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Abstract: Some characterizations 6--Semigroup by intuitionistic N-fuzzy sets have been giveneh The concept of intuitionistic
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1 Introduction intuitionistic fuzzy setA is written asA = (Ua,Va),
where, @ X — [0,1] and va @ X — [0,1] with
0 < pa(X) 4+ va(x) < 1, for all x € X. Both fuzzy set and
intuitionistic fuzzy set relied on spreading the positive
The notion of " -semigroup was introduced by Sen meaning of information but there is no any suggestions
[14] in 1981 as a generalization of semigroup and ternaryfor use of the negative meanings of informations.
semigroup. This concept was modified by Sen and Saha In 2009, Jun et al[8] constructed a new function
[15 in 1986 Saha[12,13], extended many classical which is called negative-valued function (or negative
notions of semigroups té -semigroups. Chinranb, 6], fuzzy set, briefly, N-fuzzy set) and constructed
worked on bif-ideals and quadi-ideals of  N-structures. Jun et a9] applied the concept of coupled
[ -semigroups. Many researchers worked on this structuré\-structures to BCK/BCI -algebras in 2013, which was
and proposed many theories related tsemigroups. extended to d-algebras and BH-algebras by Ahan et al.
The concept of fuzzy set was given by Zadéf| in and Seo et al. The notion of intuitionistit-fuzzy set was
1965. The applications of fuzzy sets have been found venapplied to bl -ternary semigroup by Akram et &g].
useful in the domain of mathematics and elsewhere. The In this paper the concept of intuitionistié-fuzzy set
concept of fuzzy algebraic structure was given byhas been applied td™ -semigroup. The notions of
Rosenfeld[1]] in 1971, when he applied the fuzzy set intuitionistic N-fuzzy I -subsemigroup, intuitionistic
theory to the algebraic structures of subgroupN-fuzzy I-left (right, quasi and bi) ideals have been
(subgroupoid) and its ideals. In 1986, Atanasg8y  defined. The relationship between these ideals have been
introduced the notion of intuitionistic fuzzy set as a discussed and the characterizationsfetemigroup by
generalization of fuzzy set. Biswdd|, introduced the these ideals have been investigated here.
notion of intuitionistic fuzzy subgroupoids. Kim and Jun
[10] developed the theory of intuitionistic fuzzy ideals of
semigroups. A number of authors have applied the2? Preliminary Concepts
concept of fuzzy set and intuitionistic fuzzy set to many
other algebraic structures. Definition 1.[15] LetS= {x,y,z,...} andl" ={a,B,V,...}
A fuzzy set is a functioru : X — [0,1], whereas an  be two nonempty sets. Th&is called a -semigroup if it
intuitionistic fuzzy set is a pair of two fuzzy sets i.e. an satisfies:
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() xaye S
(i) (xay)Bz=xa(yBz),forallx,y,ze Sanda,B €.

Example 1. Let S {—i,0,i}and ' =S ThenSisd -

Definition 9.[2]  An intuitionistic N-fuzzy set (briefly,
INFS) A in a nonempty seX is an object of the form
A= {(XHa Va : X € X)}, whereTi, : X — [-1,0] and
Ya: X = [—1,0] such that-1 < i (X) + Ya(x) < 0 for all

semigroup under the multiplication of complex numbers,x € X. An intuitionistic N-fuzzy set A = {(X;,Va
while S is not a semigroup under multiplication of complex: x € X)} in X can be identified to an ordered pair

numbers.

Example 215 Let S={4n+3,ne N} andl" = {4n+
1,n € N}. Define the mapping S xS— S as xy =
X+ a+y. Then S is d -semigroup.

Example3. Let S Z~ and I C Z~. Define xxy, for
X,y € Sanda € I' as the usual multiplication of integers.
Then S is d& -semigroup but not a semigroup.

