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Abstract: In this study, we propose a Cumulative Sum control chart fonitering shift in the shape parameter of the Pareto
distribution when the scale parameter is known. The V-maskhod of constructing Cumulative Sum control chart was eygad
together with the Sequential Probability Ratio Test. Weestigated the features of the V-mask, and observed thae#uedistance,
the mask angle and the Average Run Length of the Cumulative &ntrol chart changed considerably given a small shifhin t
shape parameter of the Pareto distribution.
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1 Introduction

An organization will attract and maintain a large numberwdtomers, if it is able to improve and control the quality of
its products. This desired quality cannot be achieved witleonploying efficient and effective quality control measur
Statistical Process Control (SPC) charts are used widelguajity engineers for monitoring the stability of diffeten
process over time. A control chart helps to distinguish leetwnormal process variation and unusual variation due to
special causes. In order to monitor a process quality, iticawrs frequently use the Shewhart’s control charts fike
chart, p-chart and R-charts among others. These charts are effidntidtetecting large shift (larger than 14§ in the
process parameter. Industry players therefore canndttliimselves to the use of the Shewhart control charts diige i
not always a preferred choice when it comes to detectingl$oaloderate shift in the process parameter. Faced with this
challenge, a more robust control chart with greater seitgiis needed than what the Shewhart’s charts can provide.
One such method is the use of Cumulative Sum (CUSUM) contraittcThe CUSUM control charts have the ability
to detect small shifts (that is less than &.pby charting a statistic that incorporates current andipte/data values from
the process. It is also able to determine when a processhstsifbccurred. The CUSUM control chart is a natural fit for
situations where process average is expected to shift frepeeified target and there is the need to make timely process
adjustments to bring the process back to the target. Thétisegp®f a CUSUM control chart largely depends on the type
of distribution used. This makes the Pareto distributionitable candidate in the construction of a CUSUM controktha
because of its skewness and heavy tail. Any small changeiprtitess affects the mean and variance of the distribution.
The CUSUM control chart was first proposed By o address the shortfalls of the Shewhart control cha?isthted
that CUSUM control charts are most sensitive SPC chartgttasia persistent small step change in a process parameter.
A great deal of research has been done in the area of CUSUMotahtrts: B] developed alpha-cut control chart for
attributes data: This approach provided the ability of thkSTUM control chart in detecting the tightness of the insjoect
by selecting a suitable alpha leved] applied CUSUM control chart using sequential probabilikglihood ratio test.
[5], applied the CUSUM control chart in agriculture to check tjuality of production and bulk tank somatic cell counts
in milk. Also, [6] developed unified CUSUM control chart for monitoring sitaueous shifts in the parameters of the
Elang-Truncated Exponential Distribution and therefoeeived the parameters of the CUSUM chart proposed. Again,
[7] applied the CUSUM and the Shewhart charts to monitor osstetection efficiency in dairy cows. In their analysis,
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the SPC charts detected changes in oestrus detectionrtfidie time to be potentially useful in diary management. It
was pointed out that the correct design of the used contaot éhimportant to receive meaningful classification resul
Recently, B] developed a one-sided CUSUM control chart for monitorimg $shape parameter of the Pareto distribution.
And lately [L1], developed a one sided CUSUM control chart for monitorihitsn the scale parameter of the new
Weibull-Pareto distribution. In this study, we extend thedy of [8] and therefore develop a two-sided CUSUM control
chart for monitoring shifts in the shape parameter of the®@atistribution.

