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Abstract: The present paper proves that given —1/2 < s < 1/2, for any f € L2(R), there is a unique u € HI/(R) such that
f=D"u+D*u,

where D%, D°* are fractional Riemann-Liouville operators and the fractional derivatives are understood in the weak sense. Furthermore,
regularity of u is addressed, and other versions of the results are established. Consequently, the Fourier transform of elements of L*(R)
is characterized.
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1 Motivation

Fourier analysis is a large branch of mathematics whose point of departure is the study of Fourier series and integrals,
which is one of most fruitful achievements of mathematics. Fourier series may be seen as the decomposition of a periodic
function into sinusoid waves of varying frequencies. Application of such decompositions is naturally abundant and the
importance of these compositions is well-known and incontestable (see for example [1], [2], [3], etc.). Therefore, it is
natural to ask: Is this the unique way to obtain such interesting and useful decompositions?

With this motivation, author discovers other ways to obtain such interesting decompositions from the perspective
of fractional Riemann-Liouville operators, which are somewhat similar to the classical Fourier decompositions despite
showing some new features. The present study proves that every function f € L?(R) could be written as a sum of fractional
R-L integral and fractional R-L derivative of a certain function u belonging to classical Sobolev space. The fractional R-L
derivative is understood in the weak sense defined in section 4. Also other versions of this kind of decomposition are
pointed out and their Fourier transforms are characterized. These results help the author investigate a series of questions
under the context of fractional calculus theory in the subsequent work.

On the other hand, in the analysis of fractional-order differential equations involving both left and right mixed-type
fractional derivatives (see for example [4], [5], [6], [7] and the references therein), it is difficult to establish the existence
of solutions because of the simultaneous presence of the left and right fractional derivatives. The present results provide an
innovative means to prove the existence of solutions to some special cases of the fractional differential equations involving
R-L or Caputo derivatives in R. It is author’s plan that their applications in fractional-order differential equations and
the potential relations between the classical Fourier decompositions and these new decompositions will be extensively
explored in future papers. Review of the present paper indicated that some techniques and results were presented in the
author’s dissertation [9] and archive [8] and were also applied to other works [10].

The present paper is outlined as follows. Section 2 presents notations and conventions. Section 3 addresses the

preliminary knowledge on fractional R-L operators. Section 4 involves the characterization of H *(R) via R-L derivatives,
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which has been obtained in our previous work [5]. Section 5 establishes the main results. Section 6 comprises some
questions.

2 Notations

The present study adopts the following convention:

—All the functions considered in this paper are default to be real valued unless otherwise specified.

—(f,g) and [ fg shall be used interchangeably. Also, we denote integration [, f on set A without pointing out the
variable unless it is necessary to specify.

-Cy (R) is the set of smooth functions with compact supports in R.

-7 (u) represents the Fourier transform of u defined in Definition 6, and # represents the Plancherel transform of u
defined in Theorem 3, which is well known that & is an isometry map from L?(R) onto L?>(R) and coincides with
ZF (u) if u € L'(R) NL*(R).

—u" represents the inverse of Plancherel transform, and * denotes convolution.

3 Preliminary
3.1 Fractional R-L integrals and associated properties

Definition 1.Let 6 > 0 and u(x) : R — R. The left and right Riemann-Liouville fractional integrals of order & are defined

as
D)) 1= s [ (=97 tuto) . 0
D))= g [ (=07 uls)as, @
where I'(6) is Gamma function.
Property 1([11], p. 96). Given 0 < &,
(¢, D °y)=(D""¢,y), 3)

forg e LP(R), y e LY(R),p>1,g>1,1/p+1/g=1+0.
Property 2([11], Theorem 7.1, p.138). Assume 0 < ¢ < 1 and u € L'(R), then
F(D ) = (—27iE)~° F (u) and F(D~°u) = (27i) °.F(u), &40, @)

where .7 (+) is the Fourier Transform as defined in Definition 6 .

