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1 Motivation

Let (X, ||-||) be a Banach spach, e N. Consideig € C([0,1]) and the classic Bernstein polynomials

(éNg) (t)= kig (%) (E)tk(l—t)'\'k, Vtel[0,1]. (1)

Letalsof € C([0,1],X) and define the vector valued ¥1Bernsein linear operators

(BNf)(t):k%Of (%) <E>tk(1—t)Nk, Vte[0,1]. @)

Thatis(Bnf) (t) € X.
Clearly herd| f|| € C(]0,1])).
We notice that

N
BN < >
k=0

() (R ta-ovr=Buamm) o, @
(

Vtelo,1].
The property

1B O < (Bu(Il)) ©), Vi[04, (4)

is shared by almost all summation/integration similar apans and motivates our work here.
If f(x)=ce X the constant function, then
(BneC) =c. (5)

If g€ C([0,1]) andc € X, thencg € C([0,1],X) and

(Bn (cg)) = cBn (9). (6)

Again (5), (6) are fulfilled by many summation/integration operators.
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In fact here 6) implies ), wheng = 1.

The above can be generalized frgdnl] to any intervalja,b] C R. All this discussion motivates us to consider the
following situation.

Let Ly : C([a,b],X) < C([a,b],X), (X,]|-]]) a Banach spacéy is a linear operatoiy N € N, xo € [a,b]. Let also
Ln : C([a,b]) — C([a,h]), a sequence of positive linear operatat$| € N.

We assume that ~
I () 0ol < (En 1D ) (o), 7)

VNeN,Vx e X,V feC([abl],X).
Wheng € C([a,b]), c € X, we assume that

(Ln (c@) = cLn(g)- (8)
The special case of B
Ln(1) =1, 9)
implies
Ln(c)=c, YceX. (10)

We callLy the companion operator bf.

Based on the above fundamental properties we study thédinatapproximation properties of the sequence of linear
operators{Ln } ey, I-€. their fractional convergence to the unit operator.kw of positivity property of{Ln }ycy iS
assumed. Other important motivation comes frdin[[2], [5].

2 Background

All vector integrals here are of Bochner typ&]j|
We need

Definition 1.([6]) Let [a,b] C R, X be a Banach space,>0; m= [a] € N, ([-] is the ceiling of the number),:fla, b] —
X. We assume that™® € L ([a,b],X). We call the Caputo-Bochner left fractional derivative ader a:
(D%, f) (x) := _ /X (x—t)™ LM (t)dt, Vxe[ab] (11)
*a " I— (m_ a) a 9 9 .
If aS)N, we set 9, f := f(™ the ordinary X -valued derivative (defined similar to nurnatione, seeg], p. 83), and also
set D), f :=f.

By [6], (D%, f) (x) exists almost everywhere ke [a,b] andD%f € L1 ([a,b],X).

If H fm) ta < thenby Bl D% f €C([a.b],X), henceDf | < C ([a.b]).
o ([3,0],

We mention

Lemma 1([5]) Leta >0, a ¢ N, m= [a], f € C™1([a,b],X) and f™ € L ([a,b],X). Then ¥, f (a) = 0.

We mention
Definition 2.([4]) Let [a,b] C R, X be a Banach space; > 0, m:= [a]. We assume that® < L; ([a,b],X), where
f : [a,b] = X. We call the Caputo-Bochner right fractional derivativieooder a':

(B5-1) = Fm—ay / "2 x™ M ()dz Wxe ab] (12)

We observe thaDf' ) (x) = (—1)™ (M (x), for me N, and (DY_f) (x) = f (x).

By [4], (DZ_f) (x) exists almost everywhere d¢a b] and (DZ_f) € L1 ([a,b],X).

