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1 Introduction

Let B1,B2 denote the Banach space and letΩ be an open subset ofB1. Let alsoU (z,ρ) := {u∈ B1 : ‖u− z‖< ρ} and let
U (z,ρ) stand for the closure ofU (z,ρ).

We recall that many problems in several disciplines can be reduced to

F (y) = 0 (1.1)

utilising the Mathematical Modeling [1]-[17], whereF : Ω →B2 denotes a continuous operator. We recall that the solution
y∗ of (1.1) is sought in closed form, but this is obtained only in particular cases. Thus, most solution methods for these
type of equations are usually iterative. For more details ofiterative methods for finding the solution of equation (1.1), we
suggest [2, 6, 7, 9 - 13, 15, 16].

Newton’s method[6,7,11,15,16]:
yn+1 = yn−F ′ (yn)

−1F (yn) . (1.2)

Secant method:
yn+1 = yn− [yn−1,yn;F ]−1F (yn) , (1.3)

where[·, ·;F ] is a divided difference of order one onΩ ×Ω [7,15,16].
Newton-like method:

yn+1 = yn−E−1
n F (yn) , (1.4)

whereEn = E (F)(yn) andE : Ω → L (B1,B2) the space of bounded linear operators fromB1 into B2. We recall that the
readers can find other methods in [7], [11], [15], [16] and the references therein.

Below we investigate the new method defined for eachn= 0,1,2, ... as

yn+1 = G(yn)

G(yn+1) = G(yn)−A−1
n F (yn) , (1.5)
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wherex0 ∈ Ω is an initial point,G : B3 → Ω (B3 a Banach space),An = A(F)(yn+1,yn) = A(yn+1,yn) and A : Ω ×
Ω → L (B1,B2). The approach (1.5) provides a sequence which we shall show converges toy∗ under some Lipschitz-
type conditions (see Section 2). Having in mind that the method (1.5) (and Section 2) is of independent interest, it is
nevertheless designed especially to be utilized ing-abstract fractional calculus ( in Section 3). We recall that in our
knowledge such iterative methods have not yet appeared in connection to find the solutions of the equations in abstract
fractional calculus.

In Section 2 of this manuscript we show the semi-local convergence of method (1.5). Section 3 provides several
applications to abstractg-fractional calculus on a given Banach space valued functions provided that all the integrals are
of Bochner-type ([8], [14]).

2 Analysis of Semi-Local Convergence

Below we give the semi-local convergence analysis of (1.5) utilising the conditions(M):
(m1) F1 : Ω ⊂ B1 → B2 is continuous,G1 : B3 → Ω is continuous andA1 (x,y) ∈ L (B1,B2) for each(x,y) ∈ Ω ×Ω .

(m2) There existβ > 0 andΩ0 ⊂ B1 in such a way thatA1 (x,y)
−1 ∈ L (B2,B1) for each(x,y) ∈ Ω0×Ω0 and

∥

∥

∥
A1 (x,y)

−1
∥

∥

∥
≤ β−1

.

SetΩ1 = Ω ∩Ω0.
(m3) There exists a continuous and nondecreasing functionψ : [0,+∞)3 → [0,+∞) in such way that for eachx,y∈ Ω1

‖F1 (x)−F1(y)−A1(x,y) (G1 (x)−G1(y))‖ ≤

β ψ (‖x− y‖ ,‖x− x0‖ ,‖y− x0‖)‖G1 (x)−G1(y)‖ .

(m4) There exists a continuous and nondecreasing functionψ0 : [0,+∞)→ [0,+∞) in such a way that for eachx∈ Ω1

‖G1 (x)−G1(x0)‖ ≤ ψ0 (‖x− x0‖)‖x− x0‖ .

(m5) Forx0 ∈ Ω0 andx1 = G1 (x0) ∈ Ω0 there existsη ≥ 0 such that
∥

∥

∥
A1 (x1,x0)

−1F1 (x0)
∥

∥

∥
≤ η .

(m6) There existss> 0 fulfilling
ψ (η ,s,s) < 1,

ψ0 (s)< 1

and
‖G1 (x0)− x0‖ ≤ s≤

η
1−q0

,

whereq0 = ψ (η ,s,s) .
(m7) U (x0,s)⊂ Ω .
Below, we show the semi-local convergence analysis for (1.5) by using the conditions(M) as well as the previous

notation.

Theorem 1.Suppose that the conditions(M) hold. Then, sequence{yn} provided by method (1.5) starting at y0 ∈ Ω is
well defined in U(y0,s), remains in U(y0,s) for each n= 0,1,2, ... and converges to a solution y∗ ∈U (y0,s) of equation
F1(y) = 0. The limit point y∗ denotes the unique solution of equation F1(y) = 0 in U (y0,s) .

