229 107.968 190.156297.728 107.571

0.8 68 199.760 333.447 133.687 199.644 333.042 133.397 199.467 332.415 132.948
69 211.888 377.444 165.556 211.707 376.955 165.248 211.490376.361 164.871
70 227.813 438.116 210.303 227.588 437.626 210.039 227.309437.014 209.705
71 250.073 536.034 285.961 249.814 535.573 285.759 249.442534.909 285.466
72 286.816 766.650 479.834 286.417 766.069 479.616 285.961765.407 479.445

6 Conclusions

1.The Bayesian prediction intervals for exponentiated family distributions utilizing Type-II hybrid censored is derived.
Two examples are given: EE(δ ) distribution whenδ is unknown and ER(δ , γ) distribution whenδ andγ are unknown.
The result obtained in Section 3 can be applied to EW, exponentiated Burr Type XII distributions ,...etc.

2.It can be seen from Tables 1-4 and 6-9, the corresponding width of the Bayesian prediction bounds increase as s
increases.

3.It has been noticed from Tables 1 and 2, in case of one-sample Bayesian prediction of the EE distribution, the lower
as well as the upper bounds are comparatively insensitive tothe specification of the hyper-parameters(a, b).

4.It is evident from Tables 6 and 7 that, in the case of the ER distribution, lower and upper bounds are sensitive to the
specification of the hyper-parameters(a1, a2, b1, b2).

5.It has been noticed from Tables 3, 4 and 8, 9, in case of two-sample Bayesian prediction, lower and upper bounds are
sensitive to the specification of the hyper-parameters(a, b) and(a1, a2, b1, b2).
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Table 2: 95% One-sample Bayesian prediction bounds ofXs:72, s = 64, ...,72 from the EE(δ ) distribution in Case II

r = 61 and T = 170
b = 0 b = 2 b = 5

a s LXs:n UXs:n Length LXs:n UXs:n Length LXs:n UXs:n Length
64 171.822 239.699 67.8770 171.730 239.204 67.4738 171.594238.423 66.3800
65 174.251 260.322 86.0713 174.013 259.799 85.7864 173.580258.704 85.1237
66 179.121 284.019 104.898 178.534 283.264 104.730 177.646282.048 104.402
67 186.635 311.375 124.741 185.927 310.675 124.748 184.659309.462 124.803

0 68 197.371 345.108 147.737 196.383 344.181 147.798 194.842 342.821 147.979
69 210.650 387.801 177.151 209.607 386.826 177.219 208.076385.511 177.436
70 227.740 447.356 219.616 226.824 446.480 219.656 225.152444.950 219.798
71 251.373 544.436 293.064 250.363 543.441 293.078 248.682541.824 293.141
72 289.456 773.871 484.406 288.315 772.714 484.399 286.645771.075 484.429
64 171.833 239.754 67.9202 171.740 239.258 67.5186 171.605238.502 66.8969
65 174.332 260.515 86.1832 174.003 259.751 85.7482 173.637258.870 85.2334
66 179.110 283.971 104.860 178.654 283.432 104.778 177.722282.155 104.433
67 186.890 311.641 124.751 186.049 310.820 124.771 184.824309.610 124.785

0.3 68 197.434 345.138 147.705 196.406 344.181 147.782 194.981 342.940 147.960
69 210.737 387.874 177.137 209.799 387.043 177.244 208.333385.581 177.477
70 227.838 447.438 219.600 227.029 446.669 219.671 225.222445.015 219.792
71 251.427 544.482 293.054 250.363 543.421 293.058 248.739541.853 293.114
72 289.509 773.906 484.397 288.480 772.875 484.395 286.865771.300 484.435
64 171.850 239.851 68.0013 171.759 239.369 67.6096 171.619238.559 66.9406
65 174.354 260.572 86.2180 174.062 259.882 85.8198 173.687258.985 85.2980
66 179.289 284.252 104.963 178.666 283.406 104.740 177.795282.245 104.450
67 187.020 311.766 124.747 186.189 310.952 124.762 184.962309.769 124.807