If Hf<m> L a s < > @nda ¢ N, by [4], Df_f € C([a,b]. ), hence||Dg f|| € C([a,b]).
00 ay 9

We need
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Lemma 2([5]) Let f € C™ 2 ([a,b],X), f(™ € Ls ([a,b],X), m=[a],a >0, a ¢ N. Then [§_f (b) =0.
We mention the left fractional Taylor formula

Theorem 1([6]) Let mc N and fe C™1([a,b],X), where[a,b] C R and X is a Banach space, and et- 0: m= [a].
Set .
m1(x—t)

Fx(t)::i; g fO ), vVtelax, (13)

where xe [a,b].
Assume that (7 exists outside & -null Borel set B C [a,x] (A is the Lebesgue measure) such that

(hy is the Hausdorff measure of ordéysee [LO]). We also assume that™® e L, ([a,b],X). Then

m-1 (X— a)i

f=3 0@ r(la) [ x=2 0% 1) (2 dz (15)

vV xe€ [a,b].
We also mention the right fractional Taylor formula

Theorem 2([4]) Let [a,b] C R, X be a Banach space, > 0, m= [a], f € C™([a,b],X). Set

Fe(t) = rlng (XHU' £ (1), Vte[xb, (16)

where xe [a,b].
Assume that " exists outside & -null Borel set B C [x,b], such that

hy (Fe(By)) =0, ¥ x € [a,b]. (17)

We also assume that™ € Ly ([a,b],X). Then

m-1/, Ry b
f(x)= ; (x i!b) £(0 (b)—k%/X (z—x)" (DL ) (2)dz, (18)
vV xe [a,b].
We define the following classes of functions:
Definition 3.([5]) We call (x € [a,b] C R)
H := {f eC™ 1 ([a,b],X) : [a,b] C R, (X, ]-]) (19)

is a Banach spacey > 0:m= [a]; fM € La ([a,b],X); R (t) := z{i])l@f(” (t) is definedv t € [x,Xo],with
x € [a,%0] and f( exists outside & -null Borel set B C [x,xo], such that (FX(1> (B&l))) =0, VX€ [ax)]; F2(t) =

st 0t) ) (t) is defined t € [xo,X],with X € [xo,b] and ™ exists outside a -null Borel set B C [xo,X], such that
hy (R® (B7) ) =0, vx& o, b},

H® := {f eC™([a,b],X) : [a,b] C R, (20)
X is a Banach spacey >0:m= [a]}.
Notice that
H® c HY, Vxo € [ab]. (21)
(@© 2017 NSP

Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

178 %N S

Convention 1We assume that

D, f () =0, for x < xo,
and (22)
Dy, f (x) =0, for x> xo,
forall X,xp € [a,b].

We need

Definition 4.([5]) Let f € C([a,b],X), [a,b] C R, (X,]|-||) @ Banach space. We define the first modulus of continuity of f
as
w (f,0):= sup [f(x)—f(yll, 0<d<b-a (23)
x,ye(a,bl:
Ix—y|<8

If 6> b—a,thenw (f,0) =wi (f,b—a).
Noticecwy (f,0) is increasing ind > 0.

Clearly f is uniformly continuous andy (f,d) < . For f € B([a,b],X) (bounded functionsjx (f,d) is defined the
same way.

Lemma 3([5]) We havew, (f,d) — 0asd | 0iff f € C([a,b],X).
We mention
Proposition 2([5]) Let f € C"([a,b],X), n=[v], v > 0. Then D, f (x) is continuous in > [a,b].
Proposition 3([5]) Let f € C™([a,b],X), m= [a], a > 0. Then [¥_f (x) is continuous in x [a, b].
We also mention
Proposition 4([5]) Let f € C™ % ([a,b],X), fM € L, ([a,b],X), m= [a], a > 0and

1

a0 e (24)

DS f(x) =
o X0

for all X,xg € [a,b] : X > Xo.
Then Oy f (x) is continuous in .

Proposition 5([5]) Let f € C™*([a,b],X), f™ € Ly, ([a,b],X), m=[a], a > 0and

Df, 100 = Fm gy [ (@)™ M (@) (25)

forall x,xo € [a,b] : X0 > X.
Then I _f (x) is continuous in

Corollary 1.([5]) Let f € C™([a,b],X), m= [a], a > 0, x,x € [a,b]. Then O, f (x), Dg _f (x) are jointly continuous
functions in(x, xo) from [a,b]? into X, X is a Banach space.