Remark.The complex power functions are understood as (£i&)® = |&|Fetomisizn(6)/2,

Property 3([11], pp. 95, 96). Let > 0. For a fixed h € R, 13, is defined as 7,u(x) = u(x — h); similarly for a fixed k¥ > 0,
Iy is defined as ITcu(x) = u(kx). Under the assumption that D™#u and D™**u are well-defined, the following is true:

(D Hu) =D H(tpu), T(DHu) = DM (thu),

T (D™ *u) = k*D™*(ITeu), (D" u) = k*D™** (ITcu). ®
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3.2 Fractional R-L derivatives and associated properties

Definition 2.Let u : R — R. Assume > 0, n is the smallest integer greater than L (i.e., n—1 < U <n), and 6 =n— .
The left and right Riemann-Liouville fractional derivatives of order L are defined as

(D"u)(x) := ﬁi—i/xw(xs)“u(s)ds, ©)
(D**u)(x) := (F_(L?;%/:(s—x)alu(s) ds. 7

Property 4([5]). Let 0 < u and u € C3'(R), then D*u, D**u € LP(R) for any 1 < p < oo,
Property 5([11], p. 137). Let u > 0,u € C5’(R), then
F(D*u) = 2mi& ! F (u) and F (D**u) = (—2mi&)* F (u), & #0, 3)

where .% (+) is the Fourier Transform as defined in Definition 6 and as in Remark 2, the complex power functions are
understood as (Fi&)% = |&|CeTFoRisien(S)/2,

Property 6([5]). Consider 7, and Iy defined in Property 3 and let £ > 0,n—1 < 1 < n, where n is a positive integer, then

Th(D“u) :D”(Thu), Th(D“*M) :D“*(Thu),

I (D*u) = x *D*(ITcu), II(D**u) = k*D**(I1cu). ®)

Now we unify the notations using D*u and D**u for y € R. Namely, if u < 0, they are understood as left and right
fractional integrals, and if 0 < p, as left and right derivatives. We adopt this convention throughout other sections of the

paper.

4 Characterization of Sobolev space H*(R)

This section involves the results of our previous work [5], which characterize the classical Sobolev space ﬁs(R) defined
in 5. This benefits the results of this study.

Definition 3([5]). Assume u,w € L}UC(R), U > 0. We say function w(x) is a weak u-order left fractional derivative of u,
denoted as D*u = w, if

(u,D*"y) = (w,y), forany yeC5(R). (10)
Analogously, w(x) is called a weak [L-order right fractional derivative of u, denoted as D**u = w, if
(u,Dhy) = (w,y), forany ye€C5(R). (11)

Definition 4([5]). Let s > 0. Define spaces

Wi(R) = {u(x) € L*(R),D*u € L*(R)}, (12)

Wi (R) = {u(x) € L*(R),D*u € L*(R)}, (13)

where D**u and D*u are in the weak fractional derivative sense as defined in Definition 3. A semi-norm
lul = |Dul| gy for W(R) and |ulg := || D™ ull 2g) for WR(R), (14)
is given with the corresponding norm

lulls := (lull oy + D)2, %= L,R. (15)

Remark.Notice that, by convention, W?(R) = W2(R) = H'(R) = L*(R).
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Now we can characterize H*(R) as follows.
Theorem 1([5]). Given s >0, W5(R) = W; (R) = H*(R) with equal semi-norms and norms.
We also use the following fact.

Corollary 1([5]). Given s > 0. u € H*(R) if and only if there exists a Cauchy sequence {u,} C Cg(R) in L*(R) so that
lim,, seo tt, = u and {D*uy} is also a Cauchy sequence in L*(R). Consequently, we have lim,, ... D°u,, = D*u.

Likewise,

u € H*(R) if and only if there exists a Cauchy sequence {u,} C C3(R) in L*(R) so that lim, e, = u and {D**u,} is
also a Cauchy sequence in L*(R). Consequently, we have lim, . D**u, = D**u.

5 Main results

In this section, under weak fractional derivative sense defined in Section 4, the following result is established:

Theorem 2.(1). Given —1/2 < s < 1/2, for ¥ f € L*(R), there is a unique u € H®/(R) such that the following
decomposition holds:
f=D"u+D"u. (16)

Furthermore, f € H (R) iffue Hs+ (R), where 0 < 1.
(2). Given —1/2 < s < 1/2, forany f € L? (R), there exists a unique u € H“‘"(R) such that the following decomposition
holds:

f=D"u+D’u. a7

Furthermore, f € H'(R) iffu € H*"'(R), where 0 < t.

