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Abstract: The purpose of this paper is to study fixed points for the KKisimily satisfying thear-admissible Meir-Keeler-type set
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1 Introduction and preliminaries a set-valued mapping. We shall use the following
notations in the sequel.

DTX) ={yeY:yeT(xX)};

2) T(A) = UxeaT (X);

)T Hy)={xeX:yeT(X)};

4 TLB)={xe X:T(X)NB# ¢};

5) if D is a nonempty subset &, then< D > denotes
the class of all nonempty finite subsetdnf

In 1929, Knaster, Kuratowski and Mazurkiewic?] [ E
introduced the KKM mapping and proved the well-known (
KKM theorem in the setting of the-simplex. Later, in (
1961, Ky Fan 4] generalized the celebrated KKM (
theorem to an infinite dimensional topological vector
space. In 2009, Cher2] discussed the set measurg of
noncompactness and the properties of the almost convexet X andY be two topological spaces. Than: X — 2¥
sets on a Hausdorff topological vector space, and then, ifg said to be closed if its graph
the setting of the almost convex sets, he established they — {(x,y) € X xY,ye T(x)} is closed, and is said to
fixed point theorems for the KKMfamily with the (-set  be compact if the imag& (X) of X underT is contained
contraction, wherg : R* — R™ is upper semicontinuous in a compact subset of. A subsetX of a Hausdorff
with 0 < (t) <t and(0) = 0. In this work, we study topological vector spack is said to be almost convex
fixed points for the KKM family satisfying the [10Q], if there is a mappingfay : A — X such that
Meir-Keeler-type set contractions with respect to the setx ¢ fav(x) +V for eachx € A andco( fav(A)) C X. We
measure gp of noncompactness in the context of call fav a convex-inducing mapping.

Hausdorff topological vector spaces In 2009, Chen proved the following important

For the sake of completeness, we recall basicproperties of the almost convex sets.
definitions and fundamental results from the literature.

Throughout this paper, bR"‘, we denote the set of all PI’OpOSitiOI’l 1[2] Let X be an almost convex subset of a
nonnegative real numbers, whiteis the set of all natural Hausdorff topological vector space E. Ther(the closure
numbers. LeX andY be two sets, and Iéf : X — 2¥ be  0f X) is convex.
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Proposition 2[2] Let E be a Hausdorff topological

Definition 2.(See B]) Let ¢ : RT™ — R*. Theny is called

vector space. If X is an almost convex subset of E, and Ya weaker Meir-Keeler mapping whenever for each- 0

is an open convex subset of E, themX is also an
almost convex subset of E.

Remarl{.2] Let us note that the open condition of the
above Propositior2 is really needed. For instance, if we
consider the Euclidean topology i®?, and we let
A {(171)7(17_1)7(_171)7(_17_1)}’
B={(1,1),(1,-1),(-1,1),(-1,-1)}

X =int(co(A)) UB;
and
Y =co({(-1,1),(—-2,1),(—-1,-1),(-2,-1)}).
ThenXNY = {(-1,1),(—1,—1)} is not almost convex.

there existy/ > 0 such that for each &£ R"
n<t<n+y=3dngeN,g™(t)<n.

Very recently, Samet et. all]] introduced the notion
of ana-admissible function in the following way (see also

(8)).

Definition 3.Let f: X — X be a self-mapping of a set X
anda : X x X = R™. Then f is called aror-admissible
function if

xyeX, a(xy) >1= a(fx fy)>1

In this paper, we firstintroduce tlee-admissibility for set-
valued mapping which is an extension of Definiti&in

The generalized KKM property on a convex subset of pefinition 4.Let X be a nonempty subset of a Hausdorff
a Hausdorff topological vector space was introduced bytopological vector space E and:TX — 2% be a set-valued
Chang and Yen]]. Next, Jent et al.§] extended this class map. Suppose that: X x X — R™. We say that T is ao-

KKM(X,Y) to the class KKM(X,Y) for the almost convex
setX.