We need
Theorem 3([5]) Let f : [a, b]2 — X be jointly continuous, X is a Banach space. Consider
G(X):a)l(f('7x)767 [Xab])a (26)

0>0,xe[ab.
Then G is continuous ofa, b] .
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Theorem 4([5]) Let f : [a, b]2 — X be jointly continuous, X is a Banach space. Then
H(X) =aw (f(-,x),0,[aXx), (27)
€ [a,b], is continuous in x [a,b], d > 0.
We mention and need

Remark([5]) Let f € C"*([a,b]), f € Lw ([a,b]),n=[v],v>0,v ¢ N. Then

Hfm)
Lo ([a,b],X _
IDkaf (] < " 50 (=Y vxelab), (28)
and it follows that H
wy (DY, f,5) < X (b—a)™. (29)

(n— v+1)
Similarly, letf € C™1([a,b]), f(M € Le ([a,b]), m=[a], a > 0,a ¢ N, then

w (DY £,5) < —Le@DX) s gym-a (30)

e,
ri(m—oa+1)

So forf € C™ 1 ([a,b]), f™ € L, ([a,b]), m=[a],a >0, a ¢ N, we find

a
< — =B (b
e .
and H
Do’ _f,0 <——— " (b-a . 32
up 1 (B 10) g <~ a+1) (=)™ (32)
Remark_et u be a finite positive measure on Borelalgebra ofia, b).
Let a > 0, then by Holder's inequality we obtain
a a+1 @D i
[ ta=xdue < ([ (=X ap()) " p(lax) @ 33)
[a,Xo] [a!Xo]
and a
(a+1)
[y dueo s ([ e aueo) " (o) e (34)
(%o,b] (%o,b]
Letnowm= [a],a ¢ N, a > 0,k=1,...,m—1. Then by applying again Hdlder’s inequality we obtain
k
(a+1) a+1-k
[ xxabauco < ([ el tan )" wan) # )
[a,b] [a,b]

We need

Lemma 4([1], p. 208, Lemma 7.1.1) Letd B([a,b],X), (X,]|-||) is a Banach space. Then

1109~ 100l < wn (1.0 | P20 ] <ty (14220, (36)

VX, X € [a,b], h> 0.

We need
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Terminology 1LetLy : C([a,b]) — C([a,b]), N € N, be a sequence of positive linear operators. By Riesz reptation
theorem (seed], p. 304) we have

Dn (f,%0) = /[a’b] (1) i (1), (37)
V Xo € [a,b], wherepiny, is @ unique positive finite measure orBorel algebra ofia, b]. Call
LN (1,%0) = Hg ([, b]) = My (38)
We also make

Remark.et Ly : C([a,b]) — C([a,b]), N € N, be a sequence of positive linear operators. UsBif) and Holder's
inequality we obtainXe [a,b,k=1,...m—1, m=[a],a ¢ N, a >0)fork=1,....m—1that

: : @ (g )
[ (=) = [ Qa7 39)
Herex stands for the characteristic function.
Also we observe that
C([avb]) | X|a+1 ax] () < |'_X|a+17 Vxe [a,b], (40)
and
C(lab]) > |- — X" xpp () < | — X", ¥xefab.
By positivity of Ly we obtain
T (=X X () | < [T (=22 %) (41)
and
o (5309 = [ 29 )
So if the right side of each ofi(Q), (42) tends to zero, so do the left hand sides of these.
We also make
Remarkieta > 0, o ¢ N. Takea < x < xg, then
(x0—x)"" < (% —x)"*1+0.
Similarly, forxg < x < b, we get
(X_XO)C(-HL S 0+ (X— XO)C!-‘rl 1
So we have
=X < =X X () =X X (), Y X€E (3B (43)
Thus, by positivity ofLy, we obtain
[ (x| < o (=2 xan 1)
1w (1 =X e (%) (44)

Soif bothHEN ( X X () ,x) ‘ ~

L (| —x* Tty X!b}(-),x)H —0,asN — oo, thenHLN( — x| x )Hm—>0.
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3 Main Results

It follows our first main result

Theorem 5LetNe Nand Ly : C([a,b],X) —»C
Let the positive linear operatotsy : C([a,b]) — C([a,b]), such that

I () G} < (En (1)) (o),

vV N e N, where fe C([a,b],X), and x € [a,b].
Furthermore assume that B
Ln (cg) =cLn(9), YgeC([a,b]),VceX.

