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Abstract: In paper the evolution of N identical in mass and charge @agiinteracting wia generalized Yukawa potential is
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1 Introduction differential equations of density matrices of particléstt
depends on interaction type of interaction potential

In connection with development of quantum information Petween particles. One of universal potential, used in
and quantum calculations, interest on research of0lid state physics, physics of plasma, atomic physics and
correlation matrices and its properties has risgH g]. chemistry is potential that can be determined from

For detailed research of its properties, it is necessanp€neralized Yukawa potentiaf]l Namely, this is Debye -
to determine their explicit form at first. And for this, it is uckel potenulal 8], screened Coulomb potentiaf][
needed to solve equation, describing behavior of quantunytkawa potential 10].
system of many interaction particles both in equilibrium __ TN€ present paper solves the Cauchy problem for the
and in non- equilibrium states. The fact that real physicalBBGKY chain for quantum kinetic equations, describing
quantum systems of interactive particles are in movedynamics of the quantum system of particles interacting
attracts interest on determining quantum correlationVith €ach other by the generalized Yukawa potential. A
matrices, solving kinetic equations  describing Chaln of_ quantum kinetic equations for correlgnon
investigated system. As it is known from quantum matrices is dlefmed on t.he basis of thg BBGKY chaln for
physics, dynamics of such system is described b ensity matrices. Solut|op of the ghaln of equations for
equation of Liouville B]. Unfortunately, solution of correlation matrices using solutions _of _the CaL_Jchy
equation of Liouville does not give information about real Problem for ‘the chain of quantum kinetic equations
physical process, which is described in Boltzman andBBCGKY for density matricesT1].

Vlasov equations. The most reasonable tool connection

Liouville’s equation with Boltzman and Vlasov equations

is chain of kinetic equations of 2 Formulation of the Problem
Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKYY].

Quantum analogue of classical BBGKY, describing we consider the hierarchy BBGKY of quantum kinetic
dynamics of quantum system of particles is chain ofequations, which describes the evolution of a system of
guantum Kkinetic equations of BBGKY5], [6]. It is identical particles with massn and chargeq = 1
complicated system of interconnected integral -interacting via generalized Yukawa potential7] [
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N 0
@(r) = 3k or** [ e Hdw(u), which depends on the o =73 rk‘1/ e M dwi (i)
distance between particles k=0 Ho
r=x—x| = (04 —x)%+0¢ —x)2+ (% - X?)Z)l/z andu’ (x) is an external field which keeps the system in the
and wherego > O,N - integer ando, ..., Wy - real (ot regionA (1" (x) = 0 if x € A andu (x) = 4o if X ¢ A).
necessarily positive) measures with finite total variation Hereaq j(|x — X;j|) is symmetric.
These potentials are "superpositions” core Yukawa '
potentialr e H" [10]. We assume that the charge is a

real constant. In the present paper, the Cauchy problem i :
formulated for a quantum system of a finite numberg Solution of the Cauchy Problem for the

particles contained in the finite region (vessel) with BBGKY Hierarchy of Quantum Kinetic

volumeV = |A| [4],[5],[6]: Equationswith generalized Yukawa potential
19PS (X, XX, ) H2 0 (X0 X6 X s X To obtain the solution of the Cauchy problem defined by
ot (1) and (2) we use a semigroup methdd][ [13], [14],
N/ s [15], [19], [20], [21].
Y (1_ N)Trxw l<|<s(‘“,3+l(\xi —Xsy1])— Let L5(A) be the Hilbert space of functions
Ao P (X,..., %), X € R¥(A), and B be the Banach
Asra(]X —Xsr1]))P8: 1 (6, X0 o X, Xt 1K, -5 X6 Xs 1), space of positive-definite, self adjoint nuclear operators

o () P, %%, %) ONLS(A)
with the initial condition

pé\ (t7X17 ---aXS;X/lv "'7X’,5)|t=0 = pé\ (07X17 "-7XS;X/17 vX’S) (pé\ Lpé\)(xj-’ .“7XS) - //\ pé\ (Xl’ "'7X3;lev “.’XIS)X
)
In the problem given by equation (1) and (2) the vector X‘I—’é\ (X, ..., x5)dX]...dXs,

represented by; gives the position ofth particle in the ,
3-dimensional Euclidean spacB®, x = (x},x2,x3),  Withnorm
i=12,...s5 andx',a = 1,2,3 are coordinates of a A A s s
vectorx;. The length of the vectox is denoted by lps |1 = SUD1<I<M|(,DS wer)l,
1
%] = ()2 + ()2 + ()?)2. where the upper bound is taken over all orthonormalied
systems of finite, twice differentiable functions with
compact supporty®} and{¢?} in L3(A), s> 1.
1 /\ .
The reduced statistical operator af particles is We'll suppose that the operatgog andHg' actin the

s ) =
PL (X4, .., Xs; Xy, .., X5) related to the positive symmetric spacd_z(//\\) with zero boundary conditions.
density matrixD of N particles by §],[6] Let B" be the Banach space of sequences of nuclear

operators

In (1) h =1 is the Planck constant arid denotes the
Poisson bracket.

