Appl. Math. Inf. Sci. Lett6, No. 1, 1-4 (2018) %N =S¥\ 1

Applied Mathematics & Information Sciences Letters
An International Journal

http://dx.doi.org/10.18576/amisl/060101

Certain g-Integrals Involving the Generalized
Hypergeometric and Basic Hypergeometric Functions

Javid Ahmad Ganie*, Altaf Ahmad and Renu Jain

School of Mathematics and Allied Sciences Jiwaji UnivgrsBwalior, (M.P.) India.

Received: 8 Aug. 2017, Revised: 24 Sep. 2017, Accepted: @82047
Published online: 1 Jan. 2018

Abstract: The aim of this paper is to establish certain new g-integralelving the generalized Heines hypergeometric function
generalized g-confluent hypergeometric function. Our nfiaidings are capable of yielding a large number of new, iistang, and
useful g-integrals, expansion formulas involving the hhgeemetric and basic hypergeometric functions.
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1 Introduction F.H. JacksonT] is given by

1-x
The g-calculus is the extension of the ordinary calculus.[q(X) = (G919
The subject deals with the investigations of g-integrals (e
and g- derivatives of arbitrary order and has gainedAnd the g-analogue of Beta function is defined as:
importance due to its various applications in the areas like Fq() ()
ordinary calculus, solution of the g-differential and Bq(X7Y)=,_7,
g-integral equations, g-transform analysi§,§]8,9]. a(x+Y)
Motivated by these avenues of applications, a number offhe g-analogue of the generalized Beta and Gamma
workers have made use of these operators to evaluatiinction is defined as follows
g-calculus, basic analogue of H-function, basic analogue a. 1
of I-function, general class of g-polynomials etc. E XY, 0) / CH 1)) (s t(1 pqt) q)dgt, (2)
Some fundamental properties and characteristics of th(=D (p) > 0, minR(x), R(y),R(@),R(B) > 0, and|q| < 1.

generalized Beta type function are as
1
1 o Ba,ﬁ ‘o) = B . :/ 11 — gt)V1d.t
R e T R B R R
° We also know that
For R(p) > 0,minR(x),R(y),R(a),R(B) > 0, and (A,Q)n

,0<g<1

Bg(A +n,0) = By(A,0 3
BB (x,y) = B(x.y) q(A +n,0) A15.4, a(A,9), (3)
were introduced and studied if][ where
aﬁ x—1

If p:O,a:B =1, then
ForJ(x) > 0 andd(y) > O is the well-known Euler Beta o w
functic()n). v alca) = [ a(eiBi-tiaddat, T 0xa) = [0 g Vet
See alsoZ]and [1]. . . S
The g-gamma function was first introduced by ThomaeHemes hypergeometric function is given by
and later by Jackson. biczg) — 2 (a;q)n(b;q)nZ"
The g-analogue of gamma function which is defined by2¢1(a’ GZ0) = nZO (S q)n (0 An
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Along with the generalized g-Beta function (2), the useful
generalized Heine’s hypergeometric functions

(b+nc b;q)2"
b,c b;a)(d; a)n

And the generalized g-confluent hypergeometric function

iB“B(bJrnc b;q)2"
B(b,c—b;q)(q;a)n

for |zl < 1,minO(a),d(B) > 0,0(c) > 0,0(b) > 0,and
O(p) > 0, were also introduced and studied. Seeand
(1.

When p = 0, the functions ¢é" E)(a, b;c;zqg) and
1¢£f’[;ﬁ>(b; C;zq) would reduce immediately to the
extensively investigated Heine’s hypergeometric
functions,¢1(.) and1¢1(.) [4]. The functions¢1(.) and

¢é‘775)(a’ b.cz q) % (a q) (

l¢1 bCZC]

1¢1(.) are the special cases of the well-known generalized

basic hypergeometric series.

rds albiZé.z.;j"i’é:;Q} = ds(ay,02,...,0r; B, B2, .., Bs; Z Q)
(0, CI 02 CI ..(ar;q)n2"
ZO Bsn(g;a)n

First we summarize some definitions and formulas; we
need from the g-theory. For details the reader is referred

to [4]
We always take & |g| < 1 in the sequel.
Where,(a;q)n symbol is defined foa € C by

g 1,n=0
“l1-a)(1-ag)...(1—-ag"Y),n=1,2,3,...
is the g-shifted factorial.