2 Pareto Distribution

The Pareto distribution is named after an Italian civil egr and economist Vilfredo Pareto. It is a skewed distidiout
with heavy or slowly decaying tail. It is a powerful probatyildistribution that is applied in economics, sociologgda
statistics. It was used by Pareto in modelling nationaline@nd wealth distribution in any human endeavour. The @aret
distribution is used in modelling many situations which aog evenly distributed. If the random variable has a Pareto
distribution, then the density function is given by;

cY
06 :0) = 2y 1

wherex > ¢ and the parametens> 0 andc > 0 are the shape and scale parameters respectively. Theponding
cumulative distribution function is given by;

c\Y
Rxy.0) =1 (3) 2)
The mean and variance of the Pareto distribution are given by
_ Y
H=y—1Y> 1 3)
and
2 yc?
0?= —" _y>2 4
v-2-17" @

3 Sequential Probability Ratio Test

The Sequential Probability Ratio Test (SPRT) plays a majta in the development of an acceptance sampling p8in. [
SPRT is ajoint, subject-by-subject, Likelihood Ratio Té$T), where each subject constitutes a stage. Accordiig}o

the CUSUM control charts are roughly equivalent to the SPRE SPRT has been used extensively in the development
of an acceptance sampling plan and this acceptance sanpidindpas been used in determining the in and out of control
limits in CUSUM procedures. Suppose that we take a sampta wdluesx;, X, ..., Xm successively, from a population
f(x, 0). Consider two hypotheses abdutHy : 6 = 8y andH; : 6 = 6;. The ratio of the probabilities of the sample is;

_ niglf (X4 ’ 61)
2, f(xi, 6o)

We select two numbes andB , which are related to the desiredandf errors. The sequential test is set up as follows;

Lm (5)

1.As long aB < Ly, < Awe continue sampling
2.At the firsti thatLy, > A we accepH;
3.At the firsti thatLy, < B we accepHy

An equivalent way of computation is to use the logarithnb@f Then, the inequality becomes:

INB< 5™, Inf(x,6;) —Z141Inf(x,6) <InA (6)

—

The family of test is referred to as SPRT. if:
Xi, 61
Xi, 6o

—~
~—

—~
~—
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then the sampling terminates when
225 >InA (8)

or
>z<InB )

The z’s are independent random variables with variance, sy 0: Obviously,5, Z; has a varianceng? . As m
increases the dispersion becomes greater and the prop#izli a value of Z; will remain within the limits InB and InA

tends to zero. The mea#,, tends to a normal distribution with varianéé, and therefore the probability that it will fall

between™ and ™™ tends to zero.

If we take a sample for whichy, lies betweerA andB for the firstn — 1 trials, therL,, > A at then'" trial, so that we
acceptH; (and rejectHp). Then by definition, the probability of getting such a saeigl at leasi\ times as large under
H; as undeHp : The probability of acceptingl; whenHg is true is,a, and that of accepting; whenH; is true is 1- 8
. This is expressed by:

1-B
<=
A< q (10)
similarly, if we acceptp
B
>_-
B> - (11)
Wald(1947) showed that for all practical purpakgandl11 hold as equalities. Thus
1-B
A=—— (12)
and
_ B
B= o (13)

In practicea andf are small and the use #fandB can increase one of the errors by a very small amount.

4 CUSUM control chart for monitoring the shape parameter

The SPRT method is used to construct a two-sided CUSUM claritest for monitoring the shape parameter of the Pareto
distribution, when the scale parameter is known. The Lliled Ratio Test for testing the null hypothesis of no shift in
the shape parameter as against the alternative hypottiesghdt in the shape parameter is given by:

le o ”iri]_f (Xl W, C)

bam e, TG 11,©) 14
Lom 1™, f(x;, 6,C) 14

whereL;mis the likelihood of the new value of the shape paramgtandLomis the likelihood of the original value
of the shape parametgr, The continuation region of the SPRT discriminating betwew two hypotheses is given by:

yich
B mtyh= 1-8

— m_ %c
1-a = a

(15)

wherea andf are types | and Il errors. taking logarithm 15, the continuation region becomes

i, et _
In (%) <In <%> <In <¥> (16)
M2y ot
simplifying 16 we obtain:

In (%) < m[ln (%) +(vi—w)linc

+(yo—y1)_§1lnx< In (%) (17)
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In (%) < mlln (%) +(yn—w)lInc