Example 4. Let S iR, where, i= v/—1 and R is the set
of real numbers. If” = [i,—i] and »ay is defined as the
usual multiplication of complex numbers. Then S 5-a
semigroup but not a semigroup.

Definition 2.[15] A nonempty subsei of al” -semigroup
Sis called a -subsemigroup o®if, AfTAC A

Definition 3.[15] A nonempty subsek of al” -semigroup
Sis called a -left ideal of Sif, STAC A

Definition 4.[15] A nonempty subsei of al” -semigroup
Sis called a -right ideal ofSif, Ar SC A.

Definition 5.[15] A nonempty subsei of al” -semigroup
Sis called a -ideal of Sifitis a I -left and al” -right ideal
of S.

Definition 6.[5] Let Shbhe al” -semigroup. A nonempty
subset) of Sis calledl" -quasi-ideal oSif QI SNS Q C
Q.

Definition 7.[6] Let S be a I-semigroup. AT -
subsemigroupB of S is called al -bi-ideal of S if
BrSBCB.

Proposition 1[7] LetSbe a -semigroupang#X C S,
then:

(i) Sr X is al -leftideal of S.

(i) XI Sis arl -rightideal ofS.

(i) STXr Sis arl -ideal ofS.

(iv) ST X NXTI'S is al -quasi-ideal ofS.

3 Institutionistic N-fuzzy set

Definition 8.[8] A negative fuzzy set (brieflyN-fuzzy
set) in a nonempty seX is a functionfi : X — [-1,0].
Here we are using™ for the negative fuzzy function.

Jun et al.[8] used the term negative-valued function
andN-function for negative fuzzy set attfuzzy set.

(HAaVA) in F(X,[—l,O]) X F(X,[—l,O]), where
F(X,[—1,0]) denotes the set of all functions frok to
[-1,0]. For the sake of simplicity, we shall use the
notation A = (T, ys) instead of A = {(Xa,Va
ixe Xy}

Definition 10.2] LetA= ([i5,Ya) be an INFSinX. Then
the SetN{(TTx, Va); (t.9)} = {X € X[HA(X) <t.Va(X) >}
wheret,s € [-1,0] with t s> —1 is called arN(t,s)-
level set ofA. An N(t,t)-level set ofA = (Ti,,V,) is called
anN-level set ofA.

For simplicity, we shall use the notatid(t,s) instead of
N{(Ha: Va); (t,5)} for N(t,s)-level set ofA = (i, Va),i.€.
Na(t.S) = {x € X[Ha(X) <t.7a(X) > s}.

Definition 11.[2] Let A= (i, Ya) @andB = (g, Yg) be
two INFSs inX. If for all x € X, TA(X) > Hg(x) and
Ya(X) < yg(x), thenAis called an intuitionistidN-fuzzy
subset (INFSS) oB and is written aACB. We sayA = B
if and only if ACB andBCA.

Definition 12.[2] Let A= (i, Ya) @andB = (g, Yg) be
two INFSs inX. Then their union and intersection is also
an intuitionisticN-fuzzy set inX, defined as for alk € X

(AUB) = {x, min{TIa(X),Hg(X)},max{Va(x), Vg(X)}}
(HA(X) AHg(X), YA(X) VV&(X),
{x, max{Ta(x), Hg(x) }, min{ya(X),Vg(X) } }
= (Ha(X) VHg(X), Ya(X) AVg(X))-

Example 5. Let %= {w,x,y,z} be a nonempty set. Define

and(ANB)

Oy 0 X — [-1,00 and y, : X — [-1,0] as,
VA(y) = _037 VA(Z) = _067 then
A = {< w-06-03 >< x-02-07 > <

y,—0.5,-0.3 >,< z,—0.4,—0.6 >}. It is easy to verify
that A= (15, V,) is an intuitionistic N-fuzzy set in X

Example 6. Let X is as in Exam@end

A {< w,—.9,—-1 > < x-05-04 > <
y,—0.4,—05>,<2-0.3,-0.6 >},

B {< w-10 > < x-09-01 ><
y,—0.7,—0.2>,<2—-0.6,—-0.3>}.