0.8 68 197.488 345.153 147.665 196.550 344.299 147.750 195.109 343.024 147.914
69 210.998 388.158 177.160 209.895 387.089 177.194 208.398385.750 177.352
70 228.080 447.667 219.588 226.944 446.569 219.626 225.524445.272 219.748
71 251.673 544.718 293.045 250.595 543.641 293.047 249.053542.180 293.127
72 289.679 774.076 484.397 288.756 773.165 484.409 286.992771.415 484.423

Table 3: 95% Two-sample Bayesian prediction bounds ofYs:20, s = 1, ...,20 from the EE(δ ) distribution in Case I

r = 63 and T = 170
(a, b) (0, 0) (0.5, 7) (1, 12)

s LXs:n UXs:n Length LXs:n UXs:n Length LXs:n UXs:n Length
1 0.77184 35.6488 34.87696 0.40186 29.4732 29.07134 0.25869 25.95170 25.69301
2 4.00928 49.6047 45.59550 2.62063 42.4926 39.87200 1.91901 38.05560 36.13660
3 8.22637 61.9211 53.69470 5.82628 54.1920 48.36572 4.62178 49.30370 44.68190
4 12.8310 73.4937 60.66260 9.60859 64.8404 55.23180 7.86430 60.14170 52.27740
5 17.9060 85.4790 67.5731 13.7772 76.0993 62.32210 11.563470.33450 58.77110
6 23.1986 96.643 73.3443 18.3635 86.9843 68.6207 15.8072 81.4048 65.59760
7 28.8399 108.41 79.5704 23.4637 98.7961 75.3324 20.3948 92.6852 72.2905
8 34.7793 120.739 85.9599 28.8559 110.815 81.9595 25.4182 104.48 79.0617
9 41.2957 134.772 93.4762 34.6987 123.6 88.9013 30.9407 117.515 86.5743
10 48.3102 148.631 100.321 41.2532 138.072 96.8184 37.0407131.152 94.1113
11 55.8574 164.402 108.544 48.1071 152.759 104.652 43.695 146.258 102.563
12 63.8974 181.541 117.644 55.866 169.754 113.888 50.9563 162.856 111.900
13 72.8263 200.118 127.291 64.198 188.527 124.329 59.4634 182.249 122.786
14 83.1246 223.13 140.006 74.0783 211.36 137.282 68.3716 203.133 134.762
15 94.3641 248.855 154.491 84.8968 236.983 152.086 79.4482229.914 150.466
16 107.608 281.276 173.668 97.5308 268.802 171.271 91.6628261.389 169.727
17 123.103 322.656 199.552 112.826 310.095 197.269 106.591302.773 196.182
18 142.057 380.241 238.183 131.466 368.047 236.581 125.284360.667 235.383
19 167.869 475.391 307.523 157.303 463.844 306.541 150.458455.956 305.499
20 209.040 703.247 494.207 197.699 691.155 493.456 190.393683.108 492.715
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Table 4: 95% Two-sample Bayesian prediction bounds ofYs:20, s = 1, ...,20 from the EE(δ ) distribution in Case II

r = 63 and T = 170
(a, b) (0, 0) (0.5, 7) (1, 12)