A shift in the shape parameter affects the mean and varidrhbe ®areto distribution. Assuming is the target value and

v1 (y1 > yo) is the changed values due to a shift in the value of the paentbe SPRT will be terminated by rejecting
or accepting the null hypothesis or by continuing the samgplirhe sampling process is stopped by rejecting the null
hypothesis if | ém > InA; which gives a rejection liney{ > y) . On the other hand, if Ihé—m < InAis obtained for
the case of i < y ) , then another rejection line is obtained. These two rgjadines give a symmetrical masking:
The observations in the sample are used with the mask in &sgglupattern. Consideration (18) and settfhe- O the

inequality in (18) reduces to:
4
miin{ =]+ (xh—w)lnc
[ (w) (y1— )

Re-arranging (19) and keeping the term containirmg the left-hand side of the inequality, we obtain:

+(yo—y1)§llnx<ln (#) (18)

+(yo+V1)iInx<—Ina (19)

- —m[ln <%>+(V1—YO)|HC +(~Ina)
i;Inx < =7 (20)
which implies
N —m[ln <%>+(y1—y@)lnc +(Ina)
i;Inxg v (21)
now equatior21 can be wriiten in the form of a straight line as:
i * *
i;h‘IXi <mf*+g (22)
where
o)+ n-we 9
i—%
and
. —Ina
N Yi—Y% (e4)

Let Xy, Xz, ..., Xm be a sample from a Pareto distribution. If the poimsy ", Inx )are plotted with a suitable scale, then
the ordinates of the points represent the cumulative surheoflata. Equation®2 and24 are the effects of a shift in the
population parameter, Figure1 shows a sizeable shift in the parameter§it, Inx; falls outside the line§;H; and
G_1H_1 . The chartis interpreted by placing the mask over the ladted point as shown in figurklf any of the points
lies belowG_1H_ 1, then it indicates a decreaseyirand if any of the points falls abov&;H; then it shows an increase
in y . If all the points plotted are within the two lin€%H; andG_1H_; of the V-mask, then the process is in control: If
there is a point belows;H; then it is concluded that the process is out of control andahassitive shift of the process
mean and if there is a point found abdseiH_1 then the process is out of control and has a negative shifteoptocess
mean.
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Zilynx dy d_y
Gt——————plqg G4

[ ]

Fig. 1: : v- mask for two-sided cusum

The parameters of the CUSUM chart, known as the angle of tis& ared the lead distance, are obtained. From Figure
1, tan6,= slope of the lingG1H; = f and tarb_;= slope of the linegG_1H_1 = f* | hence:

In (ﬁ) +(r—w)inc
_tan-1 Yo
6, = tan l 0 1 (25)
wherey; > yp and
In (1) +(r—w)inc
_tan-1 Yo
6_; =tan [ 0 ] (26)

where whergs < v

Various values of the mask angtégta, are shown irl for various values of the scale parameterand shifts in the
shape parameter: The results show that the values of the,dmgb , decreases with an increase in the valug®f- yo)
for any given value o€ . Also, as the value ofys — yp) increases the value tifieta increases with increasing value of
Again increasing values % , decreases the value thieta

Table 1: Values of the angle8 for controlling the parameters
c

Yo Vi 15 2 25
1.5 3 | 40.94 49.12 54.04
1.5 35| 39.66 48.16 53.27
1.5 4 | 3858 47.35 52.61
1.5 45| 37.66 46.65 52.04
1.5 5 | 36.85 46.05 51.57
1.5 55| 36.14 4551 51.14
1.5 6 | 35.51 45.04 50.74
1.5 6.5| 3494 4461 50.42
1.5 7 | 34.43 44.22 50.1]
1.5 75| 33.97 43.87 49.83
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Table 2: Value of the lead distance for the parameters of the Parstoliition