Then A= (Ti5, V) and B= (g, V) are intuitionistic
N-fuzzy sets in XEasily we can verify that &B.

Example 7. Let X is as in Exam@end

A = {< w,-08-01 > < x-06,-02 > <
y,—0.5,-0.6 >,<7z—-04,-05>}

B = {< w-06,-03 > < x,-07,-03 > <
y,—0.4,-05>,<z-05,-0.3>}.
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Then A= (Ti,,¥,) and B= ([ig,Vg) are intuitionistic
N-fuzzy sets in X and

AUB = {< w,—0.8,-01 >, < x,—-0.7,-0.2 > <
y,—0.5,-05>,<7-05,-0.3>}

ANB = {< w,—0.6,—0.3 >,< x,—0.6,-0.3 >, <
y,—0.4,-0.6>,<z—-04,-05>}.
Obviously, AJB and AB are intuitionistic N-fuzzy sets in
X.

Definition 13.2] LetC be a nonempty subset Bt Then
the intuitionisticN-fuzzy characteristic function & is a
functionX; = (HYC’VYC) defined as, for any € X,

-1, ifxeC

0,ifxeC
0,if x¢C :

HXC(x)z[ } and y (x) = {_1, if x¢ C

We denotes the intuitionistitN-fuzzy characteristic
function of X by Xy = (Hx, Vx)-

4 Intuitionistic N-fuzzy I -semigroups

In what fallows, letS denotes al -semigroup unless
otherwise specified.

Definition 14. Let A= ([i5,Y,) and B= (lig,Vg) be the
two INFSs in S Then their product is defined as,

AoB=([ip or Ug,Ya °r V) = (HaorB:Yacr8 ), Where
foranyse S

(Haorg)(S) =

s=aab

A {Ha(@)vHg(b)}, ifs=aab, forabeSaer
0, otherwise.

and
(Yaore)(s) =
V {Va(@) AYg(b)}, ifs=aab, fora,be Sa el
s=aab
-1, otherwise.

Note 1. For any two INFS# = (i, ya) andB = ([ig, Vs)
iNS Tia or Ag = Haorg @NAYA o8 Vg = VaorB-

Definition 15. An INFS, A= (Ti5,V,) in Sis called an
intuitionistic N-fuzzy I -subsemigroup o8$if,

Ha(xay) < max{TA(x),Ha(y)} and
Ya(xay) > min{ya(X),ya(y)}, forallx,ye Saer.

Definition 16. An INFS, L = (fI;,y,) in Sis called an
intuitionistic N-fuzzy I' -left ideal of Sif,

O (xay) < (y) andy,(xay) >V, (),

forallx,ye Saerl.

Definition 17. An INFS, R= ([ig,Yg) in Sis called an
intuitionistic N-fuzzy I -right ideal ofSif,

Hr(xay) < HR(X), andyg(xay) > Yr(X),
forallx,ye Sacr.

Definition 18. An INFS, A = ([i5,V,) in Sis called an
intuitionistic N-fuzzy I -ideal of Sif it is an intuitionistic
N-fuzzy I -left and an intuitionistidN-fuzzy I -right ideal
of S

Example8. Let S Z~ and T C Z~. Then S is a
I"-semigroup but not a semigroup under the operation
defined as, fory € S, a € I', (xay) = xay, the usual
multiplication of integers. Now defingl, : S — [—1,0]
andy, : S— [—1,0] as, for xe S,

Ta() = —0.5, if x is even and
HalX) = —0.1, otherwise
Val) = —0.3, if X is even

YalX) = —0.7, otherwise| "

Then A= ([ia,V,) is an intuitionistic N-fuzzy set in. By
simple calculations we can verify that A is an intuitiorgsti
N-fuzzyl -subsemigroup of.S

Note 2. In al -semigroufs,

(i) An intuitionistic N-fuzzy I -left (right) ideal of S
is an intuitionisticN-fuzzy I -subsemigroup o8& but the
converse is not true.