Proof.Using the definition ofsand(m5), we havey1 ∈U (y0,s). The proof rely on mathematical induction onk. Assuming
that‖yk− yk−1‖ ≤ qk−1

0 η and‖yk− y0‖ ≤ s.
We get by (1.5), (m2)− (m5) in turn that

‖G1 (yk+1)−G1(yk)‖=
∥

∥A−1
k F1(yk)

∥

∥=

∥

∥A−1
k (F1(yk)−F1(yk−1)−Ak−1(G1 (yk)−G1(yk−1)))

∥

∥y

≤
∥

∥A−1
k

∥

∥‖F1(yk)−F1(yk−1)−Ak−1(G1 (yk)−G1(yk−1))‖ ≤
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β−1β ψ (‖yk− yk−1‖ ,‖yk−1− y0‖ ,‖yk− x0‖)‖G1 (yk)−G1(yk−1)‖ ≤

ψ (η ,s,s)‖G1 (yk)−G1(yk−1)‖= q0‖G1 (yk)−G1(yk−1)‖ ≤ qk
0‖y1− y0‖ ≤ qk

0η (2.1)

and by(m6)
‖yk+1− y0‖= ‖G1 (yk)− y0‖ ≤ ‖G1 (yk)−G1(y0)‖+ ‖G1 (y0)− y0‖

≤ ψ0 (‖yk− y0‖)‖yk− y0‖+ ‖G1 (y0)− y0‖

≤ ψ0 (s)s+ ‖G1 (y0)− y0)≤ s.

Thus,the induction is finished. In addition, (2.1) implies that form= 0,1,2, ...

‖yk+m− yk‖ ≤
1−qm

0

1−q0
qk

0η .

It implies from the preceding inequation that sequence{G1 (yk)} is complete in a Banach spaceB1, thus it converges to
somey∗ ∈U (y0,s) (sinceU (0,s) is a closed ball). By consideringk →+∞ in (2.1) we obtainF1(y∗) = 0. From(1.5) we
conclude thatG1 (y∗) = y∗. To prove the uniqueness part, lety∗∗ ∈ U (y0,s) be a solution ofF1(y) = 0 andG1 (y∗∗) =
y∗∗. From (1.5), we conclude that

‖y∗∗−G1(yk+1)‖=
∥

∥y∗∗−G1(yk)+A−1
k F1(yk)−A−1

k F1(y
∗∗)

∥

∥≤

∥

∥A−1
k

∥

∥‖F1(y
∗∗)−F1(yk)−Ak(G1 (y

∗∗)−G1(yk))‖ ≤

β−1β ψ0 (‖y∗∗− yk‖ ,‖yk+1− y0‖ ,‖yk− y0‖)‖G1 (y
∗∗)−G1(yk)‖ ≤

q0‖G1 (y
∗∗)−G1(yk)‖ ≤ qk+1

0 ‖y∗∗− y0‖ ,

so lim
k→+∞

yk = y∗∗. We proved that lim
k→+∞

yk = y∗, soy∗ = y∗∗.

Remark.(1) Condition(m2) can become part of(m3) by taking into account the followings
(m3)

′ There exists a continuous and nondecreasing functionϕ : [0,+∞)3 → [0,+∞) in such a way that for each
x,y∈ Ω1

∥

∥

∥
A1 (x,y)

−1 [F1(x)−F1(y)−A1(x,y)(G1 (x)−G1(y))]
∥

∥

∥
≤

ϕ (‖x− y‖ ,‖x− x0‖ ,‖y− x0‖)‖G1 (x)−G1(y)‖ .

Notice that
ϕ (u1,u2,u3)≤ ψ (u1,u2,u3)

for eachu1 ≥ 0, u2 ≥ 0 andu3 ≥ 0. Similarly, a functionϕ1 can replaceψ1 for the uniqueness of the solution part. These
changes are of Mysovskii-type [6], [11], [15] and influence the weaking of the convergence criterion in(m6), error bounds
as well as the precision ofs.

(2) Assume that there existβ > 0, β1 > 0 andL ∈ L (B1,B2) with L−1 ∈ L (B2,B1) in such a way that

∥

∥L−1
∥

∥≤ β−1

‖A1 (x,y)−L‖ ≤ β1

and
β2 := β−1β1 < 1.

Thus, it follows from the Banach lemma on invertible operators [11], and

∥

∥L−1
∥

∥‖A1 (x,y)−L‖ ≤ β−1β1 = β2 < 1

thatA1 (x,y)
−1 ∈ L (B2,B1). Let β = β−1

1−β2
. As a result, under these replacements, condition(m2) is implied, therefore it

can be dropped from the conditions(M).
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Remark.We conclude that the results especially of Theorem1 can apply in abstractg-fractional calculus as given in Section
3. We can use the results of say Theorem1 in the examples described in Section 3 by specializing function ψ . Particularly,
for (3.4), we choose foru1 ≥ 0, u2 ≥ 0, u3 ≥ 0

ψ (u1,u2,u3) =
λ µ (n+1)α

1

βΓ ((n+1)α) ((n+1)α +1)
,

if |g1 (x)−g1(y)| ≤ µ1 for eachx,y∈ [a,b] ;

ψ (u1,u2,u3) =
λ µ (n+1)α

2

βΓ ((n+1)α) ((n+1)α +1)
,

if |g1 (x)−g1(y)| ≤ ξ2‖x− y‖ for eachx,y∈ [a,b] andµ2 = ξ2 |b−a| ;

ψ (u1,u2,u3) =
λ µ (n+1)α

3

βΓ ((n+1)α) ((n+1)α +1)
,

if |g1 (x)| ≤ ξ3 for eachx,y∈ [a,b] andµ3 = 2ξ3.