c=1.5
a
Yo Y1 0.5 0.05 0.025 0.005 0.1 001 | 0.001
1.5 3 0.53 2.30 2.83 407 1.85 [3.69 [ 554
1.5 35 0.42 1.80 2.23 3.20 0.91 1.82 | 273
1.5 4 0.35 1.50 1.85 2.66 0.60 1.20 | 1.79
1.5 4.5 0.30 1.29 1.59 2.29 044 |0.88 [ 1.33
1.5 5 0.26 1.14 141 2.02 0.35 070 | 1.05
1.5 55 0.24 1.03 1.26 1.81 0.29 057 | 0.86
1.5 6 0.22 093 1.15 1.65 024 (048 | 073
1.5 6.5 0.20 0.86 1.06 1.52 0.21 042 | 063
1.5 i 0.18 0.80 097 141 0.18 0.37 | 0.55
1.5 7.5 0.17 0.74 091 1.31 0.16 0.33 | 0.49
c=2

Yo y1 |05 0.05 0.025 0.005 0.1 0.01 | 0.001
1.5 3 0.40 1.73 2.13 3.06 1.33 2.66 | 3.99
1.5 35 0.31 1.34 1.65 2.37 1.03 206 | 3.09
1.5 4 0.26 1.10 1.36 195 0.85 1.70 | 2.55
1.5 4.5 0.22 0.94 1.16 1.67 0.73 145 | 2.17
1.5 5 0.19 0.83 1.02 146 0.63 127 | 1.90
1.5 55 0.17 0.74 091 1.30 057 |113 | 1.70
1.5 6 0.15 0.67 0.82 1.18 0.51 102 | 153
1.5 6.5 0.14 0.61 0.75 1.07 047 |[093 | 1.40
1.5 7 0.13 0.56 0.69 0.99 0.43 086 | 1.29
25 7.5 0.12 0.52 0.64 092 040 |[0.80 | 1.20

c=2.5

Yo Y1 0.5 0.05 0.025 0.005 0.1 001 | 0.001
2.5 3.0 0.34 145 1.78 2.56 1.11 223 | 334
25 35 0.26 1.12 1.38 1.98 0.86 172 | 2.58
2.5 4.0 0.21 0.92 1.13 1.62 0.70 141 | 2.11
2.5 4.5 0.18 0.78 0.96 1.38 0.60 1.19 | 1.80
2.5 5.0 0.16 0.68 0.84 1.20 0.52 104 | 1.57
2.5 55 0.14 0.60 0.74 1.08 046 |093 | 1.39
25 6.0 0.13 0.54 0.67 0.96 0.42 084 [1.25
2.5 6.5 0.12 0.50 0.61 0.88 0.38 0.76 | 1.14
25 70 0.11 0.46 0.56 0.81 035 (070 | 1.05
25 75 0.10 042 0.52 0.75 0.32 0.65 | 0.97

5 Average Run Length of the two-sided CUSUM control chart

The Average Run Length for the two-sided CUSUM control cisagiven by:

—Ina
ARL= ———— (27)
In () i
Proof by using:
—Ina
ARL = m (28)
where ¢
f (X, y0,C)
Then: " "
_ nhet  we
Tt T oyl (30)
and
= (%)C(mfmx(mfm (31)
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Taking natural logarithm o81:

InZ:In(%)(yl—y@)lnc+(yo—y1)lnx (32)
hence:
EInZ)=1n () + (5.~ o) Inc-+ (o~ w)ElInX (33)
where -
E[Inx]:/ Inxf (x, y1, ¢)dx (34)
and - o
E[Inx] = / )‘(’;ﬁl Inxdx (35)
Then: ¢ ey
Ellnx = pc" {o-(?—T)e (y1+1)lnc} (36)
1
and 21
i+ypinc
E[lnx = AT (37)
Inq = [ 22
substituting31into 29 we obtain:
Vi o—%
I =In(= —_—
E(InZ] n(yo)+ . (38)

and substitutin@6into 26, the ARL is obtained as:

—Ina
ARL= ———— (39)
Y YoV
In(y;)Jr VR

Various values of the ARL are given 81 From the results, for a given value @f, and an increase in the value(@f — yo)
, the value of the ARL decreases. Also, an increase in the, ﬁ%’giwith a givena , decreases the value of the ARL and a

decrease in the value afand a fixed value 0%, increases the ARL.