pé\ (Xla '7XS;X€|_7 7X/S) =

S Al .
V Trxﬂl,.,xN DN (Xla '7XS7XS+17 '7XN1X/]_7 '7X,57XS+17 '7XN)7

" = {8, P (X1; X)), ooy PL (X1 ooy X Xy ooy X))

wheres € N, N is the number of particles, and the W/Terep/é‘ are complex number$p§\1: \pé‘\ and
volume of the system of particles. The trace is defined inPs < Bs,
terms of the kerngd” (x,x') by the formula 00 (X0, X5 Xy X) = O, when s> %,
Trep” = //\ " (X, X)dx. wheres is finite and the norm is
The Hamiltonian of system is defined as o' 1= i'pé\ L.
£

G- g (o)

155 The Hamiltonian— As+¢ with generalized Yukawa

potential@(r) = zfzorkflfuo e Hdwy () is self-adjoint

+ > ailx—xl), operator on the s@®(—A) [7]. Here Ag is 3sdimentional
1<i<j<s Laplaciqn.
whereA\, is the Laplacian Let BY be a dense set of “good” elementsBff of
type B ND(H{' ) @ D(HZ'), whereD(HZ') is the domain
A 9? N 92 N 0? of the operatoHZ' [7] and® denote the algebraic tensor
0087 00¢P T 90)” product.
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We introduce the operators” (t), Q(A) andU” (t)

on the spac&” by
(W ()" )s(X1, -, Xs; Xy -, Xe) =
= (€M MM, X6, ),
(QN)P™)s(Xe, .., X, Xy o, Xe) =

N S
)A Z ps/\+1(xl7 "7X37XS+1;X/]_7 "7Xl/57XS+l) X
|

V(l_N

®3)

gil(xs+1)gil(xs+l)dxs+1,
u/\(t)psA (X1, .oy X Xy ooy Xe) =
(62N g i g2 pAGH ) (3 X)X,

In (3) gt(xs11) is a complete orthonormal system of
vectors in the one-particle spacg(N).
Let

(%/\p/\)s(xl?'w [Hé\7pé\}(xl7“7xs;)(l7'~7X/5)+

Xs) =

XS;X/]_7 RSl

s
NOALE —Xst1])—

-3

(@sta(lx

1<i<s

<z

_(AS+1(|X, XS+1|))p ]_(Xla 7XS+1!X,17 7XS+1)

Theorem 1If potential @(r) = S} or** [ e H dwi(p)
is generalized Yukawa potential, the operator U”(t)
generates a strongly continuous semigroup of bounded
operators on B", whose generators coincide with the

operator — .77 on B/ everywhere densein B/

Proof.According to the general theory of groups of
bounded strongly continuous operators, there always

exists an infinitesimal generator of the grduf (t) given

b ; UA (t)PA—PA ;

y the formulalim_,o—*— in the sense of
convergence in norm in the spaBé for p/* that belong
to a certain seD(,%”/‘) everywhere dense iB" [15].
Therefore, sinceU”\(t) is a strongly continuous

semigroup on B" with generator —iA#" on the
right-hand side of the BBGKY hierarchy of quantum
kinetic equations o8 which is dense irB{ [11], the
abstract Cauchy problem (1)-(2) has the unique solution
X)) = (UM )s(Xay oy X Xy e X5)

P2 (t,Xq, oo X X

(eQ(/\)e—iHAte_-Q(/\)pAeiHAt)s(Xl,..., 7X,S) (4)

for eachpl (x1,...,Xs; X, ..., Xs) C BL. For the initial data

p&' belonging to a certain subset Bf (to the domain of

definition of D(—i.#"")), which is everywhere dense in

B2, (4) is strong solution of Cauchy problem (1)-(2).
This proves the Theorem 1.

X X], .-

By a similar argument, one can show that the
infinitesimal generator of the group(t) coincides with
the operator that defines the BBGKY chain

L 0Ps(t, X1, .. X)X, X
! pS( : dts - XS) :[Hs,ps](t,Xj_,...,Xs;X&,...,X/S)+
Ty (@sia(Xi—Xsra]) = @sea (X —Xspa)) %
1<i<s
N 1
ps+1(t7X17"'7X57XS+1;X/17"'7xjsvxs+1)7 SZ 17 v - \_/

in the thermodynamic limit N — oV — o) on an
everywhere dense subset®bf finite sequences

), -

p:{p07p1(X1;X§L)a"'7pS(X17"'7X5;X€I_7"' '}7

pS = Oa
such thafHs, ps] belongs tdBs together withps [15].

s> 5,

4 Derivation of Hierarchy of Kinetic
Equationsfor Correlation Matrices with
generalized Yukawa Potential and its
Solution

Introducing the notationl[g]

(if"p/‘)s(t,xl,...,xs;x’l,...,x’s) =

= [H& 0] (a6, )