We recall that other choices of functionψ are also valid.
We conclude that with these choices of functionψ and f1 = F1 andg1 = G1, fundamental condition(m3) is fulfilled,

which justifies our definition of method (1.5). Similar choices for the remaining examples of Section 3 can be provided.

3 X-Valued Modified g-Fractional Calculus Applications

In this section we consider with Banach space(X,‖·‖) valued functionsf1 of real domain[a,b]. Besides, all integrals
considered in this section are of Bochner-type, see [14]. For the definition of the derivatives off1, see [17].

Let 0 < α ≤ 1, m = ⌈α⌉ = 1 (⌈·⌉ ceiling of number), g1 is strictly increasing andg1 ∈ C1 ([a,b]) ,
g−1

1 ∈C([g1(a) ,g1 (b)]) . Suppose thatf1 ∈C1 ([a,b] ,X). Below we used the notations from [5].
I) The expression of theX-valued right generalizedg-fractional derivative off of orderα is written as:

(

Dα
b−;g1

f1
)

(x) :=
−1

Γ (1−α)

∫ b

x
(g1(τ)−g1(x))

−α g′1(τ)
(

f1 ◦g−1
1

)′
(g1 (τ))dτ, (3.1)

a≤ x≤ b.

If 0 < α < 1, then
(

Dα
b−;g1

f1
)

∈C([a,b] ,X)[4].

Besides, we introduce the following definitions

(

D1
b−;g1

f1
)

(x) :=−
(

(

f1 ◦g−1)′ ◦g1

)

(x) , (3.2)

(

D0
b−;g1

f1
)

(x) := f1 (x) , ∀ x∈ [a,b] .

Forg1 = id, we have
Dα

b−;g1
f1 (x) = Dα

b−;id f1 (x) = Dα
b− f1 (x) , (3.3)

the classicalX-valued right Caputo fractional derivative [3].
Let us denote

Dnα
b−;g1

:= Dα
b−;g1

Dα
b−;g1

...Dα
b−;g1

(n times),n∈N. (3.4)

The expression ofX-valued right generalized fractional Riemann-Liouville integral is written as

(

Iα
b−;g1

f1
)

(x) =
1

Γ (α)

∫ b

x
(g1 (τ)−g1(x))

α−1g′1 (τ) f1 (τ)dτ, a≤ x≤ b. (3.5)

We have
Inα
b−;g1

:= Iα
b−;g1

Iα
b−;g1

...Iα
b−;g1

(n times). (3.6)

The followingX-valued modifiedg1-right generalized Taylor’s formula will be used

c© 2018 NSP
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Theorem 2.([5]) Let f1 ∈ C1 ([a,b] ,X), g1 ∈ C1 ([a,b]), strictly increasing, fulfilling g−1
1 ∈ C1 ([g1 (a) ,g1 (b)]). Assume

that Fk := Dkα
b−;g1

f1, k= 1, ...,n, obey Fk ∈C1 ([a,b] ,X), and Fn+1 ∈C([a,b] ,X), where0< α ≤ 1, n∈ N. As a result we
have

f1 (x)− f1 (b) =
n

∑
i=1

(g1 (b)−g1(x))
iα

Γ (iα +1)

(

Diα
b−;g1

f1
)

(b)+ (3.7)

1
Γ ((n+1)α)

∫ b

x
(g1 (τ)−g1(x))

(n+1)α−1g′ (τ)
(

D(n+1)α
b−;g1

f1
)

(τ)dτ,

∀ x∈ [a,b] .

In this section we discuss a more general case. Letf1 ∈ C1 ([a,b] ,X). The definition ofX-valued right generalized
g1-fractional derivative is given by

(

Dα
y−;g1

f1
)

(x) :=
−1

Γ (1−α)

∫ y

x
(g1 (τ)−g1(x))

−α g′1(τ)
(

f1 ◦g−1
1

)′
(g1 (τ))dτ, (3.8)

all a≤ x≤ y; y∈ [a,b] ,
(

D1
y−;g1

f1
)

(x) :=−
(

(

f1 ◦g−1
1

)′
◦g1

)

(x) , ∀ x∈ [a,b] . (3.9)

In the same manner we define:

(

Dα
x−;g1

f1
)

(y) :=
−1

Γ (1−α)

∫ x

y
(g1(τ)−g1(y))

−α g′1(τ)
(

f1 ◦g−1
1

)′
(g1 (τ))dτ, (3.10)

all a≤ y≤ x; x∈ [a,b] ,
(

D1
x−;g1

f1
)

(y) :=−
(

(

f1 ◦g−1
1

)′
◦g1

)

(y) , ∀ y∈ [a,b] . (3.11)