(i) An intuitionistic N-fuzzy I -left ideal ofSmay not
be an intuitionisticN-fuzzy I" -right ideal of S and vice
versa.

Example 9. Let S {a,b,c} andl" = {a}. Then Sis a
I"-semigroup under the operation defined in the following
table,

alalb|c
alalala
bla|b|b}|
clalc]c

Define,liy : T — [-1,0] andy, : T — [—1,0] such that
A= (s Va) ={<a,-03,-01><b,—-07,-02>,<
¢,—0.5,—0.5>}. Then A is an intuitionistic N-fuzzy set
in S which is an intuitionistic N-fuzzy-subsemigroup of
S Now fia(cab) = Tia(c) = —0.5 £ —0.7 = T(b).
Hence A is not an intuitionistic N-fuzZy-left ideal of S
If we take B= ([g,Vg) = {< a,-0.7,-0.2 >, <
b,-05,-04 > < ¢,—05,-04 >}, then B is an
intuitionistic N-fuzzyl™ -left and al -right of S hence an
intuitionistic N-fuzzyl -ideal of S Obviously it is an
intuitionistic N-fuzzy™ -subsemigroup of.S

Example 10. Let S {2n,ne N} andl" = {a,B,V,...}.
Define(xay) = 2x+Yy, forx,ye Sa € I ,then Sis a -
semigroup. Now defingi, : S— [-1,0] andy,:S—
[-1,0] as

— o | =03, if x=4nfor somen e N

Ha(X) = —0.6, otherwise and
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— | —0.6, if x=4nfor somenc N Ly T o .
Ya(X) = [—0.1, otherwise . and(I(I)IrZI?i;S an intuitionisticN-fuzzy I -right ideal of Sif

Then A= ([1,,V,) is an intuitionistic N-fuzzy -left ideal
of S

Now, for2,4 € Sa € I, 2a4 = 2(2) +4 = 8 = 4(2)
= HUp(204) = TA(4(2)) = —0.3 and [iA(2) = —0.6,
which  implies that Ta(2a4) £ TA(2) also
Va(204) # ya(2). Hence A= ([, Va) is not an
intuitionistic N-fuzzyl -right ideal of S If we define
(xay) = x+ 2y then A= (Tin,V5) IS an intuitionistic
N-fuzzy I -right ideal of S but not an intuitionistic
N-fuzzyl -left ideal of S Further if (xay) = 2x+ 2y, then
A= (A, Va) is an intuitionistic N-fuzzy -ideal of S

Lemma 1. Let Sbe al” -semigroup then,

(i) The intersection of any collection of intuitionistid -
fuzzy I -subsemigroups o8 is an intuitionisticN-fuzzy
I -subsemigroup o$.

(ii) The intersection of any collection of intuitionistid-
fuzzy I -left (right) ideals ofSis an intuitionisticN-fuzzy
I -left (right) ideal ofS.

Proof(i) Let {Ai = (Haj,Vai):i € |} be a collection of

intuitionistic N-fuzzy I -subsemigroups ofS. Then
Hai(xay) < max{Ta;i(x), Hai(¥)}

andya;i(xay) > min{yai(X), Vai(¥)},

foralliel, x,yeSacrl.

Now, forall foriel,x,ye Saerl.
(ﬁlHAi)(XGY) = N (Hai(xay)) < T (max{Hai(X), Hai(¥)})
IS

= maX{igHAi (%), ig Hpi(Y)}-
= max{ (0 Ha) (), (T Fai) (y)}- Also,

i€l

(NYai) (Xay) = ig (Vailxay)) > ig(min{VAi (X),Yai(¥)})

= min{igVAi(X)vig Vai(Y)}-

= min{(7T¥a) (0. (T 74))}-
Hence ﬁlAi is an intuitionistic
le
" -subsemigroup o8.
(i) proof is similar as (i).