s LXs:n UXs:n Length LXs:n UXs:n Length LXs:n UXs:n Length
1 0.79302 36.1067 35.31368 0.41251 29.9685 29.55599 0.26204 26.0077 25.74566
2 4.06531 50.6138 46.5485 2.65352 42.8279 40.1743 1.99429 38.8312 36.8369
3 8.26958 62.6093 54.3397 5.8488 53.8481 47.9993 4.61594 49.3700 44.7541
4 12.9341 73.6194 60.6852 9.66476 65.3284 55.6636 7.90223 59.9383 52.0361
5 17.9301 84.9416 67.0115 13.9061 77.5204 63.6143 11.6758 70.4746 58.7987
6 23.3825 97.1678 73.7853 18.5767 87.8353 69.2586 15.7969 81.2815 65.4846
7 28.9834 109.167 80.1836 23.5009 98.7146 75.2137 20.5653 93.2842 72.7190
8 34.9808 121.217 86.2358 28.9232 110.719 81.7958 25.6477 105.264 79.6160
9 41.3681 134.687 93.3193 34.9921 125.226 90.2335 30.9139 117.481 86.5673
10 48.3028 148.410 100.107 41.3257 138.196 96.8700 37.1095131.280 94.1710
11 56.1538 165.025 108.871 48.2805 153.318 105.038 43.9472146.912 102.965
12 63.9793 181.162 117.183 55.9008 169.786 113.885 51.2371163.343 112.106
13 73.1566 200.494 127.338 64.4612 188.991 124.530 59.5119182.224 122.712
14 82.8610 221.955 139.094 74.3209 211.340 137.019 68.7415203.489 134.747
15 94.4406 248.649 154.208 85.2162 237.510 152.294 79.6852230.185 150.499
16 107.769 281.576 173.807 97.9615 269.496 171.535 92.0608262.018 169.958
17 123.256 322.574 199.318 112.564 309.528 196.964 106.865302.930 196.065
18 142.505 380.874 238.369 132.081 368.797 236.715 125.403360.828 235.425
19 168.355 475.975 307.521 157.557 463.965 306.408 150.614456.300 305.686
20 209.314 703.557 494.242 197.698 690.976 493.278 190.423683.138 492.716

Table 5: Survival times (in days) of liver cancers patients

10 14 14 14 14 14 15 17 18 20
20 20 20 20 23 23 24 26 30 30
31 40 49 51 52 60 61 67 71 74
75 87 96 105 107 107 107 116 150

Table 6: 95% One-sample Bayesian prediction bounds ofXs:39, s = 31, ...,39 from the ER(δ , γ) distribution in Case I

r = 30 and T = 70
(a1, b1, a2, b2) (0.1, 2, 0.6, 3) (0.2, 4, 0.8, 5)

s LXs:n UXs:n Length LXs:n UXs:n Length
31 74.1210 92.5085 18.3875 74.1465 96.1958 22.0493
32 75.2330 104.018 28.7845 75.4720 110.039 34.5675
33 77.1971 112.760 35.5625 77.9325 123.072 45.1396
34 79.8629 121.843 41.9800 81.3086 139.817 58.5087
35 83.4422 138.492 55.0499 85.5040 156.531 71.0272
36 88.0565 160.877 72.8209 90.9748 178.430 87.4554
37 93.1241 174.234 81.1095 97.5746 221.112 123.538
38 99.6728 193.681 94.0086 105.602 235.431 129.829
39 110.724 257.776 147.052 119.808 295.055 175.247
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Table 7: 95% One-sample Bayesian prediction bounds ofXs:39, s = 31, ...,39 from the ER(δ , γ) distribution in Case II

r = 28 and T = 70
(a1, b1, a2, b2) (0.1, 2, 0.6, 3) (0.2, 4, 0.8, 5)

s LXs:n UXs:n Length LXs:n UXs:n Length
31 70.4928 101.289 30.7962 70.7403 111.693 40.0953
32 71.0461 115.039 43.9925 71.6041 128.043 56.4386
33 71.9192 122.031 50.1119 72.6661 129.739 57.0729
34 73.1369 135.254 62.1175 75.9007 147.449 58.5087
35 76.2165 146.430 70.1239 79.7631 166.265 86.5019
36 80.9166 169.194 88.2770 86.8236 196.417 109.593
37 90.9685 206.007 115.039 94.2483 243.716 149.468
38 97.5879 211.852 114.264 103.448 249.167 145.718
39 108.174 261.025 152.850 117.471 298.560 181.089