When 0< α < 1, Dα
y−;g1

f1 andDα
x−;g1

f1 are continuous functions on[a,b] , see [5]. We recall that by convention we have

(

Dα
y−;g1

f1
)

(x) = 0, for x> y
and
(

Dα
x−;g1

f1
)

(y) = 0, for y> x
(3.12)

Denote by
Fy

k := Dkα
y−;g1

f1, Fx
k := Dkα

x−;g f1, ∀ x,y∈ [a,b] . (3.13)

We suppose that
Fy

k ,F
x
k ∈C1 ([a,b] ,X) , andFy

n+1,F
x
n+1 ∈C([a,b] ,X) , (3.14)

k= 1, ...,n, ∀ x,y∈ [a,b] ; 0< α < 1.
We also observe that (0< α < 1) ([8])

∥

∥

∥

(

Dα
b−;g1

f1
)

(x)
∥

∥

∥
≤

1
Γ (1−α)

∫ b

x
(g1 (τ)−g1(x))

−α g′1 (τ)
∥

∥

∥

(

f1 ◦g−1
1

)′
(g1(τ))

∥

∥

∥
dτ ≤ (3.15)

∥

∥

∥

(

f1 ◦g−1
1

)′
◦g1

∥

∥

∥

∞,[a,b]

Γ (1−α)

∫ b

x
(g1 (τ)−g1(x))

−α g′1(τ)dτ =

∥

∥

∥

(

f1 ◦g−1
1

)′
◦g1

∥

∥

∥

∞,[a,b]

Γ (1−α)

(g1 (b)−g1(x))
1−α

1−α
=

∥

∥

∥

(

f1 ◦g−1
1

)′
◦g1

∥

∥

∥

∞,[a,b]

Γ (2−α)
(g1 (b)−g1(x))

1−α
, ∀ x∈ [a,b] .

We have show that
∥

∥

∥

(

Dα
b−;g1

f1
)

(x)
∥

∥

∥
≤

∥

∥

∥

(

f1 ◦g−1
1

)′
◦g1

∥

∥

∥

∞,[a,b]

Γ (2−α)
(g1 (b)−g1(x))

1−α (3.16)

c© 2018 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


76 G. A. Anastassiou, I. K. Argyros: Algorithmic convergence on Banach...

≤

∥

∥

∥

(

f1 ◦g−1
1

)′
◦g1

∥

∥

∥

∞,[a,b]

Γ (2−α)
(g1(b)−g1(a))

1−α
, ∀ x,y∈ [a,b] .

Clearly here we have
(

Dα
b−;g1

f1
)

(b) = 0, 0< α < 1. (3.17)

As a particular case we have
(

Dα
x−;g1

f1
)

(x) =
(

Dα
y−;g1

f1
)

(y) = 0, ∀ x,y∈ [a,b] ; 0< α < 1. (3.18)

By (3.7) we derive

f1 (x)− f1 (y) =
n

∑
i=2

(g1 (y)−g1(x))
iα

Γ (iα +1)

(

Diα
y−;g1

f1
)

(y)+ (3.19)

1
Γ ((n+1)α)

∫ y

x
(g1 (τ)−g1(x))

(n+1)α−1g′1 (τ)
(

D(n+1)α
y−;g1

f1
)

(τ)dτ,

∀ x< y; x,y∈ [a,b]; 0< α < 1, and also it holds:

f1 (y)− f1(x) =
n

∑
i=2

(g1 (x)−g1(y))
iα

Γ (iα +1)

(

Diα
x−;g1

f1
)

(x)+ (3.20)

1
Γ ((n+1)α)

∫ x

y
(g1(τ)−g1(y))

(n+1)α−1g′1 (τ)
(

D(n+1)α
x−;g1

f1
)

(τ)dτ,

∀ y< x; x,y∈ [a,b]; 0< α < 1.
We define also the followingX-valued linear operator

(A1 ( f1))(x,y) :=



















n
∑

i=2

(g1(y)−g1(x))
iα−1

Γ (iα+1)

(

Diα
y−;g1

f1
)

(y)−
(

D(n+1)α
y−;g1

f1 (x)
)

(g1(y)−g1(x))
(n+1)α−1

Γ ((n+1)α+1) , x< y,
n
∑

i=2

(g1(x)−g1(y))
iα−1

Γ (iα+1)

(

Diα
x−;g f1

)

(x)−
(

D(n+1)α
x−;g1

f1 (y)
)

(g1(x)−g1(y))
(n+1)α−1

Γ ((n+1)α+1) , x> y,

f ′1 (x) , whenx= y,

(3.21)

∀ x,y∈ [a,b]; 0< α < 1.
We may suppose that (see [12], p. 3)

‖(A1 ( f1))(x,x)− (A1( f1)) (y,y)‖=
∥

∥ f ′1 (x)− f ′1 (y)
∥

∥

=
∥

∥

(

f ′1 ◦g−1
1

)

(g1(x))−
(

f ′1 ◦g−1
1

)

