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1 Introduction and Preliminaries We now recall some previously known concepts. 14t
be a topological vector space. Lgt ¢ 2"\ {0} be a set

In recent years, the classical concept of convexity hasatistying the following conditions. Fory € 7, let
been extended in different dimensions, s&&,3,4,5,6, [v,x] be a path joining/ andx contained in#" and the
7,8,11,12,13,14,15,17,20,21,22). Iscan P] introduced ~MaP¥y;: [0, 1] — 11y, be continuous. The se¢” has the
the notion of harmonic convex set and harmonic convexinvariant harmonic convex combination property in a
functions. These new classes inspired many researchefdven directionv e J#, if the following conditions are
and as result several new generalizations of harmonigtisfied:

convexity came into the literature, for example seg[ (PLy+tveKforalit€[0,1],ve 2" andy € 7.

An interesting aspect of theory of convexity is its close (p2)y t tv={ ¥ !ftfoi andy +tv="Y if t = 1.
relationship with theory of inequalities. Numerous x, ift=1. 2 2
inequalities have been obtained via convex functions andP3) For any z € I[yx C %, we have
via its variant forms, seef]. Recently Mishra et al.11] z=y+tv=x+(1-t)v.

introduces the class of invariant harmonic convex set andP4) y3; € [y, X forall x.y € %",

invariant harmonic convex functions. They also derived

new Hermite-Hadamard type inequalities via this new  Harmonic convex sets and harmonic convex functions
class of harmonic convex functions. Inspired by this, weare defined as:

in this paper introduce a new }Jnifying class of .invar.iant Definition 1([20)). A set ¢ C R\ {0} is said to be
harmonic convex function which is called as invariant harmonic convex. if

harmonicallyh-convex functions. As special case we also '
introduce other classes of invariant harmonic convex Xy
function. We also derive some new integral inequalities of tx—+(1-t)y
Hermite-Hadamard type associated with invariant

harmonically h-convex functions. This is the main Definition 2([9]). Let . be a harmonic convex set. A
motivation of writing this paper. function f : # — R is said to be harmonic convex

e Wxyex,tel01].
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function, if

Xy
X,y € #,t €[0,1].

Iscan PB] proved following Hermite-Hadamard type

inequality for harmonically convex functions.

Theorem1Let f : 2 — R be harmonically convex
functionanda,b € 7 witha < b. If f € L[a,b], then

f<2ab>< ab /bf(x)dng(a)jtf(b).

a+b) “b—a) x2 2

a

Definition 3([11]). A set # C R\ {0} is said to be
invariant harmonic convex set in the direction
v € R\ {0}, if 2 has the invariant harmonic
combination properties (P1) to (P4).

Definition 4([11]). A function f : 2 — R is said to be
invariant harmonically convex function, if

f (yf’tv> <(1-0F(X£tf(y), Wxye#.teo1].

Mishra et al. 1] proved following Hermite-Hadamard
type of inequality via invariant harmonically convex

function.

Theorem 2([11]). For ve R, let ¥ = 2%, C R\ {0} bea

invariant harmonically convex set. For a,b € 27 with

a< b, let there exist vectorsv,w € R\ {0} withv+w =0,

such that . _

atty— a, ift=0; b, ift=0;
b,ift=1, a ift=1

Suppose f : # — R is invariant harmonically convex

function with respect to the direction v € R. If

f € ZJa b, then

and b+tw=

b
f<2ab> <a_b/f(x)dxS f(a) + f(b)

at+b/) v X2 2
a

For the existence of Theorefauthors [L1] have derived
following auxiliary result.

Lemma 1([11]). For ve R, let # = 2%, C R\ {0} bea
invariant harmonically convex set. Let f : 2 — R bean
invariant harmonically convex function with respect to the
direction v e R\ {0}, then for all x,y € .#/, the following
inequality holds:

f<xzi<yy) BCE0)

The following auxiliary result11] plays an important role
in the development of some of our man results.