N-fuzzy

Proposition 2. Let A= ([, V,) be an INFS inSthen
(i) Alis an intuitionisticN-fuzzy I' -subsemigroup 0%
if and only if
Hpor fa = Haandyaor Ya< Va

(i) A'is an intuitionisticN-fuzzy I -left ideal of Sif
and only if

Hror fp > Haandyror Ya < Va

Haor fir > Hp and Yaor ¥y < Va.

Proof. (i) Let A is an
I -subsemigroup odandx € S.
Casel. Ix#aab,fora € ',a,be S then

(Haora)(X) =02 (fia)(x) and(Va o ) (X) = =1 < (Va)(X).

intuitionistic N-fuzzy

Case2. Ix=aab, fora € I' anda,b € S then
(Bacra)(x) = min {max((Fy) (@), (Fa) (b))}
> min (fi,)(aab)

(Tip)(X),Vx € S. Also

Y

(Vaora)(X) = max{min((va)(@), (Va)(b))}
max(yx)(aab)
< (Va)(x), Vx€ S

This implies thafiy or T > Ha and Yaor Ya < Va-
Conversely, we suppose that or fia > s andyaor
Va <Va Let,abe S a el andx=aabthen

() (@atb) = (FA) () < (Hpern)(¥
= min {max (o) (U), () ()}

X=U

max((7)(@). () (b)) Also,
(V) (80D) = (V) > (Var)(¥
— max{min((7,)(u). (Va)(v))}

> min((Ya)(@), (Ya)(b))-

HenceA is an intuitionisticN-fuzzy I -subsemigroup o6.
Similarly, we can prove (ii) and (iii).

IN

IN

Lemma 2. Let A= (1, V,) be an INFS irSthen

(i) Sor Ais an intuitionisticN-fuzzy I -left ideal of S.
(i) Ao Sis an intuitionisticN-fuzzy I -right ideal of
S

Proof. (i) Let L = Sor A= (Hso psVsora) = (HL VL)-
Now as

Hsor . = fso . = Hsorsora (SiNCSor SC'§)
> Aso-a= Hy implies thafigor [, >
Similarly, yy or v, < V.. HenceL = Sor A is an

intuitionistic N-fuzzy I -left ideal of S. Similarly, we can
prove(ii).

Theorem 1. Let A= (Ti,,Va) be an INFS inS. ThenAis
an intuitionisticN-fuzzy I -subsemigroup o8 if and only
if Na(t,s) is al”-subsemigroup o§, for all t,s € [-1,0]
witht +s> —1.
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Proof. Let A= (Ti5,V,) be an intuitionisticN-fuzzy
subsemigroup o8. Letx,y € Na(t,s), wheret,se [—1,
with t +s> —1 thenfis(X) <t,Ya(X) > s anduA(y)
t,Ya(y) >s Nowfora e I

Ha(xay) < max{Tia(X), Ha( )}
Ya(xay) = min{ya(x),ya(y)} =
This implies thatkay € Na(t,s), for all x,y € Na(t,s) and
a € " implies thatNa(t, s)I'NA(t S) € Na(t,s). Hence
Na(t,s) is al -subsemigroup o8.
Conversely, we suppose

|AQ?

t, and

thatNa(t,s) is a

[ -subsemigroup ofS, for all t,s € [-1,0] with
t+s> —1 Letxy e Ssuch thafiy(x) = tx,yA(x) =5
and Tia(y) = ty,Yaly) = sy with =1 <ty +s, < 0 and
—1<ty+sy, < 0thenx € Na(tx,sx) andy € Na(ty,s,). We

may assume thatty < t, and s > s, then

Na(tx,Sx) € Na(ty,sy), which implies thai,y € Na(ty,sy).
Since, Na(ty,sy) is a I'-subsemigroup ofS implies that
xay € Na(ty,sy), fora € . Then

Halxay) <ty =maxix,ty) = max(fia(X), Ha(y)), and
Ya(xay) > sy = min(sc,sy) = Min(Ya(x), Ya(¥)) »

for all x,y € Sanda € I'. HenceA = ([I,,V,) is an
intuitionistic N-fuzzy I" -subsemigroup o$.