(g1 (y))
∥

∥≤ Φ |g1(x)−g1(y)| , (3.22)

∀ x,y∈ [a,b] ; with Φ > 0.
We estimate and conclude that
i) casex< y :

‖ f1 (x)− f1 (y)− (A1( f1)) (x,y) (g1(x)−g1(y))‖=
∥

∥

∥

∥

1
Γ ((n+1)α)

∫ y

x
(g1(τ)−g1(x))

(n+1)α−1g′1 (τ)
(

D(n+1)α
y−;g1

f1
)

(τ)dτ−

(

D(n+1)α
y−;g1

f1 (x)
) (g1(y)−g1(x))

(n+1)α

Γ ((n+1)α +1)

∥

∥

∥

∥

∥

(3.23)

(by [1], p. 426, Theorem 11.43)

=
1

Γ ((n+1)α)
·

∥

∥

∥

∥

∫ y

x
(g1 (τ)−g1(x))

(n+1)α−1g′1(τ)
((

D(n+1)α
y−;g1

f1
)

(τ)−
(

D(n+1)α
y−;g1

f1
)

(x)
)

dτ
∥

∥

∥

∥
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(by [8])

≤
1

Γ ((n+1)α)
·

∫ y

x
(g1 (τ)−g1(x))

(n+1)α−1g′1(τ)
∥

∥

∥

(

D(n+1)α
y−;g1

f1
)

(τ)−
(

D(n+1)α
y−;g1

f1
)

(x)
∥

∥

∥
dτ. (3.24)

We suppose that
∥

∥

∥

(

D(n+1)α
y−;g1

f1
)

(τ)−
(

D(n+1)α
y−;g1

f1
)

(x)
∥

∥

∥
≤ λ1 |g1 (τ)−g1(x)| , (3.25)

∀ t,x,y∈ [a,b] : y≥ t ≥ x; λ1 > 0)

≤
λ1

Γ ((n+1)α)

∫ y

x
(g1 (τ)−g1(x))

(n+1)α−1g′1 (τ) (g1(τ)−g1(x))dτ = (3.26)

λ1

Γ ((n+1)α)

∫ y

x
(g1(τ)−g1(x))

(n+1)α g′1 (τ)dτ =

λ1

Γ ((n+1)α)

(g1 (y)−g1(x))
(n+1)α+1

((n+1)α +1)
. (3.27)

We have proved that
‖ f1 (x)− f1 (y)− (A1( f1)) (x,y) (g1(x)−g1(y))‖ ≤

λ1

Γ ((n+1)α)

(g1 (y)−g1(x))
(n+1)α+1

((n+1)α +1)
, (3.28)

for anyx,y∈ [a,b] : x< y; 0< α < 1.
ii) casex> y :

‖ f1 (x)− f1 (y)− (A1( f1)) (x,y) (g1(x)−g1(y))‖=

‖ f1 (y)− f1(x)− (A1( f1)) (x,y) (g1(y)−g1(x))‖= (3.29)
∥

∥

∥

∥

1
Γ ((n+1)α)

∫ x

y
(g1(τ)−g1(y))

(n+1)α−1g1
(

′τ
)

(

D(n+1)α
x−;g1

f1
)

(τ)dτ−

(

D(n+1)α
x−;g!

f1
)

(y)
(g1(x)−g1(y))

(n+1)α

Γ ((n+1)α +1)

∥

∥

∥

∥

∥

(3.30)

=
1

Γ ((n+1)α)
·

∥

∥

∥

∥

∫ x

y
(g1(τ)−g1(y))

(n+1)α−1g′1 (τ)
((

D(n+1)α
x−;g1

f1
)

(τ)−
(

D(n+1)α
x−;g1

f1
)

(y)
)

dτ
∥

∥

∥

∥

≤

1
Γ ((n+1)α)

∫ x

y
(g1 (t)−g1(y))

(n+1)α−1g′1 (t)
∥

∥

∥
D(n+1)α

x−;g1
f1 (t)−D(n+1)α

x−;g1
f1 (y)

∥

∥

∥
dt

We suppose that
∥

∥

∥
D(n+1)α

x−;g1
f1 (τ)−D(n+1)α

x−;g1
f1 (y)

∥

∥

∥
≤ λ2 |g1 (τ)−g1(y)| , (3.31)

∀ t,y,x∈ [a,b] : x≥ t ≥ y; λ2 > 0)

≤
λ2

Γ ((n+1)α)

∫ x

y
(g1(τ)−g1(y))

(n+1)α−1g′1 (τ) (g1 (τ)−g1(y))dτ = (3.32)

λ2

Γ ((n+1)α)

∫ x

y
(g1 (t)−g1(y))

(n+1)α g′1(τ)dτ =
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λ2

Γ ((n+1)α)

(g1 (x)−g1(y))
(n+1)α+1

((n+1)α +1)
.

We show that
‖ f1 (x)− f1 (y)− (A1( f1)) (x,y) (g1(x)−g1(y))‖ ≤

λ2

Γ ((n+1)α)

(g1 (x)−g1(y))
(n+1)α+1

((n+1)α +1)
, (3.33)

∀ x,y∈ [a,b] : x> y; 0< α < 1.