Consider the following g-analogue of Hadamard's
function

(& d)n

td,(;l?yp L2 K2 e lzq Msn»ﬁ»ym[ XX, X620

5
Y1,¥2: 0 Ystr Y1:Y2: 091 Y1gr: Y241 Ystr ®

2 Main Results

Theorem 1.
If minR(a),R(B) > 0,R(c) > R(b) > O,R(p) > 0, and
z,A,6 € Csuchthatz < 1, and|q| < 1, then

g
0
= Bq(}\75)1¢é71’m(a7 b;A;c,A +6;zq)

Proof. Using Eq.(4), we have

00
o
0

11— qu)?op™P) (a,b;c; 2 q)dqu 6)

*1<1—qu)5*1¢“’ﬁ><a, b; ¢; 2u; g)dgu

o B)
(& q)n (b+nc-bg)z" (1 ;501 51
= u 1-qu dqu
ZJ bc b; ) (c @)n /o (10" "y
BYA) (b4 n,c—b;g)2"

Bq(A +n,3)

(a,q)nB
3%

b c—b;g)(q;a)n

By applied Eq. (3), we get
_ (a:q)nBy P (b+ n,c— b;@)Z'(A:q)n
8093, mcbmmmu+m% g

Interpreting the right-hand side of (7), in the view of the
definition (4) and the concept of the Hadamard given by
(5), we arrive at the required result

/ W11 qu)® 19 S™P) (a, by c; 2u; ) dgu
0

=Bq(A, 819"

Theorem 2.
If minR(a),R(B) > 0,R(c) > R(b) > O,R(p) > 0, and
z,A,6 e Csuchthatz < 1, and|q| < 1, then

/O W 11— qu) 1l FP) (b ¢ zu; ) dgu

=By(A,8)205" PP (b;A;c,A + 8;Z.0)
Proof. Using Eq.(4), we have

/0 w11 — qu) 1" PP (b; ¢ zu; ) dgu

MBﬁmm+nc—bmf/lAml 51

= ! ut =1 —qu)°tdyu

B(b,c—b;a)(q;q)n Jo (1=au™dq
J(b+n,c—b;q)2"

) B a B
Zo B(b,c—b;q)(g;d)n
By applied Eq. (3), we get
o Rpla.p) . .
B (b+n,c—b;q)Z"(A;q)n
=By(A,d P 9
ol )n; B(b.c—b;)(c; )n(A +N;Q)n ®)

Interpreting the right-hand side of (9) in the view of the
definition (4) and the concept of the Hadamard given by
(5), we arrive at the required result

/O L1 qu)d e PP (b zu; g)dgu

=By(A,8)205" PP (b;A;c,A + 8;Z.0)

Equation (10) is also known as g-fractional derivative
formula.

>(a,b;)\;c,/\+6;z;q)

(8)

n=

Bq(A +1,8)

(10)

Theorem 3.
If minR(a),R(B) > 0,R(c) > R(b) > O,R(p) > 0, and
z,A,0 € Csuchthaiz < 1, and|g| < 1, then

A )19 P (@, bici2s - q: ) s
at

= By(A,8)(x—1)2T A 19" F P @ b A:c A + 8;2(x—qt); q)
then the left-

(x—9)% (s~

Proof. Change the variables to= é)s(:g‘tg,
hand side of (11) becomes

/ )71 LB (i u(x— o)
JO

e (,9)nBy"" (b+n.c—big

B(b,

)

(

c—b;g)(g:q

=

_ (Xit)(ﬂ)\—l

[Z< qt)]n /1u/\+n71(17 qu)é—ldqu
JO

n

>
Il

(a.B (

(a;q)nBp ™ (b+n,c—b;q

B(b,c—b;q)(g;q

=

_ (Xft)6+)‘71

2@ 505

n

M
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hd . (a.B)
=Bqy(A,8)(x—1) 1 Zb (a;q)nBp
£