In this paper, we also introduce the notion of the

admissible set-valued mapping if it satisfies the following
condition:

measure of noncompactness on Hausdorff topologicab(x,y) > 1 impliesa(u,v)>1, x,yeX, ueTx veTy.

vector spaces. LeE be a Hausdorff topological vector
space, and#(E) the family of nonempty bounded
subsets, and let

2 = {P: Pis afamily of seminorms which determines the topologyegn
A mapping @ : Z(E) — RT is called a measure of
noncompactness 5] provided that the following
conditions hold:

(®@1) ®©(to(A)) = P(A) for eachA € A(E), whereto(A)
denotes the closure of the convex hullff

(®2) ¢(A) =0ifand only if Ais precompact;

(®3) d(A U B) = maq{®A),®B)} for
A Be #A(E);

(®4) ®(AA) = A ®(A) foreachh € RT andA € B(E).

The above notion is a generalization of the set-measure

noncompactness; ifp: p € P} with P € £, is a family
of seminorms which determines the topology Bnthen

each

The purpose of this paper is to study fixed points for
the KKM* family satisfying the a-admissible
Meir-Keeler-type set contractions with respect to the
set-measureg, of noncompactness in the context of
Hausdorff topological vector spaces.

2 Fixed point results for the a-admissible
weaker -Meir-Keeler-type set contractions

Applying the weaker Meir-Keeler mapping, we introduce

the following notion of weaker Meir-Keeler mapping in a
ounded subsef of a Hausdorff topological vector space
with respect to the set-measure of noncompactness.

Definition 5.Let X be a nonempty subset of a Hausdorff

for eachp € P andA C E, we define the set-measure of topological vector space E. Thep: X — R* is called a

noncompactness  op #(E) — RT by

weaker Meir-Keeler mapping in X if there existssR%

0(A) =inf{y>0: Acan be covered by a finite number of sets and each such that the following condition holds:

p — diameter of the sets is less thgh

where thep-diameter ofA = sup{p(x—y) : X,y € A}.
In 1969, Meir and Keelerd] introduced an interesting
new contraction in the following way.

Definition 1.Let(X,d) be a metric space, fX — X. Then

(x) for eachn > 0 there existy > 0 such that
n < op(A) <n+y= 3ng € N,y™(0p(A)) <n,

for each pe P, and for each bounded subset A of X

We next define the notion of am-admissible weaker
-Meir-Keeler-type set contraction on a Hausdorff

f is called a Meir-Keeler-type contraction whenever for topological vector spade.

eachn > Othere existy > 0 such that

n <d(xy) <n-+y=d(fx,fy) <n.

Definition 6.Let X be a nonempty subset of a Hausdorff
topological vector space E, lgi : R™ — R™ be a weaker
Meir-Keeler mapping with{y"(t)}nen @ decreasing

Recently, the weaker Meir-Keeler mapping that wasfunction for all t€ R*. A mapping T: X — 2F is said to

introduced in 8].

be an a-admissible weakery-Meir-Keeler-type set
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contraction if, there exists B & such that the following and
condition holds: a(Xg,x1) > 1.

for each 0 there exist 0 such that . .
() n= = Continuing this process, we can construct a sequéxge

N < W(op(A) <N +y=>axy)op(T(A) <1, such that for alh € NU {0}
for each AC X where A and TA) are bounded, y € A, Xn1 € Tx € T(Xn) C Xnga
and pe P.

and hence we have
RemarkiNote that ifT is ana-admissible weakep-Meir-
Keeler-type set contraction, then from above Definition, it a(Xnt1,%+1) > 1, forall ne N.

is easy to get the following inequalit
yiodg gined Y From above argument and by the properties of the set

a(x,y)op(T(A) < W(ap(A)). measureap,, we deduce that for eache N

The following lemma and its consequent theorem will Op(Xnt1) < op(int(co(T (Xn) U{y}))))
play important roles in this paper. < ap(co(T (X)) U{y})))
Lemma 1[2] Let X be a nonempty almost convex subset = 0p(T (%))
of a Hausdorff topological vector space E, and let Y, Z be < 0 (%41, Xn+1) Tp(T (Xn))
two topological spaces. Then < W(op(T (%))
(1) if T € KKM*(X,Y) and f € %(Y,Z), then < Y(op(Xn)),

fT € KKM*(X,2).
(2)if T € KKM*(X,Y) and D is a nonempty almost convex and then we get

subset of X, then[p € KKM*(D,Y). .