Conclusion 1Setλ = max(λ1,λ2). We have proved that

‖ f1 (x)− f1 (y)− (A1( f1)) (x,y) (g1(x)−g1(y))‖ ≤

λ
Γ ((n+1)α)

|g1 (x)−g1(y)|
(n+1)α+1

((n+1)α +1)
, (3.34)

∀ x,y∈ [a,b] ; 0< α < 1, n∈ N.

(3.34) becomes trivially true whenx= y)).
One may suppose that

λ
Γ ((n+1)α)

< 1. (3.35)

Now using (3.22) and (3.34), we can apply our numerical methods presented in this article to to find the solutions of
f (x) = 0.

To have(n+1)α +1≥ 2, we need to take 1> α ≥ 1
n+1, wheren∈ N.

Below we provide some forms ofg1:

g1 (x) = ex, x∈ [a,b]⊂ R,

g1 (x) = sinx,
g1 (x) = tanx,
wherex∈

[

− π
2 + ε, π

2 − ε
]

, ε > 0 small.

(3.36)

II) The expression ofX-valued left generalizedg1-fractional derivative off1 of orderα is [5]:

(

Dα
a+;g1

f1
)

(x) =
1

Γ (1−α)

∫ x

a
(g1(x)−g1(τ))−α g′1 (τ)

(

f1 ◦g−1
1

)′
(g1 (τ))dτ, (3.37)

∀ x∈ [a,b] .
If 0 < α < 1, then

(

Dα
a+;g1

f1
)

∈C([a,b] ,X) (see [5]).
Also, we define

D1
a+;g1

f1 (x) =
(

(

f1 ◦g−1
1

)′
◦g1

)

(x) , (3.38)

D0
a+;g1

f1 (x) = f1 (x) , ∀ x∈ [a,b] .

Wheng1 = id, then
Dα

a+;g!
f1 = Dα

a+;id f1 = Dα
∗a f1,

the classicalX-valued left Caputo fractional derivative [4].
Let

Dnα
a+;g1

:= Dα
a+;g1

Dα
a+;g1

...Dα
a+;g1

(n times),n∈N. (3.39)

The expression of theX-valued left generalized fractional Riemann-Liouville integral (see [5]) is written below

(

Iα
a+;g1

f1
)

(x) =
1

Γ (α)

∫ x

a
(g1 (x)−g1(τ))α−1g′1 (τ) f1 (t)dτ, a≤ x≤ b. (3.40)

Also denote by
Inα
a+;g1

:= Iα
a+;g1

Iα
a+;g1

...Iα
a+;g1

(n times). (3.41)

The followingX-valued modifiedg1-left generalized Taylor’s formula will be used.
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Theorem 3.([5]) Let 0 < α ≤ 1, n ∈ N, f1 ∈ C1 ([a,b] ,X), g1 ∈ C1 ([a,b]), strictly increasing, fulfilling
g−1

1 ∈C1 ([g1(a) ,g1 (b)]). Let Fk := Dkα
a+;g f1, k= 1, ...,n, that fulfill Fk ∈C1 ([a,b] ,X), and Fn+1 ∈C([a,b] ,X). Then

f1 (x)− f1 (a) =
n

∑
i=1

(g1 (x)−g1(a))
iα

Γ (iα +1)

(

Diα
a+;g1

f1
)

(a)+ (3.42)

1
Γ ((n+1)α)

∫ x

a
(g1 (x)−g1(τ))(n+1)α−1g′1 (τ)

(

D(n+1)α
a+;g1

f1
)

(τ)dτ,

∀ x∈ [a,b] .

Let f1 ∈C1 ([a,b] ,X). The expression ofX-valued left generalizedg-fractional derivative is written as

(

Dα
y+;g1

f1
)

(x) =
1

Γ (1−α)

∫ x

y
(g1 (x)−g1(τ))−α g′1 (τ)

(

f1 ◦g−1
1

)′
(g1(τ))dτ, (3.43)

for anyy≤ x≤ b; x,y∈ [a,b] ,
(

D1
y+;g1

f
)

(x) =
(

f1 ◦g−1)′ (g1 (x)) , ∀ x∈ [a,b] . (3.44)

In a similar manner, we define

(

Dα
x+;g1

f −1
)

(y) =
1

Γ (1−α)

∫ y

x
(g1 (y)−g1(τ))−α g′1 (τ)

(

f1 ◦g−1
1

)′
(g1 (τ))dτ, (3.45)

for anyx≤ y≤ b; x,y∈ [a,b] ,

(

D1
x+;g1

f1
)

(y) =
(

f1 ◦g−1−1)′ (g1(y)) , ∀ y∈ [a,b] . (3.46)

When 0< α < 1, Dα
y+;g1

f1 andDα
x+;g1

f1 are continuous functions on[a,b], see [5]. We recall that

(

Dα
y+;g1

f1
)

(x) = 0, whenx< y,
and
(

Dα
x+;g1

f1
)