Table 3: Average Run Length (ARL) for controlling the parameyer
a
Yo v | 05 005 0005 0.025 0.1 0.01 0.0¢
15 30359 1551 2743 283 185 369 5.5
15 35|251 1085 1921 223 091 182 27
15 40|195 842 1489 185 060 120 1.7
15 45|161 694 1227 159 044 088 1.3
15 50|138 594 1051 141 035 0.70 1.0
15 55(121 523 926 126 029 057 0.8
15 6 (109 471 833 115 0.24 048 0.7
15 65099 430 760 106 021 042 0.6
15 7.0|092 397 7.02 097 018 037 0.5
15 75086 370 655 091 016 033 04

COTW WO UTrwowbs =S

6 Practical Demonstration of the use of the Two-sided CUSUM control chart

In this section, the application of the proposed CUSUM aainthart is illustrated using hypothetical data simulated
from the Pareto distribution. The first ten observationsangémulated withp = 2.5 andc=1.5; the last five observations
were simulated withy,=5 . Table4 displays the simulated data and their cumulative sum. Thanpeters of the V-mask
were calculated usingy = 2.5¢=1.5;y; = 5 anda=0.01. The lead distance and the angle of the mask were 2.33nd
respectively. The sample numbmj(was plotted against the cumulative sum of the data. The Skmaas then placed
at the last plotted point to monitor whether the process isointrol or out of control as shown in figugz It can be
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Fig. 2: two-sided cusum plot for the simulated hypothetical data

established from figur@ that the process was out of control as observations 1 to &lele lineG;H; indicating an
increase iry . This means an action must be taken in order to bring the psduack to control.

Table 4: Simulated data for the two-sided CUSUM control chart
sample | 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Data(x) | 2.1 | 10.7 | 1.3| 1.1 |332| 31| 24| 56 | 5.2 1.1 1.8 1.2 | 3.7 | 15 1.1
Inx 07| 24 (03|01 35(|11|09| 17| 16| 01| 06| 02| 13| 04| 01
CUSUM | 07| 31 | 34| 35| 70 (81|90 10.7| 123|124 | 13.0| 13.2| 145]| 149 | 15.0

7 Conclusion

Control charts play a key role as long as the quality of a pcotuconcerned in the industrial establishment. Therefore
proposing control charts for monitoring the quality of puats is not trivial. This CUSUM will particularly be helpful

in determining when the assignable cause has occurred ssitli&tions in which two directions of a system are to be
monitored. It also offers considerable performance impnoent relative to the Shewhart charts. It can be applieddn th
chemical and process industries. The limitation of this OlSs that when the mask angle and the lead distance are not
well determined, can lead to inappropriate system adjustsnurther studies can be done on this distribution byitapk

at simultaneous shift in both the shape and scale parantétirs distribution.

The results of the study showed that the size of the mask @hdkcreases as the value(¢f — yp) increases with any
given value of the scale parameterHowever, given any fixed value 0f1 — yo) , the angle® increases for an increase
in the value ofc. With regards to the lead distance, it can be observed thiaicagase in the value df4 — yp) and given
the values ofr andc , the value ofd decreases. Again the value @increases with fixed value afanda. However,

d decreases asincreases in value, ifr and(y; — yp) values are maintained. On the ARL, it can be establishedathat
the value of increases, the ARL tends to decrease with amngialue of . Also, as the value of decreases, the ARL also
increases for fixed values 61 — yo) -
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