Op(Xn+1) < Y'(0p(Xo)).

Theorem 1[6] Let X be a nonempty almost convex . o
subset of a locally convex space E. IETKKM*(X,X)is  Since{y"(0p(Xo)) }nen is decreasing, it must converge to

compact and closed, then T has a fixed point in X. somen > 0. We claim that) = 0. On the contrary, assume
_ thatn > 0. Sincey : X — RT is a weaker Meir-Keeler
We state our main theorem, as follows: mapping, there exist8 > 0 such that for the bounded set

Theorem 2Let X be a nonempty almost convex subset o

a Hausdorff topological vector space E. Suppose that T , < (g <nN+d6—3IdngeN. Y"(o <n.
X — 2% is an a-admissible weakefy-Meir-Keeler-type N < §(0p(%))) <11 0N, W(0p(X0))) <n
set contractiqn with infT (x)) # @ for each xc X, and  Since lim_,o Y"(0p(Xo))) = N, there existsry € N such
that there exists x€ X such thata (Xp,Xp) > 1. Then X thatn < YP(op(Xo))) < &+ 1, for all m> my. Thus, we
contains a precompact almost convex subset K of X witheonclude that Ymoto(gy(X)) < n. So we get a

T(K)cK. contradiction. Therefore lig,. $"(ap(Xo)) = 0, that is,

Proof. SinceT is ana-admissible weakeap-Meir-Keeler-

lim o, =0.
type set contraction, there exif®se &2 such that n—oo p(Xns2)

a(x,y)op(T(A)) < W(ap(A)), Take Xo = MhenujopXn- Then X, is a nonempty
precompact almost convex subsetqfand, by(2), (3),
for eachpe PandA C X, x,y € A. we also have thal (Xe) C Xo. O

Takey € X. LetXp = X and
Remarkin the process of the proof of Theoretnwe call
X1 = XnNint(co(T(Xp) U{y}))), forall ne N. the seiX., a precompact-inducing almost convex subset of
X.
Then, we have the following conclusions:
By applying Theoreni and Theoren®, we conclude

(1) by Propositior2, X, is nonempty and almost convex, ihat the following fixed point theorem.

for eachn € N,

(2) Xnt1 C Xn, foreachn € N, Theorem 3Let X be a nonempty almost convex subset of
(3) T(Xn) C Xny1, for eachn e N. a locally convex space E. Suppose that KKM* (X, X)

Let x € T(X). Since T is a-admissible and IS an a-admissible weakery-Meir-Keeler-type set
a (X0, %) > 1 and using2) and(3), we have that contraction with intT(x)) # ¢ for each xe€ X and

T(X) € X, and that there existsgxc X such that
a(xo

X1 € T(Xo) C T(Xo) C Xq, ,X0) > 1. Then T has a fixed pointin X.
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Proof. By using Theorem2 and Remark2, we get a
precompact-inducing almost convex subXgtof X, and

(1) Xn is nonempty and almost convex, for each N,
(2) Xp1 C X, foreachn € N,

we also conclude that
lim gp(T(Xn41)) =0.

n—oo

(3) T(Xn) C Xn41, for eachn € N.

Let x3 € T(X). Since T is a-admissible and

o (Xo,%o) > 1 and using2) and(3), we have that
HenceT (X ) is a precompact subset BfandT (X ) is a
compact subset of. The rest follows from Lemmé and

Theoreml. OJ

X1 € T(xg) C T(Xo) C X,

and
By Theorem3, we can get the following fixed point
theorem for convex sets.

a(xg,x1) > 1.

Continuing this process, we can construct a sequéxge
Theorem 4Let X be a nonempty convex subset of agych that for alh € NU {0}

locally convex space E. Suppose that KKM(X,X) is
an o-admissible weaker @-Meir-Keeler-type set

contraction withT (X) C X, and that there existsyx X
such thato (Xg, %) > 1. Then T has a fixed pointin X.