(y) = 0, wheny< x.
(3.47)

Let consider
Gy

k := Dkα
y+;g1

f1, Gx
k := Dkα

x+;g1
f1, ∀ x,y∈ [a,b] . (3.48)

We suppose that
Gy

k,G
x
k ∈C1 ([a,b] ,X) , andGy

n+1,G
x
n+1 ∈C([a,b] ,X) , (3.49)

k= 1, ...,n, ∀ x,y∈ [a,b] ; 0< α < 1.
We also report that (0< α < 1) (by [8])

∥

∥

(

Dα
a+;g1

f1
)

(x)
∥

∥≤
1

Γ (1−α)

∫ x

a
(g1 (x)−g1(t))

−α g′1(t)
∥

∥

∥

(

f1 ◦g−1
1

)′
(g1 (t))

∥

∥

∥
dt ≤

∥

∥

∥

(

f1 ◦g−1
1

)′
◦g1

∥

∥

∥

∞,[a,b]

Γ (1−α)

∫ x

a
(g1(x)−g1(τ))−α g′1 (τ)dτ =

∥

∥

∥

(

f1 ◦g−1
)′
◦g1

∥

∥

∥

∞,[a,b]

Γ (1−α)

(g1 (x)−g1(a))
1−α

1−α
= (3.50)

∥

∥

∥

(

f1 ◦g−1
1

)′
◦g1

∥

∥

∥

∞,[a,b]

Γ (2−α)
(g1 (x)−g1(a))

1−α
.

We concluded that

∥

∥

(

Dα
a+;g1

f1
)

(x)
∥

∥≤

∥

∥

∥

(

f1 ◦g−1
1

)′
◦g1

∥

∥

∥

∞,[a,b]

Γ (2−α)
(g1(x)−g1(a))

1−α
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≤

∥

∥

∥

(

f1 ◦g−1
1

)′
◦g1

∥

∥

∥

∞,[a,b]

Γ (2−α)
(g1 (b)−g1(a))

1−α
, ∀ x∈ [a,b] . (3.51)

We report that
(

Dα
a+;g1

f1
)

(a) = 0, 0< α < 1, (3.52)

and
(

Dα
y+;g1

f1
)

(y) =
(

Dα
x+;g1

f1
)

(x) = 0, ∀ x,y∈ [a,b] ; 0< α < 1. (3.53)

From (3.42) we conclude

f1 (x)− f1 (y) =
n

∑
i=2

(g1 (x)−g1(y))
iα

Γ (iα +1)

(

Diα
y+;g1

f1
)

(y)+

1
Γ ((n+1)α)

∫ x

y
(g1 (x)−g1(t))

(n+1)α−1g′1 (t)
(

D(n+1)α
y+;g1

f1
)

(τ)dτ, (3.54)

for anyx> y : x,y∈ [a,b]; 0< α < 1, we have

f1 (y)− f1 (x) =
n

∑
i=2

(g1(y)−g1(x))
iα

Γ (iα +1)

(

Diα
x+;g1

f
)

(x)+ (3.55)

1
Γ ((n+1)α)

∫ y

x
(g1 (y)−g1(τ))(n+1)α−1g′1 (τ)

(

D(n+1)α
x+;g1

f1
)

(τ)dτ,

for anyy> x : x,y∈ [a,b]; 0< α < 1.
Below we give the definition of the followingX-valued linear operator

(A2 ( f )) (x,y) :=



















n
∑

i=2

(g1(x)−g1(y))
iα−1

Γ (iα+1)

(

Diα
y+;g1

f1
)

(y)+
(

D(n+1)α
y+;g1

f1
)

(x) (g1(x)−g1(y))
(n+1)α−1

Γ ((n+1)α+1) , x> y,
n
∑

i=2

(g1(y)−g1(x))
iα−1

Γ (iα+1)

(

Diα
x+;g1

f1
)

(x)+
(

D(n+1)α
x+;g1

f1
)

(y) (g1(y)−g1(x))
(n+1)α−1

Γ ((n+1)α+1) , y> x,

f ′1 (x) , whenx= y,

(3.56)

∀ x,y∈ [a,b]; 0< α < 1.
We suppose that (see [12], p. 3)

‖(A2 ( f1))(x,x)− (A2( f1)) (y,y)‖=
∥

∥ f ′1 (x)− f ′1 (y)
∥

∥ (3.57)

≤ Φ∗ |g1 (x)−g1(y)| , ∀ x,y∈ [a,b] ;

with Φ∗ > 0.
We conclude
i) case ofx> y :

‖ f1 (x)− f1 (y)− (A2( f1)) (x,y) (g1(x)−g1(y))‖= (3.58)
∥

∥

∥

∥

1
Γ ((n+1)α)

∫ x

y
(g1(x)−g1(τ))(n+1)α−1g′1 (τ)

(

D(n+1)α
y+;g1

f1
)

(τ)dτ−

(

D(n+1)α
y+;g1

f1
)

(x)
(g1(x)−g1(y))

(n+1)α

Γ ((n+1)α +1)