Theorem 2. Let A= (Tia,Ya) be an INFS inS. ThenA
is an intuitionisticN-fuzzy I -left (right) ideal of Sif and
only if Na(t,s) is arl -left (right) ideal ofS, for all t,s €
[—1,0] witht+s> —1.

Proof. Straightforward.

Theorem3. A nonempty subsetC of S is a
I"-subsemigroup o8if and only if Xc = (T, Vx.) is an
intuitionistic N-fuzzy I" -subsemigroup o$.

Proof. Let C be al-subsemigroup ofthenCrc C C.
Letx,y€ S o € I' then we have following cases.

Casel. If x,y € C then xay € C and hence
Ay (X) = Hg (y) = Hx. (xay) = —1 implies that
Ay (xay) = max{fix_(X),Hx.(¥)}. Also,
YieX) = V3. (¥) = Vx.(xay) = 0 implies that
V. (xaty) = min{¥z_(X). Vg ()}

Case2. If eitherx ¢ C or y ¢ C then either
P (X) = 0,V (X) = =1 or [ig (y) = 0,¥ (y) = —1.
This implies that, maifiy (x),Tg (y)} = 0 but
Hx. (xay) < 0 implies that
Hyc(xay) < max{ﬁxc(x) HXC(y)}. Also, either

VYC(X) —lor V. (y) = —1, which implies that,
min{¥y. (%), Vg (¥)} = —1 but ¥y_(xay) > —1 implies
that yy_ (xay) > mln{yX (x), yxc(y)_}. This implies that
froay) < max{y (.Ax ()} and
Ve (Xay) = min{yy (X), Vg (V)}, forallxye T, a er.

Case3. Whem ¢ C andy ¢ C gives the same result as
in Case2.

Hence X = (HXC’VXC) is an intuitionistic N-fuzzy
I -subsemigroup o8.

Conversely, we suppose thgt = (HYC’VYC) is an
intuitionistic N-fuzzy I" -subsemigroup of. Let x,y € C
and a € ' then xay € CI'C. By definition of X,
Hx. (%) Hx.(y) = -1 implies that
maxX{ iy, (X), Ay (¥)} = —1. SinceXc is an intuitionistic
N-fuzzy bir-ternary subsemigroup of T then
Hyx.(xay) < max{Ty_(X),Hx.(¥)} = —1 implies that
My, (xay) < —1 but by definitiorfry _(xay) > —1, which
implies thatfiy (xay) = —1. Similarly, we can show that
Vyc(xay) = 0. This gives thatxay € C implies that
CrC C C. HenceC is al -subsemigroup o$.

Theorem 4. A nonempty subset of Sis arl -left (right)
ideal of Sif and only if X = (HYC’VYC) is an intuitionistic
N-fuzzy I -left (right) ideal ofC.

Proof. Straightforward.

Definition 19.[2] Let C be a nonempty subset & and
a,b € [-1,0] with a < b. Define an intuitionistidN-fuzzy
setinSasCl = (flcp, Vey), Where,

— bif x¢C = aif x¢C
Heg() = [aifxzc} and yep(x) = {b.fxic]

Lemma3. A nonempty subsetC of S is a
I -subsemigroup/{-left ideal, I -right ideal) of S if and
only if C is an intuitionisticN-fuzzy I -subsemigroup
(I -leftideal, I -right ideal) ofS.

Proof. We prove this result fof -right ideals. LetC be a
- right ideal of Sandx,y € S. If x € C thenxay € C
implies  that Tx(x) = a = [g(xay) and
YVp(X) = b = yxxay). If x ¢ C then
Ficy(x) = b > Agy(xay) and Yg(x) = a < Yey(xay).
Hence CP = (HCgvng) is an intuitionistic N-fuzzy
I -right ideal ofS.