Lemma 2([11]). Let For ve R, let 7 = 2%, C R\ {0}
be a invariant harmonically convex set. For a,b € # with
a< b, let there exist vectorsv € R\ {0}, such that

g’ :;E? Suppose f : # — Risdifferentiable
function on K° with respect to the direction v e R\ {0}. If
f’ € Za,b], then

a+tv=

1
:ﬂ// 1-2 £/ ab dt
2 ) (a+tv)2" \a+tv

2 Some new classes

In this section, we define new class of invariant
harmonicallyh-convex functions. We also discuss some
special cases.

Definition 5. Leth: # = (0,1) C R — R a non-negative
function. A function f : 2 — R is said to be invariant
harmonically h-convex function, if

Xy
f (W) <h@-t)f(x)+h{t)f(y),
X,y € 2t €[0,1].

[. Under the assumptions of Definitid) if h(t) =t in
Definition 5, then the class of invariant harmonically
h-convex functions reduces to the class of of invariant
harmonically convex functions introduced and studied by
Mishra et al. L1].

[I. Under the assumptions of Definitidn if h(t) =t°in
Definition 5, then the class of invariant harmonically
h-convex functions reduces to a new class of Breckner
type of invariant harmonicallg-convex function.

Xy S S
() < @0+t

X,y e #,t €]0,1],s€ (0,1].
[ll. Under the assumptions of Definitid if h(t) =t~
in Definition 5, then the class of invariant harmonically
h-convex functions reduces to a new class of Godunova-
Levin-Dragomir type of invariant harmonicalltconvex
function.

f (yfw> < (1-1)SF(x) + 5K (y),

wx,y e #,t€(0,1),s€[0,1].

IV. Under the assumptions of Definitic if h(t) =t=*

in Definition 5, then the class of invariant harmonically
h-convex functions reduces to a new class of Godunova-
Levin type of invariant harmonically function.

P2 )<Ly
y+tv 1-t

1
(X) + ff(y), vx,y e %t e (0,1).
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V. Under the assumptions of Definitid® if h(t) =1in  Theorem 3. For ve R, let # = 2%, C R\ {0} be a
Definition 5, then the class of invariant harmonically invariant harmonically convex set. For a,b € JZ with
h-convex functions reduces to a new class of invarianta < b, let there exist vectorsv,w € R\ {0} with v+w =0,
harmonicallyP function. such that

b,ift=1, a ift=1

f( th ) f(x)+f(y), Wxye. te[01]. a+ttv=
y+tv Suppose f : 7 — R is invariant harmonically h-convex
It is evident from the above discussed special cases thatinction with respect to the direction v e R. If f € .Z[a,b]

a, ift=0; and bt tw— b, ift=0;

the class of invariant harmonicallyconvex functions is

quite unifying one. We now define the class of invariant

harmonically log-convex function.

Definition 6. A function f : 7 c Ry \ {0} — Ry issaid
to be invariant harmonically log-convex function, if

Xy 1ty gt
< .
f (y+tv) <Py, Yxye £ te[0,1]

Taking log on both sides of above inequality, we have

log f <%’> < (1-t)logf(x)+tlogf(y).

The class of invariant harmonically quasi convex functions

can be defined as:

Definition 7. Afunction f : 2 — R issaid to beinvariant
harmonically quasi convex function, if

f (y%v) <max{f(x),f(y)}, W¥xye.#.teo1].

3 Main Results

In this section, we prove our main results.

Definition 8. Two functions f and g are said to be
similarly ordered, if

(F() = f(y)(g09) —

Proposition 1.Let f and g be two invariant harmonically
h-convex functions. If f and g are similarly ordered
functions and h(t) +h(1—t) < 1, then the product fg is
also harmonically convex function.

g(y)) >0, VxyeR.

Proof. Let f and g be invariant harmonically convex
functions. Then

ab ab

f (m) 9 <m>

< [h(1— f(b
=[h(1-1)?
+h(t)h(1—t)
< [h(1—1))f
+h(t)h(1 1) (b)g(b)] + [h(t)]?f (b)g(b)
= [h(1-t)f(a)g(a) + h(t) f (b)g(b)][n(t) + h(1-1)]

<h(1-1)f(a)g(@) +h(t) f(b)g(b). (1)

This shows that the product of two invariant harmonically
invariant harmonically f(

h-convex functions is again
h-convex function. O

and h(3) # 0, then

1 ; ( 2ab)
2h(3) \a+b

Proof. Since f is harmonically h-convex function, so
utilizing Lemmal, we have

(%) <hE)re0+ 1)

Letx = ;& andy = ;2 then, we have

a+tw
2xy 2ab 2ab
= = 5 = —V.
X+y a+b+tiv+w) a+b
This implies
2ab 1 ab ab
" ) <n(= .
f (a+ b) - h(z) [f <b+tv> o (a+tw>}

Integrating both sides of above inequality with respedt to
on [0,1], we have

()

e {Zf(%)mojf(%)m].