Xnt1 € Tx C T(X%n) C Xnsa
and hence we have

) ) o a(Xns+1,%0+1) > 1, forall ne N.
3 Fixed point results for the a-admissible

Meir-Keeler-type set contractions From above argument, we deduce that for eaehN

Applying the Meir-Keeler mapping, we define the notion Op(Xny1) < op(int(co(T(Xn) U{y}))))
of an a-admissible Meir-Keeler-type set contraction on a < 0p(co(T (%) U{Y})))
Hausdorff topological vector spa&e with respect to the B

set-measure of noncompactness. = 0p(T(%n))

Definition 7.Let X be a nonempty subset of a Hausdorff < (%012, %1+2) Op(T (%))
topological vector space E. A mapping X — 2F is said < 0p(Xn).

to be ana-admissible Meir-Keeler-type set contraction if, . . .
there exists R 2 such that the following condition holds: Thus the sequencgop(Xn)} is decreasing, it must

(% % ) for eachn > O there existy/ > 0 such that converge to somg. _
Notice thatn = inf{op(Xs) : n € NU{0}}. We claim

n < op(A) <n+y=axy)op(T(A) <n, that n = 0. Suppose, on the the contrary, that> 0.

for each AC X where A and TA) are bounded, )y € A, ~ SiNC€ T is an a-admissible Meir-Keeler-type set
and pc P contraction, corresponding tp, there exist @ > 0 and a

' natural numbek such that
RemarliNote that if T is an a-admissible

Meir-Keeler-type set contraction, then from above < p(X) < N+0 = 0p(Xir1) < o (X, ) Tp(T (X)) < 1.
Definition, we get the following inequality
This is a contradiction

a(xy)op(T (A)) < Tp(A). n =inf{op(Xn) : n€ NU{0}}. Thus, we obtain that
Theorem 5Let X be a nonempty almost convex subset of
a Hausdorff topological vector space E. Suppose that
T: X — 2% is an a-admissible Meir-Keeler-type set
contraction with in{T (x)) # ¢ for each xe X, and that
there exists x € X such thata(xg,%) > 1. Then X
contains a precompact almost convex subset K of X wit
T(K) C K.

Proof. SinceT is an a-admissible Meir-Keeler-type set
contraction, there exis8 ¢ & such that

a(xy)op(T(A)) < 0p(A),

foreachpe PandA C X, x,y € A.
Takey € X. LetXg =X and

X1 = XNint(co(T(Xn) U{y}))), forall ne N.
Then, we have the following conclusions:

since

lim 0p(Xa) =0.
Let us takeXeo = MhenuqoyXn. ThenXe is a nonempty
recompact subadmissible subsetgfand, by(2), (3),
e also have thal (Xe) C Xe. O

From Theorenl and Theorenb, we get the following
fixed point theorem.

Theorem 6Let X be a nonempty almost convex subset of
a locally convex space E. Suppose that KKM*(X, X)

is an a-admissible Meir-Keeler-type set contraction with
int(T(x)) # @ foreach xc X andT (X) C X, and that there
exists ¥ € X such thata(xo,%0) > 1. Then T has a fixed

pointin X.

(@© 2017 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.11, No. 1, 171-176 (2017)www.naturalspublishing.com/Journals.asp NS P 175

Authors contributions Chi-Ming CHEN is
a professor at the Department
of Applied Mathematics,
National Hsinchu University
of Education, Taiwan.
He earned an Ph.D. in
Mathematics (Functional

All authors contributed equally and significantly in
writing this article. All authors read and approved the
final manuscript.

Acknow|edgements Analysis) in. . 2002. His
research activity has been
The authors are grateful to the reviewers for their careful _ developed in the framework
reviews and useful comments. of "linear topological spaces " and "Fixed point theory
and its applications”.
References

Ali  ABKAR is a
professor of Mathematics at
Imam Khomeini International
University, Qazvin, Iran.
He got his master degree
from University of Tehran
in 1991, and a PhD from
Lund University, Sweden,
in 2000. He was then awarded

[1] T.H. Chang, C.L. Yen, KKM property and fixed point
theorems, J. Math. Anal. AppR003 (1996) 224-235.