= ps/\+1 (Xla o 'X37XS+1;X117 e 7X!57XS+1) ;
(o P )s(t, X, o Xsi X o, Xg) =
N S
=5(1-5) > (Asra(]X —Xsia])—
V N 1§Z§s St st
_(A,S+1(|Xi/ _XS+1|))pé\ (t,Xl, "'7XS;X§I.7 "'7X/S);
PN () = (P (x5 X))s o, PL (X0, oy Xs 2 X s Xe), 0, (B)
wherepl =0, whens>sy, ands>1,

we can cast (1) and (2) in the form
iip/\(t XLy ooy Xy X, o0y Xo) =
ot s \LALy -y Asy Ay eeey
(%Ap/\) (tvxla"'7XS;lev"'7ij)

A /\ .
XSH_‘@X )s(taxlv"'axsl)(g_a"'7X/s)dxs+17

7XJS)|I=0:pé\(07X17---a axjs)

A

P2 (t, X1, .. X)X, .. X X], ...
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For sequences (5) this problem can formulated as
G2 (X1, e, X6y X0, oo Xe) |0 = D2 (0, X1, ., Xy Xy oo Xo).

0 ApA( A 12)
Io‘rtp O =2"p +/ I @XP (tydx,  (6) We introduce the quantum operator which is analogy to

classical caself3]:
p" ()l—0 = p"(0). ) UM ()2 (0, X0, ... X6 XKy, X) =

Proposition 1For ence of correlation matrices .
oSt sequ ' ! — Fexp(Q™M) L[exp(iH M) (exp(— QM) ~1r x

¢:{¢0,¢1(X1;X/1),...,¢S(X1,...,XS;Xll,...,X’S),...}, s>1 ><¢s(0,x1,...,xs;x’l,...,x’s))exp(—iHAt)].
the hierarchy of kinetic equations has the form: Theorem 2If potential @(r) = Elﬁl:ork_l]}:, e Hrdw (1)
9 1 is generalized Yukawa potential, the operator U"\(t)
i )=20)+# (P(1),p(1)+ generates a strongly continuous semigroup of bounded
ot 2 operators on Bﬁ, whose generators coincide with the
operator

+ / Db (V)dx+ / (dx D) X, (8)
N N

(jiﬂ/\_|_ WA‘F/MXHl xs+1dX5+1+

O (t)|t—o = ¢(0). )
, / MXSH Xs+1dxs+1)

In (8) relation between density matrices and correlationon B/} everywhere densein B, .
matrices 16],[17], [18] is: _
ices 161(17), [18]1 HereB, is ideal ofB[18].

p()=Té(t)=1+d(t)+ ¢(t);¢(t) 4o (*¢S('t))s+___ . Proof.Using (10) in (4) and ~1r ¢ (t) = ¢(t) we obtain:
where: (10) P2 (E, X1, oo X X o Xe) = T @2 (E, X0, o X Xy oy Xo) =
(px¢)( Y;qb P (X\Y), = Mexp(Q™) ~Hexp(iH )l (exp(— Q™) r —*
lxp=0, (x$)°=d*px---x¢ stimes; XE92 (01, Xei Xy, o, Xg)OXP(—TH )] =
NSRS

= Fexp(Q™")r ~Hexp(iH )T (exp(— Q") x
X = (Xla"' ,XS;Xj]_,"' ’)(15)7

Y= (X, X Xp, o, Xg), SES S=1,2--; X @2 (0,X1, ..., %, X, ... Xo)exp(—iH )] (13)
- %(dg/ (Y:X\Y)$(Y)$ (X\Y), Acting to (13) byl ~* we receive:
G2 (E, X1,y Xy Xy, oy ) =

(X). =UM ()92 (0,X1, ..., Xe; Xy, o, Xe) =

(%¢>(X)=l > oxi—xp).0
= exp(QM)I Yexp(iH )l (exp(— Q") x

1<i<j<s

The prove of the proposition is analogically to
[16],[17]. o A
The problem (8), (9) for the system of s particles in the X Ps(0,X1, ..., Xs; X1, -, X)&XP(—IH D). (14)

volume V have form: The generator of the semigroWd () coincides with

) : A gA :
IE(PS (6, X1, ey Xy XY vy Xo) = A QL (1, X0, o, X Xy vy X i 7//\‘?/»@7@1 xwldxs+l+
+EW (¢A ¢A) (6, X0, s X X ooy Xo)
’ 1ALy s RS ALy +/’%Xs¢,1 XﬂldXS—‘rl)g
+/ dQM@QquS (£, X1, ey Xy X -y X )AXs 14+ on the seD(HZ").

So, (14) onD(— ¥ 1<j<sAi) is the unique solution of

A A A the Cauchy hierarchy of kinetics equations for correlation
+//\ ( A7 )S(t,XL s X X, e X) Ay 1, matrices with generalized Yukawa potential (8),(9).
(11) This proves the Theorem 2.
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