Table 8: 95% One-sample Bayesian prediction bounds ofYs:20, s = 1, ...,20 from the ER(δ , γ) distribution in Case I

r = 30 and T = 70
(a1, b1, a2, b2) (0.1, 2, 0.6, 3) (0.2, 4, 0.8, 5)

s LXs:n UXs:n Length LXs:n UXs:n Length
1 0.03824 16.8492 16.8110 0.01602 14.6455 14.6295
2 0.52757 24.3935 23.8659 0.30029 22.5789 22.2786
3 1.45372 18.5058 17.0521 1.11478 29.5454 28.4306
4 2.67354 28.8629 26.1893 2.42722 37.2318 34.8046
5 5.15485 41.7161 36.5613 3.92650 44.0185 40.0920
6 7.66935 46.5578 38.8884 6.19380 49.3211 43.1273
7 10.6157 56.0661 45.4504 9.13160 64.2265 55.0949
8 12.9124 65.3622 52.4497 12.0233 72.1548 60.1315
9 16.5328 69.4780 52.9452 15.3964 71.0766 55.6802
10 20.5064 76.5500 56.0436 19.3209 81.3380 62.0171
11 24.5619 81.3755 56.8137 24.0498 92.0755 68.0257
12 28.7324 93.5942 64.8618 28.2890 98.5833 70.2943
13 33.3905 98.9126 65.5221 33.8132 112.162 78.3491
14 37.5301 101.216 63.6862 39.4961 121.781 82.2852
15 44.0727 119.586 75.5130 45.5419 131.563 86.0209
16 50.9219 131.271 80.3488 52.5118 149.640 97.1278
17 56.0859 142.284 86.1981 60.9624 185.198 124.235
18 65.4389 166.910 101.471 69.3278 184.977 151.649
19 73.8568 200.507 126.651 81.3575 225.582 144.224
20 89.4045 233.445 144.041 97.8258 288.318 190.492
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Table 9: 95% One-sample Bayesian prediction bounds ofYs:20, s = 1, ...,20 from the ER(δ , γ) distribution in Case II

r = 28 and T = 70
(a1, b1, a2, b2) (0.1, 2, 0.6, 3) (0.2, 4, 0.8, 5)

s LXs:n UXs:n Length LXs:n UXs:n Length
1 0.03447 15.7089 15.6744 0.01302 13.7507 13.7377
2 0.51945 23.1007 22.5812 0.24221 21.9969 21.7546
3 1.39082 32.6462 31.2554 1.00724 29.4567 28.4495
4 3.17143 36.1015 32.9301 2.25483 38.4734 36.2186
5 5.40420 46.2500 40.8458 3.87887 44.3140 40.4351
6 7.10627 48.0975 40.9912 5.83209 49.7065 43.8744
7 10.0213 56.8367 46.8154 8.64751 57.9587 55.0949
8 13.3055 63.3451 50.0396 11.9291 68.1493 56.2202
9 17.3587 69.6019 52.2432 15.1386 76.2789 61.1402
10 19.1977 74.0190 54.8213 19.6895 85.4603 65.7708
11 24.0745 83.9021 59.8275 23.4840 89.0166 65.5326
12 29.1537 93.6459 64.4923 28.9306 112.451 83.5203
13 33.2964 98.3151 65.0187 34.4942 120.436 85.9414
14 39.4523 108.258 68.8060 40.3178 129.787 89.4690
15 44.2093 118.523 74.3137 47.4760 153.077 105.601
16 51.5572 145.788 94.2304 54.7259 160.069 105.343
17 58.2895 148.468 90.1782 62.6288 179.496 116.868
18 68.8551 179.557 110.702 71.5247 200.879 129.354
19 77.4139 212.603 135.189 84.8466 239.624 154.778
20 91.4764 246.546 155.070 101.177 296.807 195.630
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