Using the change of variable technique, we have
1 2ab b ;i
—1f( a ><a/ d——/
h(i) a+b
This implies
11 f(Zab)<ab/ ()dx.
2h(3) \a+b ] X2

Also, sincef is invariant harmonically-convex function,
then

(2)

ab
b-+tv

) < h(1—t)f(a)+h(t)f(b).
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Integrating both sides of above inequality with respec¢t to Proof. Let f,g be two invariant harmonically-convex

on [0 1], we have functions, then we have
b
b / ()dx< a)+f(b /h 3) ab/(w)dx

a

Combining inequalities2) and @) completes the proof.
O

a

i b

[1(555)s(55w)
. ) b+tv b+tv
We now discuss some special cases of The@em 0
I. Under the assumptions of Theorednif h(t) =t, then
we have Theorem 3.3_[]. . < /(h(l_t)f( a) +h(t)f (b))
II. Under the assumptions of Theor@pif h(t) =t5, then
we have Hermite-Hadamard type of inequality associated

with Breckner type of invariant harmonicalls-convex * (h(1-t)g(a) +h(t)w(b))dt
functions. 1 , 1
b M ,b/ht dt N,b/hthl—tdt.
2y b 0. f@+ ) (a.b) [ (h(t)’dt+ N(a.b) [ ht)h(1 1)
25 | —— g—/ dx < . 0 0
a+b X2 s+1

This completes the proof.O
1. Under the assumptions of Theorenif h(t) =1t~
then we have Hermite-Hadamard type of inequality Theorem 5.Under the assumptionsof Theorem4, if f and
associated with Godunova-Levin-Dragomir type of garesimilarly ordered functions, then, we have
invariant harmonicallyg-convex functions.

1 (@) Savb/bf(x)dx< f(a) + () bﬂj(”ﬁ?(x))dxs M(a,b>o/1h<t>dt

25t \a+b X2 = 1-s

IV. Under the assumptions of Theor@yif h(t) = 1, then ~ WhereM(a, b) isgiven by (4).
we have Hermite-Hadamard type of inequality associated
with invariant harmomcaIND -functions. Proof. The proof is obvious. O

2 Now using Lemma, we prove our next results.
(aibb> ab/ 09 < t(a) 1 ()

2 Theorem 6. Under the assumptions of Lemma 2, if | /|9,

We now derive Hermite-Hadamard type inequality via q = Lisinvariant harmonically h-convex function, then

product of two invariant harmonucally convex functions.

Theorem4. For ve R, let 7 = % Cc R\ {0} be a
invariant harmonically convex set. For a,b € J# with