Conversely, we suppose th@p = (Hcg,VCg) is an
intuitionistic N-fuzzy I -right ideal ofS. Let x € C then
Hcp(x) = a and yp(x) = b. Fory e Sanda € T,
Hep(xay) < fiep(x) = a but ficp(xay) > a implies that
Hcg(xay) = aimplies thatxay € C = CI'SC C. Hence
C is al -right ideal of S. The result for other cases is
similar.

Definition 20. LetQ = ([, Vo) be an INFSirS. ThenQ
is called an intuitionistidN-fuzzy I -quasi-ideal ofSif for
allxe s

Tlo(x) < max{(igor Fe)(X), (Tsor Fig)(x)} and

Yo(X) = min{(Vgor Vs)(X), (Vsor Vo) (¥)},
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Alternatively, above conditions can be written as
Ho < Hgeor HsV Hsor Hg and
Yo = Yoor YsAYsor Yo-

Proposition 3. Every intuitionisticN-fuzzy I -quasi-ideal
of Sis an intuitionisticN-fuzzy I" -subsemigroup o8.

Proof. Let Q = (g, Yq) be an intuitionistioN-fuzzy I" -
quasi-ideal oB. As, figor g < Hgor Hg andfigor g <
Hgor Hq implies that

Hoor HsV Hsor Hg < Hgor Hg-
SinceQ is a an intuitionistidN-fuzzy I" -quasi-ideal ofS,
S0
Ho < Hgor HsV Hsor Hg-
This implies that Tig < Hg or Hg. Similarly,

Yoor Yo < Vo Hence by Proposition 22 = (fig, Vo) is
an intuitionisticN-fuzzy I -subsemigroup o$.

Lemma 4. Let{Q;, i € I} be a collection of intuitionistic
N-fuzzy I -quasi-ideals ofS then -@,Qi is also an
|

intuitionistic N-fuzzy I -quasi-ideal ofs.
Proof. Straightforward.

Lemma5. Every intuitionistic N-fuzzy I -left (right)
ideal of Sis an intuitionisticN-fuzzy I -quasi-ideal ofs.

Proof. LetL = (f1,,y, ) be an intuitionistidN-fuzzy I -left
ideal of Sthenfi, < pgor T, andy, > Vsor v, -
Now,

Hy < Hgor fi_ implies thaffi, <figor H VH _or Hg.
Similarly,

YL 2 Vsor Vi implies thafy, > Vsor VL AV or Vs
Hencel = (f1,,¥, ) is an intuitionisticN-fuzzy I -quasi-
ideal of S.

Theorem 5. Let Q = (fig,Yq) be an INFS inS. ThenQ
is an intuitionisticN-fuzzy I -quasi-ideal ofSif and only
if No(t,s) is al -quasi-ideal of5, for all t,s € [—1,0] with
t+s>-1

Proof. We suppose tha = (fig,Yg) is an intuitionistic
N-fuzzy I -quasi-ideal ofSthen

Ho < Hgor HsV Hsor Hg-

Let me No(t,s) Sthenm=nay for n € Ng(t,s),y€ S
anda €. Sincen € Ng(t, s) implies thatfig(n) <t and
Yo(n) >'s. Now,

(Hgor Hg)(M) = (Ag.rs)(M)
= min {maxFg(n). Fs(y))}
< maxt,—1) <t.