(binc-bax-aP Xian
B(b,c— b;)(q; q)n A+

Interpreting the right-hand side of (12), in the view of the

Proof: The proof follows the same lines as that employed
in the proof of Theorem 5.

definition (4) and the concept of the Hadamard given by

(5), we arrive at the following result as
[ -9 s ) 29laP) a brciats— at)sa)s
qt
= Bg(1,8)(x~1)3 A 191" FP @b Asc A + 5 2(x— qt)i)
Theorem 4.
If minR(a),R(B) > 0,R(c) > R(b) > 0,R(p) > 0, and
z,A,0 € Csuchthatz < 1, and|q| < 1, then

/: (x— 95 Ys— o)} 197 (brc2(s— o); q)clgs

— By(A,8)(x—1)3 A 1S PP (b Asc A + & 2(x— at); )

Proof. The proof follows the same lines as that employed

in the proof of theorem 3.

Theorem 5.
If zv,ueC,mnR(a),R(B)>0,R(c) >R(b) >0,R(p) >
0,R(v) >0 andR(u) > 0, also|Zl < 1, and|g| < 1, then

[ - a0 @b aix— aia)d

= x"“’*qu(v,u)lqbia’ﬁ;p)(a, b,viv+ u,¢2xq)
Proof. Change the variablégx = u, then

Lt a oy @bieaix- i

(12)

1
- /o ()L (x— qux)“*lda,(,”’ﬁ) (a,b; ¢; 2x(1 — qu); g)xdqu

-1
=31 [ 21— qut P (o bic 21— )

By using Eq. (4) to eq. (15) on RHS, we have
2 (@B (b nc—big)(@)"

:Xv+u—1%
_ w1 & (@9)Bg P (b+n,c—byo)(2)
* Zo B(b,c—b;a)(q;a)n
1w @@mBE P (btnc-big) 2" (vigh
n;a B(b,c—b;q)(q;q)n (V+H)n
_ vt & (@B (b+nc—bg)()" (via)n
* Bq(v’”)n; B(b,.c—b;a)(c;q)n (V4 )n
=X Bg(v, 1) 95" P) (a,b,¢;26.0) x1 $a (v, v+ i 26) 13)

Interpreting the right-hand side of (16) in the view of the

1
BB c b (G0 [ w1 -qur -t

n
Bq(V+n, )

Bq(v. 1)

definition (4) and the concept of the Hadamard given by

(5), we arrive at the desired result (14).
X
| O 2= a2 @ biczix—at); o
0

= X/ 1By (v, 111" PP (8, b, viv + 26 )
Theorem 6.

If zv,u e C,mnR(a),R(B) > 0,R(c) > R(b) > 0,R(p) >
0,R(v) >0 andR(u) > 0, also|z| < 1, and|q| < 1, then

PR S T CEE RN

= X HHIB (v, ()2 S PP (b v+ e zcg)  (14)

3 Special Cases

If we putq = 1 then from above theorems we arrive at the
results established by Praveen Agarwal et.5l. [

For o = B, then we obtain the following results from
theorems 1 to 6 respectively.

Corallary.
If O(c)>0O(b) >0,0(p)>0,zA,0 cC,and|zl < 1,|q| <
1, then

1
(i) /0 11— qu)°Lp(a,b; ¢ zu; q)dqu

=Bqy(A,9)1¢p1(a,b;A;c.A +0;Z0)

(i) /Olu'\_l(l—qu)5_1¢p(b;c;zu;q)dqu
=Bq(A,8)10p1(b;A;c,A +6,70)

(iii) /q:(x—s)“(s—qml¢p(a,b;c;z(s—qt);q)dqs
= Bq(A,8)(x=1)? " Ppa(abiAic,A + 8 2(x—qt);q)

W | “(x— 95 Y (s— )} Lpa(b i 2s— ot); )des
=Bg(A,9)(x— 1) 2 1(b;Asc, A + 8 2(x— qt); q).