b

f(a)+f(b) ab [ f(x)
B — _VZYdX

a< b, let there exist vectorsv,w € R\ {0} withv+w =0, aby 1.1 ) ) 1
such that < = 9 (| (@)| 9+ o' (b))
a, ift=0; | b, ift=0;
AFWV=1 ) jfr=g, 3D DHW=1 2 it=1, where
Suppose f.g : # — R is invariant harmonically v
h-convex function with respect to the direction v e R. If 91 = {2 1(2, 2'3'__)
fge Za b, then v
—2 A2 L2-2) 4253 )],  ©
b 2a
(100900,
b—a X2
a 1-—2t|h(t
) ) - / L2 g @
(a+tv)?
M(a,b)/hz(t)dt+N(a, b)/h(t)h(l—t)dt,
0 0 and
where
. |1—2t/h(1
M(a,b) = f(a)g(a) + f(b)g(b), @ A= / L2021y (®)
(a+tv)2
and
N(a,b) = f(a)g(b) + f(b)g(a). (5)  respectively.
(@© 2017 NSP
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Proof. Using Lemma2, power mean inequality and the fact where .73 is given by (6), and
that|f'|% is invariant harmonicallj-convex function, we 1
have |[1—2tts
b P = (a+tv)?
f(a)+f(b)_a_b/fx)dx 0
2 Vv X2 L[ 2
a — —
. =a [s 22</1(2 S+2:5+3; a)
abv 1 1-2t _,/ ab
- 7/(a+tv)2]c artv) & =L (2 s+1-s+2-_Y)
5 12714 ; 3
bv | 1-2t b 1 v
abv - al . )
<= ' ‘o5 271(2,5+ 1is+3—2) |, (9)
=2 / (a+1tv)? f (a+tv> a 25(s+1)(s+2) ( 23)
0
1 1-3 1
abv [1—2t| [1-2t|(1—1)8
<= By = | ————+dt
-2 (O/ (a+tv)2dt> z (a+tv)?
1 8 2 \
— q —a | ————,71(2,2;5+3,——
| ez | D Mo s 2
) (a+tv)2 a+tv 1
%
———271(2,1;5+2;——
1 1-3 s+12f1(’ St a)
<abv (/ [1—2t| dt) 1 v
=2 a-+tv)? . 3L
/ (a+tv) +22=/1(2,1,3, Za)l’ (10)
1
X(/ |1— 2t respectively.
2
0 (a+tv) If h(t) =t~%in TheoremB, we have result for Godunova-

x [h()] (@) +h(1-1)[f'(b)|%] dt) q

abv
= d
2

1
q

(ﬂzl f'(a)|9+ 2| ' (b)[4)
This completes the proof.O

We now discuss some special cases of Thed@em
Corollary 1. Under the assumptions of Theorem 6, if q =

Levin-Dragomir type of invariant harmonicalltconvex
functions.

Corollary 3. Under the assumptions of Lemma 2, if | /|9,
g > 1 is Godunova-Levin-Dragomir type of invariant
harmonically s-convex function, then

_/
\4
a

SJJ

abv -1 1

1, then, we have b < - A a (%1|f/(a)|q—l—%2|f/(b)|q) a

f(@)+f(b) a_b/ f(z)dx where o7 is given by (6), and

2 Y J X 1
abv / [1—2t|t~ S

< = (I f'(@)]+ T (b)), ) (attv)?

where a5, of3 are given by (7) and (8) respectively. 2 v
-2 ) )

If h(t) =tSin Theorens, we have result for Breckner type =a [2—_5291(27 2-853-5 _5)
of invariant harmonicallg-convex functions. 1
Corollary 2. Under the assumptions of Lemma 2, if | |9, ———271(2,1-s2-5 —Y)
g > 1is Breckner type of invariant harmonically s-convex 1- a
function, th s

unction, then +272<%(2,1—s;3—s;—1) . (11)

fla)tf(b) ab bf x (1-s)(2—9) 2a
7/ e &
a 1 —-s
by 11 ) & = [1-2A-V7y
< 7&? (At ()]0 72| (D)) 8, (a+tv)?
(@© 2017 NSP
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2 z a )\
—a? 9 )291(2,2,3 S,——) X (/ (a—i—];V)Zq f/ (aibtv> dt)
0
—1%523“1(2,1 2-5-) _ ab(b—a) (Lf
+%2J1(z,1 3 z"a)l, (12) 12 ) Prt
respectively. ) (0/ (a+tv)&

If h(t) =1 in Theorem6, we have result for invariant
harmonicallyP-functions.

Corollary 4. Under the assumptions of Lemma 2, if | /|9,
g > 1lisinvariant harmonically P-function, then

(@) + f(b) aVa/—)

abv

1
q

o ([T (@) +]f'(b)[%) 9,
where o#; is given by (6).

Theorem 7.Under the assumptions of Lemma 2, if | /|9,
%Jr% =1, p,g> 1, isinvariant harmonically h-convex.
Then, we have

f(a)+f(b) ab/ 100,

2 v X2
1
ab(b—a) 1 \7? , 1
< =\ = q ! a) q
< 2O (L) (it @+ el o)

where
1
- h(t)
oy = 0/ g (13)
and
1
[ h1-1)
_ 0/ At (14)

respectively.