Remark.If s is positive, D**u, D*u are understood as the weak fractional derivative of u and D™*u, D™**u are understood
in the usual sense, namely, the R-L integrals of u. Also, we could derive other variants or generalizations of Theorem 2,
such as:

f=pD’u+qD"u, (18)

where p,q € R are suitable numbers (for example, p > 0,g > 0).
In the following, we focus only on Theorem 2.

5.1 Several lemmas

Toward the proof of Theorem 2 several necessary lemmas are first established. First, we point out that the proof for the case
0 < s < 1/2 and the case —1/2 < s < 0 in Theorem 2 have no essential differences, because the sign change of s results
only in the exchange of notations of derivatives and integrals. For simplicity and preservation of generality, we establish
the proof of Theorem 2 only for the case 0 < s < 1/2, and the proof for the case —1/2 < s < 0 follows analogously
without essential obstacle.

Lemma 1.Given 0 < s < 1/2, then the sets M = {w: w =Dy + D"y, Yy € CZ(R)} and M = {w:w = D"y +
Dy, Vy € C7(R)} are dense in L*(R), respectively.

Proof The proof is established by invoking the theorem in 5. First we check the conditions for the application of the
theorem, and consider the set M.

Since 0 < s < 1/2, for y € C5(R), itis true that D~y € L?(R) by applying Theorem 5.3 ([11], p. 103). By Property 4
we have D**y € LP(R),p > 1. Thus M C L*(R). Then it could be directly verified that M is a subspace of L?(R) by
checking closeness of addition and scalar multiplication.

Consequently, all conditions are met to allow the utilization of 5. Suppose now g € L*(R) satisfies (g,w) =0 Yw € M,
then the set M is dense in L?(R) and proved if this last equation implies that g = 0, namely g is a zero function on R.

Pick a non-zero function ¢ € Ci(R), which is possible. Then Plancherel Theorem in 3 guarantees that @ is also a
non-zero function. Taking into account the continuity of @, we know @(&) # 0 on a certain non-empty open (a,b) C R.
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Now set v(x) = @(ex), with any fixed € > 0. It is clear that v € C3’(R). Using Property 2 and Property 5 (Fourier
transform properties) for w = D™%v + D™v gives

B(E) =918 ((2mi)+ (-2miE)) = £ (5

Following the practice stated in Remark 2, it is easy to see that (27wi€)™* + (—2mi€)* # 0 a.e. on R by observing that
|(27mi&)~*| # |(—2mi€)’| a.e.. This implies w # 0 a.e. on (€a, €b) since Y(=) # 0 a.e. on (ag, be).

Now for y € R, we set the cross-correlation function

) ((Zm'&)*s + (—2mi& )Y) . (19)

o [

G(—y) :=/Rg(X)W(x—y)dx=/Rg(X) Tyw(x) dx.

Using Property 3 and 6 gives t,w € M. Hence G(—y) = 0 ¥y € R by our assumption. Therefore by Plancherel Theorem
G = 0. Notice G(y) = g(—x) * w(x). Since g,w € L2(R), using convolution theorem ([12], Theorem 1.2, p.12) gives
G = g(—)-wlx) =0.

Since w # 0 a.e. on (&a,&b), it is concluded that @ =0a.e. on (€a,&b). Notice € > 0 is arbitrary, i.e. g =0 a.e.
on R. In view of Plancherel Theorem in 3 we see that g(x) = 0 a.e. on R, which confirms that M is dense in L*(R).

Finally, the same conclusion is true for M by repeating the similar foregoing calculations.
Lemma 2.Given 0 < s < 1/2,y € C5’(R), then
(DY, DY) = |yl (D w.DW) = cos(sm)|[ Wz, (20)
Proof.Consider the first equality.