([a,b],X), where(X, ||-||) is a Banach space andylis a linear operator.

(45)

(46)

Here we consider & Hg); ri,r2 > 0,0 < a ¢ N. Furthermore the unique positive finite measpg, is as in @7).

Then

<

()00~ 3 2 (L (-01)) o

ProofFor a fixedxg € [a,b] we have

A(Xo) =

() 00) 3 =09 (Ey () (XO)H -

k=0

m-1 £ (K)
H <LN (f 0= 3 ('—Xo)k>> (0

IN

~ -1 £ (k)
AR
Ko K
m-1 f(k) (XO) ‘ B
/[a,b] 9= kZo k! (X —X0)" | dHinng (X) =
m-1 ¢ (K)
L= 3 T g ’dumﬂ )+
[axo] K=0 :
m-1 ¢ (K)
/ f(x)— f k|(Xo) (x=x0)¥|| dpingg () by ((8), (15)
(Xo.b] K=0 :

(47)

(48)

(49)

(50)
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/(xo,b] /X:(X_ 2)* 1 (D%, ) (Z)dz‘

(above the integrands are continuous functions misoDg _f, D, f € L1 ([a,b], X))

dUNxo(x)] <

1

r(a)
(

[ ([0 2(0%1) @ 0%1) () 2) | <

/ </XX° (2= (05 1) (2~ (D% f) ()| dZ) AHg(0+ (52)

[axo]

(lethy,hy > 0, by (36))

wi (D, f.h1) (53)

l.e. it holds
Ax) < 7 (1a)-
{ [ /[a,Xo] ( /X ? (z—x <1+ X°h: Z) dz) diins () | @1 (D% h)
+ {/(xo,b] (/X: (x—2)"* (1+ ZEZX()) dz) diny, (X)] w; (D, f,h2) [Xo’b]} = (54)
1

/[a’xo} ((XO;X)C' +hi1 </XX0 (XO_Z)zl(Z_X)ale>) Ao ()

Wy (D)?O, f,h]_) o) —+

[/(XO’ ] ((X_axo)a +h—12 (/X: (X—Z)a_l(Z—X0)2_1d2)> diiny (%)

"(0!){

(D% 1,12) 13} = (55)
1 (Xo—X)a 1 (Xo—X)OH'l .
I (a) { l/[aYXo] < a +h—1 a(a+1) )d“NXO (X)l wl(DxOffahl)[a,xoﬁ
(x—%)% 1 (x—x0)*™ .
l/(x(),b] ( a moa(a+d) )duNX(X) M(D*Xof’hz)[m,b}}'
Therefore it holds .
Ax) < 7 @
1 a 1 i
{ a /[a-,xO] (0 =x)" i (X) + hia (a +1) /[a’Xo] (0 —X) """ dbing (X) (56)
Wy (D)?O, f,h]_) o) —+
1
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@ (D% f.he) [xO,b]} '
Momentarily we assume the positive choices of

hy=r1 ( / (%0 — )T L dpigg (x)) oo, (57)
[axo]
and .
re=re( [ x50 dp(9) >0 (58)
(xo,b]
Consequently we obtain L
A0) < FE T
1 1 a hy a
{ |:IJNXO ([a XO]) R m] w (DXO— f,hl) %] <E> +
h a
(1w (6. BD) =17 4 e (D% 1.he) o (T2) = (59)
1 . 1
Fla 7 [ Aon (000 g
o o (“—il)
W (DXO f,ry </[a,xo] (%0 — )" Ldpiny, (X)) ){a’xo]
a+1 (%I)
(/ (X0 —X)" " dlnsg (X )) + (60)
|: IJN ail) + ;:|
0! ra(a+1)

So far we have proved

A(xo) < - (a1+ N { [HNXO ([a,%0)) (ail) + N +11) rl]
W <D;’O_ f,ry (/{axo] (X0— X% i (X)> @ )
[a.xo]
(/[a’XO] (%0 —X)% dpinyg (x)) (a%1) . o