If zv,u € C,R(c) > R(b) > 0,R(p) > 0,R(v) > 0, and

R(u) > 0, also|q| < 1, then

W) [t - @ bicizc- ;o

=X/ 1By (v, w)1dpa(a by viv+ 1, ¢ 26.)

) [t x— a0 Rplbicizc— i a)det

= X THBy(v, t)1pa(bi Vi v + 1,6 260)

4 Conclusion

The results proved in this paper give some contributions
to the theory of the basic hypergeometric functions and
are believed to be a new to the theory of g- calculus and
are likely to find certain applications to the solution of the
g-integral  equations  involving  various  basic
hypergeometric functions.

(@© 2018 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

J. A. Ganie et al.: Certain g-integrals involving the gefieedl...

References

[1] Ozergin E., zarslan M.A., Altin A., Extension of gammath
and hypergeometric functions, J. Comput. Appl. Math. 235
(2011) 4601-4610.

[2] Ozergin E., Some properties of hypergeometric funajon
(Ph.D. thesis), Eastern Mediterranean University, North
Cyprus, 2011.

[3]Jain D. K., Jain. R. and Ahmad F. (2012); Some
Transformation Formula for Basic Analogue of I-function;
Asian Journal of Mathematics and Statistics, 5(4), 158-162

Javid Ahmad Ganie
is a research scholar
and presently  pursuing
Ph.D. on Special Functions
under  the Supervision

of Professor Renu
Jain in Mathematics
from 2016 from
Jiwaji  University, Gwalior
India.

[4] Gasper G. and Rahman M., Basic hypergeometric series, in

"Encyclopedia of Mathematics and its Applications,” Vob,3
Cambridge Univ. Press, London/New York, 1990.

[5] Agarwal P., Qi, F., Chand, M., and Jain, S. (2017). Certai
integrals involving the generalized hypergeometric fiorct
and the Laguerre polynomials. Journal of Computational and
Applied Mathematics, 313, 307-317.

[6] Ahmad A., Jain R., Jain D. K. and Ahmad F., The Classical
Sumudu Transform And Its g-Image Involving Mittag-
Leffler Function, Revista Investigacin Operacional, Is88e
(forthcoming accepted).

[7] Jackson F. H. (1910). On g-definite integrals. In Quaiute
Appl. Math., 41, 193-203.

[8] Ahmad A., Jain R., Jain D. K. and Ahmad F., The
Classical Sumudu Transform and its g-lmage of the
Most Generalized Hypergeometric and Wright-Type
Hypergeometric Functions, International Journal on Recen
and Innovation Trends in Computing and Communication,
Volume: 5 Issue: 6, ISSN: 2321-8169, pp. 405-413.

[9] Ahmad A., Ahmad F. and Tripathi S. K. (2016). Application
of Sumudu Transform in Two-Parameter Fractional
Telegraph Equation. Appl. Math. Inf. Sci. Lett.3, No. 2,
1-9 (2016).

Altaf  Ahmad Bhat
is a research scholar
and presently pursuing Ph.D.
on Special Functions under
the Supervision of Professor
Renu Jain and D.K. Jain in
Mathematics from 2015 from
Jiwaji  University, Gwalior
India. He has obtained M.Phil
degree in the year 2010,
cleared the Joint UGC-CSIR NET Exam for Lectureship
in 2015.

|

I}
I

Renu Jain is Head
of School of Mathematics
and Allied Sciences at
Jiwaji University Gwalior,
(M.P) India. Professor
Jain?s Research areas include
Lie theory and Special
functions, Fractional Calculus
and Mathematical Modeling
of Biological and Ecological
Systems. In 1989, She was awarded Nehru Centenary
British (Commonwealth) Fellowship for working as a
Post Doctoral Fellow in Imperial College, London for one
year. She has supervised 16 Ph.D. and 43 M.Phil students
so far. She has published more than 70 research papers in
national and international Journals.

(@© 2018 NSP
Natural Sciences Publishing Cor.



	Introduction
	Main Results
	Special Cases
	Conclusion