∥

∥

∥

∥

∥

(using[1], p. 426)

=
1

Γ ((n+1)α)
·

∥

∥

∥

∥

∫ x

y
(g1 (x)−g1(τ))(n+1)α−1g′1(τ)

((

D(n+1)α
y+;g1

f1
)

(τ)−
(

D(n+1)α
y+;g1

f1
)

(x)
)

dτ
∥

∥

∥

∥

(3.59)
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(by [8])

≤
1

Γ ((n+1)α)
·

∫ x

y
(g1(x)−g1(τ))(n+1)α−1g′1 (τ)

∥

∥

∥

(

D(n+1)α
y+;g1

f1
)

(τ)−
(

D(n+1)α
y+;g1

f1
)

(x)
∥

∥

∥
dτ

(we suppose here that
∥

∥

∥

(

D(n+1)α
y+;g1

f1
)

(τ)−
(

D(n+1)α
y+;g1

f1
)

(x)
∥

∥

∥
≤ ρ1 |g1 (τ)−g1(x)| , (3.60)

∀ t,x,y∈ [a,b] : x≥ t ≥ y; ρ1 > 0)

≤
ρ1

Γ ((n+1)α)

∫ x

y
(g1 (x)−g1(τ))(n+1)α−1g′1 (τ) (g1 (x)−g1(τ))dτ =

ρ1

Γ ((n+1)α)

∫ x

y
(g1 (x)−g1(τ))(n+1)α g′1 (τ)dτ =

ρ1

Γ ((n+1)α)

(g1 (x)−g1(y))
(n+1)α+1

((n+1)α +1)
. (3.61)

We show that
‖ f1 (x)− f1 (y)− (A2( f1)) (x,y) (g1(x)−g1(y))‖ ≤

ρ1

Γ ((n+1)α)

(g1 (x)−g1(y))
(n+1)α+1

((n+1)α +1)
, (3.62)

∀ x,y∈ [a,b] : x> y; 0< α < 1.
ii) case ofy> x :

‖ f1 (x)− f1 (y)− (A2 ( f!)) (x,y)(g1(x)−g1(y))‖= (3.63)

‖ f1 (y)− f1(x)− (A2( f1)) (x,y) (g1(y)−g1(x))‖=
∥

∥

∥

∥

1
Γ ((n+1)α)

∫ y

x
(g1(y)−g1(τ))(n+1)α−1g′1 (τ)

(

D(n+1)α
x+;g1

f1
)

(τ)dτ−

(

D(n+1)α
x+;g1

f1
)

(y)
(g1(y)−g1(x))

(n+1)α

Γ ((n+1)α +1)

∥

∥

∥

∥

∥

=
1

Γ ((n+1)α)
·

∥

∥

∥

∥

∫ y

x
(g1(y)−g1(t))

(n+1)α−1g′1 (τ)
((

D(n+1)α
x+;g1

f1
)

(τ)−
(

D(n+1)α
x+;g1

f1
)

(y)
)

dτ
∥

∥

∥

∥

≤
1

Γ ((n+1)α)
·

∫ y

x
(g1 (y)−g1(τ))(n+1)α−1g′1(τ)

∥

∥

∥

(

D(n+1)α
x+;g1

f1
)

(τ)−
(

D(n+1)α
x+;g1

f1
)

(y)
∥

∥

∥
dτ. (3.64)

We suppose here that
∥

∥

∥

(

D(n+1)α
x+;g1

f1
)

(τ)−
(

D(n+1)α
x+;g1

f1
)

(y)
∥

∥

∥
≤ ρ2 |g1 (τ)−g1(y)| , (3.65)

∀ t,y,x∈ [a,b] : y≥ t ≥ x; ρ2 > 0)

≤
ρ2

Γ ((n+1)α)

∫ y

x
(g1(y)−g1(τ))(n+1)α−1g′1 (τ) (g1(y)−g1(τ))dτ =

ρ2

Γ ((n+1)α)

(g1 (y)−g1(x))
(n+1)α+1

((n+1)α +1)
. (3.66)
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We proved that
‖ f1 (x)− f1 (y)− (A2( f1)) (x,y) (g1(x)−g1(y))‖ ≤

ρ2

Γ ((n+1)α)

(g1 (y)−g1(x))
(n+1)α+1

((n+1)α +1)
,

∀ x,y∈ [a,b] : y> x; 0< α < 1.

Conclusion 2Setρ = max(ρ1,ρ2). Thus,

‖ f1 (x)− f1 (y)− (A2( f1)) (x,y) (g1(x)−g1(y))‖ ≤

ρ
Γ ((n+1)α)

|g1 (x)−g1(y)|
(n+1)α+1

((n+1)α +1)
, (3.67)

∀ x,y∈ [a,b] ; 0< α < 1.

(Whenx= y we notice that (3.67) becomes trivially true. )
One may suppose that

ρ
Γ ((n+1)α)

< 1. (3.68)

Taking into account (3.57) and (3.67), we can use the developed numerical methods shown in this article to find the
solution of f1 (x) = 0.
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