1
(a+1)
wy | D, f,r2 (/ (x—%0)" " diinsg (X))
bod po.b]

(/ (X— %)% L dping (x)) (m)} , for hy,hp > 0.
(Xo.b]
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Below we discuss special casesf(lf v (x— xo)‘”lduNm (x) =0, then(x—xp) = 0, a.e. onXp, b], thatisx = xg a.e.

on (xg, b], more preciselyiny, {X € (Xo,b] : X # X0} = 0, henceuny, (Xo,b] = 0.
Thereforeuny, concentrates ofa, Xo| -
Hence inequality@l) is written as

1 @D !
A(x) < Flat1) { |:(uNXO ([ xo])) 5 + m}

w <D§’of,r1 (/[axo] (x0—X) " d iy (x)) W) (62)
' [

axo|
(/.. 00" a0 o } .

Since(b,b] = 0 andu (0) = 0, in the case ok = b, we obtain againg2) written for xo = b. Thus, the inequalityg?) is
a valid inequality wherj, . (X0 —X)*** diny, (X) # 0.

If additionally we assume thaft, , ; (X0 — x)“*ldu,% (x) =0, then(xp — x) = 0, a.e. ora, Xol, that isx=xp a.e. on
[a,Xo], which meanguny, {X € [a,Xo] : X# Xo} = 0. Hencepiny, = d¢,M, whered,, denotes the unit Dirac measure and

M = i ([,b]) > 0.
m-1 (k) (%) )) 00)

In that case the right hand side 62 equals zero. Furthermore
f()- (- —%0)"
2, K

(o
= 1 (%) ~ £ () [ M =0,

implying A (xo) = 0, by @8), (49). That is €2) is valid trivially.
Finally let us go the other way around. Let us assume that
Jiaxg) (X0 — x)‘”ldu,% (x) = 0, then reasoning similarly as before we get fina}, over(a, Xo] concentrates ag. That is

Hnxg = O Hinx ([@ X0 ), 0N [a, Xg) -
In that case®1) is written and it holds as

(by (50))

1 Cazy !
A (x) < Fla+1) {(U ((x0,b])) @t + m}

1
(a+1)
o (Dt ([ x99 (63)
(x0,b] [X0.b]

( [ 0 i <x>) |

If Xo = athen @3) can be redone and rewritten, just repléxg b] by [a, b] all over.
So inequality 63) is valid when

@)

[ x=%0)" g () £ 0.
(xo,b]

If additionally we assume thd, |, (x— xo)"“rldu,\,)(o (x) =0, then as beforgny, (Xo, b] = 0. Then the right hand side of
(63) is zero. Then

(O ([t -zme o) (. %)*(|) ) () = 0, by 60). Hence by 48), (49) we getA (x,) = 0. Therefore§3)is valid
trivially. The proof of @7) now has been completed in all possible cases.
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Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl3, No. 3, 175-190 (2017)www.naturalspublishing.com/Journals.asp

N <SS 2 185

Corollary 2.All as in Theoren®, withry =r, =r > 0. Then

() 00— 5 0 (T (- -x9)) 0

ProofWe observe that

Right hand side47) <

r (orl+ 1) [((EN (1)) (XO)) Tt r (orl+ 1)}

M<D3X°f’r(([ (X[Xob]()l Xol‘”l) (XO))win)

((EN (X[xo,b] ) _XO|O’+1)) (XO (af1 :| (by 40)

[Xo,b]

proving 64).

Corollary 3.All as in Theorend, withrp =r, =r > 0. Then

)
(L (1) 00) = ()| <
H\ En (D) (o)~ 1]+

(64)

(65)

(66)
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L (|-—xo|“+1))<xO>)(%”, VNEN. (67)

(T (1 -20%)) 00) ) wiven. (68)

ProofWe have that

< (69)

5 00 (T (- x0K)) ()

k=1

(64)

100l (En (D) (o) 2| <
11 00l | (En (1) (o) — 2]+

o]

3

& K (EN (|' _X°|k)) (x0) +
r (a1+ 1) {((EN 1) 00) 7 +ﬁ] (70)

lwl <DS’O f,r ((EN (| —X0|a+1)) (XO)) (ail) ) [a,%)] ’
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@ (Donf’r (( (" _X°|a+1) ) o ) [mb}]

(T (1 -50%)) 60) ™, wnen.