From the proof of Lemma 1, we already know, for 0 < s < 1/2, DSy € L*(R) and D**y,D*y € LP(R),p > 1. This
allows us to use Parseval Formula 4 and Fourier Transform Properties 2, 5 to obtain

(D=y.D"y) = (D~y.D"y)
=(Z(D"y), 7 (D"y)) @D
— (i) 9, (—2mE)P).
Invoking Remark 3.1, we find
(i) . (—2mE)P) = [ Wl a- (22)

For the second equality, similarly we have

—

(D"'y,D'y) = (D""y,D'y)
= (Z(D'y), 7 (D'y)) (23)
= ((2mi&) "y, (2mi&)* y).
By invoking Remark 3.1, this becomes

(27i€) 9, 2mE)'P)
= [ (-2mE) g (-2mE) TE e [ (2mE) - (2nE)

. -0 . . 0 N
:elm’ /7 |‘I/|2d§+eimn‘/7 |w|2dfé

= cos(s7) [ W2 e

(24)

In the last step we have used the fact that Y(—&) = (&) for real valued function .
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Lemma 3.Given 0 < s < 1/2, y € C5(R), then

|‘D75V’+DS*V’|E2(R) = ||D7S‘VH%2(]R) + ||DS*V’H%2(]R) +2HV’H%2(R)7 (25)
|‘D73V’+DSV’Hi2(R) = ||D7S‘VH%2(]R) + ||DSV’||i2(R) +2003(S7[)HV’H%2(R)- (26)

Proof.This is a direct consequence of Lemma 2.
Now we are in the position to prove Theorem 2 for 0 < s < 1/2.

Proof.The proof is shown only for Case (1) in Theorem 2, since Case (2) could be established analogously without
obstacle. It will be convenient to keep in mind the fact of Theorem 1 in the following.
Step 1.

Given 0 < s < 1/2, f € L*(R). By Lemma I, there is a sequence {y,} C C5’(R) so that

f=lim(D™y, +D"yy),  in L*(R). (27)

It is clear that {D~*y;, + D**y, } is a Cauchy sequence in L?(R). Equation (25) implies that {D S, }, {D**y,} and {y,}
are Cauchy sequences separately because each term on the right hand side has a positive coefficient, namely, 1,1,2.
Denote limit function u# = lim,,_, W, and by invoking Corollary 1, we know u € HS (R) and limy,_,e D** v, = D**u in
the weak fractional derivative sense.
Then denote limit function v = lim, . D™°y;,, and we claim v = D™u, where D™*u is to be understood in usual
sense, namely, R-L integral of u (which is well-defined). To see this, the condition 0 < s < 1/2 allows to use Property 1
to obtain

(D"*u,¢) = (u,D""¢), V¢ €5 (R). (28)
On the other hand,
(v.9) = lim (D", ) = lim (y,,D""¢) = (u, D™"9). 29)

Thus, (D™°u—v,¢) =0,Y¢ € Ci(R), which deduces v = D"y a.e.. Therefore, f = D™*u+ D" u.
Step 2.
Uniqueness of u is from the norm estimate in Equation (25). Suppose that f = D™*uj + D**u; = D™ *up + D**u,,

ui,uy € HS(R), then it is deduced that || — u2|\i2® = 0. Thus u; = uy in L*(R).
Step 3.

Now suppose f € H'(R), where 0 < ¢, we intend to show u € H"'(R). Suppose ¢ < 2s. First note the fact that
D*u € H*(R). Using Property 1, which is permissible here, gives

(D™*u,D**¢) = (u,D*D**¢) = (u,D**¢) = (D’u,9),¥¢ € C3(R). (30)

The last equality above was by u € W;(R). Therefore, by definition, D™*u € W*(R), namely D™*u € H*(R) by
Theorem 1. Then D**u = f — D*u € W/(R) by noticing our assumption ¢ < 2s and the fact that H*(R) C H'(R).
Another use of Theorem 1 concludes D**u € Wi(R), which implies by definition of weak fractional derivative that

(D' (D**u),¢) = (D**u,D'9), V¢ Cy(R). 31)
Observe that
(D4, D/ ) = lim (D™ 5, D/ §) = lim (y,, D**'9), V9 € G5 (R), (32)

which concludes u € Wit (R), namely u € H**'(R). Thus we actually raise the regularity of u to H*(R) from H*(R).
For ¢ > 25, we just need to rewrite t = 25 + Residue, and repeat the above-mentioned procedure to gradually raise the

regularity of u from H*(R) to H**(R), and repeat the same procedure again for Residue, all the way to H**'(R).

Step 4.

Now suppose u € H'(R), where 0 < 7, we intend to show f € H'(R). By definition, it is easy to verify that f —
D°u = D*u € W4(R), and D~*u € W?*'(R). Hence, D*u+ D**u = f € H'(R) using Theorem 1 and the fact that
H"(R) C H2(R) for t; > t,. This completes the proof for the case 0 < s < 1/2.