[2] C.M Chen, Fixed point theorems for ti¥-set contraction
mapping on almost convex sets, Nonlinear Aifdl. (2009)
2600-2605.

[3] C.M Chen, Tong-Huei Chang, Fixed Point Theorems for
a weaker Meir-Keeler Typep-Set Contraction in Metric
Spaces, Fixed Point Theory and Appl., Volume 2009, Article

ID 129124, 8 pages doi:10.1155/2009/129124. a postdoctoral fellowship by
[4]Ky Fan, A generalization of Tychonoff's fixed point International Centre for Theoretical Physics and
theorem, Math. Ann.142 305-310(1961). Mathematics, Trieste, Italy. He is mainly known for works

[5] P.M. Fitzpatrick, W.V. Petryshyn, Fixed point theorefos  in the Operator Theory of Function Spaces, in particular,
multivalued noncompact inward mappings, J. Math. Anal. the Bergman spaces. In 2002, he was awarded the Young
Appl., 46 (1974) 756-767. Mathematician Prize by IPM, Tehran, Iran. He has served

[6]J.C. Jeng, H.C. Hsu, Y.Y. Huang, Fixed point theorems for 35 Dean of Science Faculty at IKIU during 2010 to 2014,
multifunctions having KKM property on almost convex sets, gpq spent a sabbatical leave at State University of New
J. Math. Anal. Appl. 319(2006) 187-198. _ _ York at Albany in 2015. Right now, he is a member of the

[7]B. Knaster, C. Kuratowski, S. Mazurkiewicz, Ein Bewels g iioria| hoard of Bulletin of Iranian Mathematical
des Fixpunksatzes fun-dimensionale Simplexe, Fund. Society. He is a member of both Iranian Mathematical

8] ||\£/| aﬂ'é};é’i::rz ésYS(;rize?).Generalize d ¢ y)-contractive Society, as well as American Mathematical Society. He

. o f has published more than 50 research papers in high

type mappings and related fixed point theorems with . . . . .
applications, Abstr. Appl. Anal., 2012 (2012) Article id: quality ISl-indexed international journals, and works as a

79348 reviewer for both MathSciNet and ZbMATH. Recently,
[9] A. Meir and E. Keeler, A theorem on contraction mappings his research interest has shifted to Nonlinear Functional
J. Math. Anal. Appl28, (1969) 326-329. Analysis in which he supervised several students.

[10] G.J. Minty, On the maximal domain of a monotone function
Michigan Math.8, (1961) 179-182.

[11] B. Samet, C. Vetro, P. Vetro, Fixed point theorems dor Samaneh Ghodsgot a Bachelor of Science from Iran
-contractive type mappings, Nonlinear Anal5 (2012)  University of Science and Technology, Tehran, and then a
2154-2165. Master degree in Pure Mathematics from Tarbiat

Modarres University, Tehran, Iran. She is now a PhD
student at Imam Khomeini International University,
Qazvin, Iran. She is a faculty member of Islamic Azad
University, Semnan branch, Iran.

(@© 2017 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

E. Karapinar: Fixed point theory for tree-admissible...

Erdal Karapinar
is professor at the Department
of Mathematics in Atihm
University. He earned an MS
in Mathematics (Point Set
Topology) in 1998 and Ph.D.
in Mathematics (Functional
Analysis) in  2004. He
is author of more than
100 articles most of which are
published in international ISI journals. His research
activity has been developed in the framework of "linear
topological invariants”, "Orlicz spaces”, "Fréchet
spaces”, "Kothe spaces”, and "Fixed point theory and its
applications”. Current research interests of E. Karapinar
is centered on ” Fixed point theory and its applications”.
He is an editor and referee of several journals.

(@© 2017 NSP
Natural Sciences Publishing Cor.



	Introduction and preliminaries
	Fixed point results for the -admissible weaker -Meir-Keeler-type set contractions
	Fixed point results for the -admissible Meir-Keeler-type set contractions