Proof. Using Lemma2, Holder’s inequality and the fact
that|f'|9 is invariant harmonicallj-convex function, we
have

f(a);f(b) avb/ 160 4
1
o/ a+tv (aibtv) dt

x {h(t)|f'(@)[9+h(1-

f/ b)|q}dt>a
ab(b—

_ Ta) (ﬁl) " (ol T/ (@)[0+ 5] (0)])

This completes the proof.O

1
q

If h(t) =t%in Theoren7, we have result for Breckner type
of invariant harmonicallys-convex functions.

Corollary 5. Under the assumptions of Lemma 2, if | /|9,
g > 1isBreckner type of invariant harmonically s-convex
function, then

f(a) + f(b) _a_b/bmdx

2 v X2
a

abv( 1
S -

1
P 1
11) @@z e,

tS
.@1 :O/i(a—f—tv)qut

a 29,F[2g,1+8,2+s —Y

— a.
n 1+s ’ (15)
and
[ (a-v
Py 20/7(a+tv>2th
~20,F,[20,1,2+5s,— ¥
a “%F[29,1,2+s, a]’ (16)

1+s
respectively.

If h(t) =t~%in Theorem?7, we have result for Godunova-
Levin type of invariant harmonicallg-convex functions.

Corollary 6. Under the assumptions of Lemma 2, if | f'|9,
g > 1 is Godunova-Levin type of invariant harmonically
s-convex function, then

f(a)+ f(b) _a_b/bmdx

2 v X2
a

abv( 1
S -

1
P 1
% (511) @r@e o,

(@© 2017 NSP
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where

tfs
73 _()/(ajttv)ZqOlt
a_quFl[qu 1- S, 2— S, — \Zﬂ

= T s ; 17)
and
-y
7u = 0/ ATt
a %,F[2q,1,2—s,— Y]
= 1 s ; (18)
respectively.

If h(t) =1 in Theorem7, we have result for invariant

harmonicallyP-functions.

Corollary 7. Under the assumptions of Lemma 2, if | f'|9,
g > lisinvariant harmonically P-function, then

b
f(a)+f(b) ab [ f(x)
T e

a

1
abv /1 \P 1 1
<V ()94 /() (D) d
< (531) A r@nromd,
where
/ 1
7 :O/(a+tv)2q
—a %, 720,12, (19)

Now we derive results for harmonically log-convex

functions.

Theorem 8. For v € R, let .# = 2%, C R\ {0} be a
invariant harmonically convex set. For a,b € .7 with
a< b, let there exist vectorsv,w € R\ {0} withv+w =0,
such that

a, ift=0; [ b, ift=0;
AHW=1 pif=1, A PHW=1 g =1
Suppose f @ # — Ry is invariant harmonically

log-convex function with respect to the direction v € R. If
f € Z[a,b], then

'(&3)
<exp [avba/blog (%) dx] <

Proof. Let f be harmonically log-convex function. Foe
1, we have

2xy
¢ (m) <[(FO) (T2

(f(@f(b).  (20)

NI

This implies that

(2 <[ H G

Taking log on both sides, we get

log f ( 2ab>

a+b

< 1 [Iogf (a—b>+logf < ab )]
2 b+tv a+tw

Integrating above inequality with respecttton [0, 1], we
have

'ng<azibb>
<3| ot (525 e ot (s2)e]

This implies that

logf <%)) < avb/blog (%) dx. (22)
Also a
f ( ab ) < 1 t(a)f(b).

b+tv
This implies that

log f (%) <(1-t)logf(a)+tlogf(b).

Integrating above inequality with respecttton [0, 1], we
have

b
ab f log f logf(b
D fiog (1) < oofla) 1 loal D

= log(f(a)f(b))2. (22)
Combining 1) and @2), we have

(28] <2 o ()

<log(f(a)f(h))?. (23)
Taking antilog on both sides o28), we have

(&)
<exp[a7b/blog (%) dx] <+/(f(a)f(b)).

This completes the proof.O
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