The case —1/2 < s < 0 could be established analogously to complete the whole proof of Theorem 2.

Utilizing Theorem 2, Fourier transforms of the functions of L?(IR) can be characterized as follows:
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Corollary 2.(1). Given f € L*(R), —1/2 < s < 1/2, there exists a unique u € H*(R) satisfying
F(&) = (mi&) ™ + (—2mig)") A(§). (33)
(2). Given f € L2(R), —1/2 < s < 1/2, there exists a unique u € H*(R) satisfying
F(8) = ((2mi&) ™ + (2mi&)*) (&) (34)

The complex power functions are understood as (+i&)® = |& | tomisizn(6)/2,

Proof. Again, the proof is shown only for the case 0 < s < 1/2 and part (1), the case —1/2 < s < 0 and part (2) could be
established analogously without essential difference.

Fix f € L*(R), from Theorem 2 and the proof, there is a unique u € H*(R) and a Cauchy sequence {y,} C Gy (R)
such that

f=D" u+D"u, (3%)
and
lim D™y, =D™*u, lim Dy, =D*u, limy,=u, in L*(R). (36)
Then we know
f=Du+ D*u ,and{D"y, }, {ﬂ,} { W} converge in L*(R). 37)

On one hand, there is a subsequence {¥,;} that converges pointwise almost everywhere to # (6). Consequently,
(27i&) = y,; converges pointwise to (27i€) i a.e. and (—27i€)*y,; converges pointwise to (—27i€)~5u a.e. On the
other hand, in L?(R)

—
—s

— L PN
D ”—JE{}OD Wni_r}g]:o(znl‘:) Ynis 38)
D™ u = ,}LH;,DS* Y = Jilga(—2ni§)sq7;i.

Therefore by another use of 6, we know that there is a subsequence of {(27i§) Sy} converging pointwise almost

everywhere to D™*u and that there is a subsequence of {(—27i€)*y,;} converging pointwise almost everywhere to D**u.
Hence

—

Du= (2mi€)~“Tae., D" u=(-2mié) Tae. (39)
Thus
F(E) = ((2mi&) ™ + (—2mi)*) u(&), ace.. (40)

This completes the whole proof.

6 Conclusion

We have constructed a bunch of maps T : f — u from L2(R) to HFI(R) in Theorem 2, which depends on s. The main
questions are as follows “ Is the map 7; onto? Can we extend the results in Theorem 2 to the case of |s| = 1/2?”, “what
are the algebraic structures underlying these operators? what is the potential relationship between these decompositions
and the classical Fourier decompositions?”. Further discussions and applications are explored in separate work.
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A Several definitions and theorems

Definition 5(Sobolev Spaces Via Fourier Transform). Let u > 0. Define

~

A*(R) = {w €L2(R): [ (1+[2nEH)[R(E)PE < oo}, (A1)

where W is the Plancherel transform defined in Theorem 3. The space is endowed with semi-morn
|”|ﬁu(R) =278 Ml 2wy (A.2)
and norm
) ) 1/2
oy = (11 sy + VB gy ) - (A3)

Definition 6(Fourier Transform). Given a function f : R — R, the Fourier Transform of f is defined as

FNE = [ vEer

Theorem 3(Plancherel Theorem, [13], p. 187).
One can associate to each f € L*(R) a function f € L*>(R) such that each of the following is valid:
-If f € L'(R)NL%(R), then f is the defined Fourier transform of f in Definition 6.

—For every f € L*(R), || fl> = HJ?HZ
~The mapping f — f is a Hilbert space isomorphism of L* (R) onto L*(R).

Theorem 4([14], p. 189 ). Assume u,v € [? (R™). Then

- uwv= uv.
n n
u).

—u=(

Theorem 5([15], Theorem 4.3-2, p. 191). Assume that (Y,(-,-)) is a Hilbert space and X is a non-empty subspace of
Y. Then X is dense in Y, namely X =Y if and only if the following is true: if y € Y satisfies (x,y) =0 for all x € X, then
y=0.

Theorem 6([16]). If 1 < p <o andif {f,} is a Cauchy sequence in LP(R) with limit f(x), then {f,} has a subsequence
which converges pointwise almost everywhere to f(x).
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