We make
Definition 5.([5]) We call (x € [a,b] C R)
Fig = {f € C(fa,b],X): [a.b] R, (X, [|-]) (71)
is a Banach space) < a < 1; ' € Lo([a,b],X); f’ exists outside a\-null Borel set BY C [X,%o], such that

hy (f ( &1))) =0, VXE€E [ax]; f' exists outside a-null Borel set 32 C [%0,X], such that m(f B§<2 )) =0, Vv

X € [Xo,b]}. -
Notice that G ([a,b],X) € Fx), V xo € [a,b].

The last Definitiorb simplifies a lot DefinitiorB whenm = 1.
Becauseh; is an outer measure on the power sé{X) we can further simplify Definitiorb, based onf (0) = 0,
hy (0) =0, andA C Bimpliesh; (A) < hy (B), as follows:

Remark([5]) Let xo € [a,b] € R. We have that

i) = {f eC([ab],X): (X,]|]) (72)

is a Banach space0a < 1; f’ € L ([a,b], X); f’ exists outside & -null Borel setB, C [a,Xg|, such thabh; (f (Ba)) =0;
f’ exists outside & -null Borel setB;, C [Xo, b], such thah; (f (By)) = 0}.

We give

Corollary 4.All as in Theoren®, withrp =r,=r >0, f € I—I%)

I(n () () = f (o) <
100l (En (1)) (x0) — 2|+

,0<a <1 Then

ﬁ [((EN (1)) (XO)) T r (orl+ 1)} "
o, (Dgo_f,r ((En (1=xl"t) (W)ﬁ)[amﬁ
w <D*0X0f,r ((EN (| _X0|a+1)) (XO)) ﬁ)[xo b]

(T (1 -0%)) 00) ) wiven.
ProofUse of 67) andm= [a] = 1.

We make

RemarkBy (35) we obtain that

(5 (=08)) 0 = (G (1 =014)) 0) ™ (G0 09) *. &
fork=1,....m—1; wherem= [a],a ¢ N, a > 0.
In case of(ﬁ (1)) (Xo) — 1, asN — oo, then(ﬁ (1)) (xo) is bounded. Assume also th(aiﬁ (|- — xo|‘”1)) (Xo) —

0, asN — . Then, by 67) and (74), we easily derive thatLn (f)) (Xo) — f (X0), asN — o,V f € H)%).
The same conclusion derives froifd}.
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It follows our second main result

Theorem 6Let Ne Nand Ly : C([a,b],X) — C([a,b],X), where(X, ||-||) is a Banach space andLis a linear operator.
Let the positive linear operatoisy : C([a,b]) — C([a,b]), such that

I () 0ol < (En 1D ) (30), (75)
VNeN,V feC(ahb],X),andV x € [a,b].

Furthermore assume that B
Ln(cg) =cln(g), VgeC([ab]),VceX. (76)

LetO< a ¢ N,and m= [a], and letr> 0.
Here we consider £ C™([a,b],X). Then

LN (F) = Flllleo o) <

e [Tv =1, o+

L
5 e )

1 @D 1
~ o+
r(a—+1) {HLN(D w7[a7b]+r(a+1)]

sup @ (D5 .r | (B (11 )

Xo€[a,b]

(H(’L‘N (I-=%l"*1)) <X°>Hm,xoqa,b]>(ﬁ)a VNEN, 77)

ProofWe use 67) and the fact thaE™ ([a,b],X) C H)((j), V Xo € [a,b].

sup w <D§{O f,r
Xo€[ab]

@D )
= 0<(2bl/ o b

Corollary 5.(to Theoren®6) All as in Theoren®. HereO < a < 1, and f< C([a,b],X). Then

LN (F) = Flllleo o) <

e [N @ -1, +

1 @D 1
~ ot
r(a—+1) {HLN( ) o, r(a+1)]

1
sup awp ( DE_fr||(Cn (|- —x0[®) ) (xo)|| @ ) + 78
[X@E[ﬁ?b] < X0 ‘ ( N (| | )) ( ) m,XQE[a,b] [a,Xo] ( )

500 01 (08,1 ( (101" 0

(H(’L‘N (I-=%l"*1)) <X°>Hm,xoqa,b]>(ﬁ)a VNEN,

ProofBy (77). Herem = 1 andC? ([a,b],X) € Ay, V o € [a,b].

@1 )
= Xoclabl/ . p

(@© 2017 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl3, No. 3, 175-190 (2017)www.naturalspublishing.com/Journals.asp NS = 189

We make
RemarlBy [2], we get that(EN (|- —x0|k)) (%), k=1,...m—1,;
(EN (|- —x0|"+1)) (xo) are all continuous functions iy € [a,b], thus their uniform norms are finite.

By (31), (32, the supwy (D _f, )[a |» sup w (DY, f,- )[ o are finite in both 77), (79).
Xo€[a.b] 0 xoelab]

By (74) we derive _
H (LN (| _Xo|k)) (XO)Hoo,xoe[a,b] =

@ (o)) o7 o], &

fork=1,...m—1;wherem=[a],a ¢ N, a > 0.
Based on Theore®we have proved the following important Korovkin type corgemce theorem.

Theorem 7All as in Theoren®. Assumé.y (1) — 1, uniformly, as N—s e, and (ﬁ (|x—x0|‘”1)) (Xo) — 0, uniformly
in Xo € [a,b], as N— 0. Then Ly (f) = f, uniformly, as N— o,V f € C™([a,b],X).
Note: 1) From above notice thaHli:N (1)” ab is bounded, so that everything works fine out7)(
o [a,

2) Theoren also derives from Corollary, case of 0< a < 1,V f € Ct([a,b],X).

4 Application
Here[a,b] = [0,1].
Considerg € C(([0,1]) and the classic Bernstein polynomials

(BNg) ZQ( )( ) 1tV vte[0,1],NeN. (80)

LetXo € [0,1] be fixed, then
(Brg) (o) 209( )( ) (1-xo)V . (81)

We have tha éﬁl) — 1, andBy are positive linear operators. The last meéﬁval) (%) = 1.

Let (X, ]]-||) be a Banach space, arfidt ﬁg); r>00<a<l
We consider the vector valued ¥1Bernstein linear operators

(Bn ) ( Zf( )( )xg(l—xo)’“—k, N € N. (82)

Thatis(BxT) (%) € X.
By Corollary4 we get

Corollary 6.1t holds
1

1
[(BnT) (x0) — f (x0)[| < r(a+i) [1+ (a+1)r}

on (o8 1 ((31 (0 00) )

o (Bt (8 et ) ) ),

((Bn (1x—x0l"*)) (Xo))( JoyNen (83)
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_1 : 3\ _
Nextleta = 3,1 = that isr = 5. Noticel” (3) =

a+l'

Corollary 7.1t holds

((éﬁ(|x—xo|%))<xo>)%, VNeN. (84)
We have that (se&)])

7 V %o € [0,1]. (85)
We have proved
Corollary 8.Here[a,b] = [0,1], % € [0,1]. Let f € A, a = 3, N e N. Then
[(BnT) (%0) — f (x0)]l <

23
VTN

1 1 1 1
w D2_f,—> +wl(D*2 f,—) ) (86)
( ° 3VN /0] 0 3VN/ 1%,

3
Notice that\z/—zTT ~ 1.59.

So as N— o we conclude thatBy f) (Xo) L (x0), quantitatively, wherexe [0,1].
We finish with
Corollary 9.Let f € C1([0,1],X), (X,]-|) is a Banach space. Then

(BN ) (x0) = f (X0) [l |eo 0,17 <

1 1 1 1
sup wy <D2 f,—) + sup w (DE f,—) , (87)
\/ﬁ‘/— Loe 0,1] 073N [0x] X%€[0.1] 7 3VN [*0,1]
VN eN.

So as N— o, we conclude that Bf — f, uniformly with rates.
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