Similarly, (Hsor fig)(m) <t implies that

max{ (Hq or Hs)(M), (Hsor Ho)(M)} <t
) <t

i.e. (Agor AsVHsor Hg)(m

By suppositionfi(m) < (figor sV Aser fig)(m)

implies thatfig(m) < t. Similarly, we can prove that
Yo(m) > s. This implies thatm = nay € Nq(t,s) implies
that No(t,s)'S C Ng(t,s). This gives that
No(t,s) SN STNg(t,s) € No(t,s). HenceNg(t,s) is a
I-quasi-ideal ofS,

Conversely, we suppose thég(t, s) is al” -quasi-ideal
of S forallt,se [-1,0] witht+s> —1. We have to prove
that Q = (Hq,Yo) is an intuitionisticN-fuzzy I -quasi-
ideal of S. On contrary, we suppose that there exist some
m e Ssuch that

(Hgor HsV Hsor Hg)(m) < Hg(m)

= (Hqor Hs) (M) V (Hsor Hg)(m) < Hg(m).

Now, <choose a t € [-1,00 such that
(Tig or Fie)(m) V (Ts or g)(m) < t < TAg(m). Now,
(Hgor Hg)(m) <t implies thatm € Nq(t,s)'S and
(Hsor Hg)(m) <t implies thatm € S Ng(t,s). This
implies thatm € Ng(t,s) SN S Ng(t,s) € No(t,s) =
me No(t,s) = Hg(m) <t, which is a contradiction.

So(figor AsVHsor Ho)(m) > fg(m), VmMe S
Thisimplies that,(fig or Hs V Hs or Hg) > Ho-

Similarly, Vg or Vs A Vs or Vo < Vo- Hence,
Q= (Hg,Yo) is an intuitionisticN-fuzzy I -quasi-ideal of
S

Example 11. Let S {a,b,c} andl" = {a}. Then S is
a I -semigroup under the operation defined in the bellow

table.
ala|b|c
alalala
bla|b|b
clajc|c

Here {a,b} is al"-quasi-ideal of SNow, defingi, : S—
[-1,0] andy,:S— [~1,0] asHx(@) = ~0.4,Hx(b) =
—0.5, ix(c) = —0.3andy(a) = ya(c) = 0.1, yg(b) =
—0.2. Then

S if t,se[-0.3,0]
Na(t,s) = | {a,b} if t,s€[-0.5-0.3) .
® ift,se[-1,-0.5)

Obviously, M(t,s) is a I"-quasi-ideal of Sfor all t,s e
[—1,0] witht+s> —1. Then by Theorer, A= ([I,Va)
is an intuitionistic N-fuzzy -quasi-ideal of S

Theorem 6. A nonempty subset of Sis al” -quasi-ideal
of Sif and only if Xc = (HYC’VYC) is an intuitionisticN-
fuzzy I -quasi-ideal ofS.
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Proof. Let C be al -quasi-ideal ofS. For m € S either
meCorm¢C.

If me C thenTiy_(m) = —1 and(fiy_ or fs)(m) > -1
implies that(fiy  or Ig)(m) > —1 =T, _(m) implies that
(Hy, or Hs)(m) V (Hsor Hy, )(m)

C

= ((Bx. or As) V (Hsor fig.)) (M) = [z (M).

If m¢ C then eithemm = aab orm=#aab, forabe S
and a € '. When m # aab, for a,b € S then
(Hy or Hg)(m) = 0. Also [iy_(m) = O implies that
(fx. or Hg)(M) = fx_(m). Whenm = aab, fora,b € S
then maximum one od,b may contained irfC otherwise
if a,beCthenm=aabe CrsnsSTCCC(SinceCisa

[-quasi-ideal ofS). = m € C, which is a contradiction.

We have following cases:
(i) m=aabanda¢ C,b ¢ C. In this case
(Hy, or Hs)(m) = (Hx, or Hs)(aab)

= min{max(fiy._(a), fs(b))}
max{(0,—1)}
=0

This implies that(fiy_ or fs)(m) = 0. Similarly, (Hgor
Hy.)(m) = 0. Sincefiz_(m) = 0, which implies that

(g or Fi9) V (Fisor iy ))(m) = Ty, (m).

(i) m= aab and exactly one oé,b contained inC. Let
a€ Candb ¢ C thenfiy_(m) = 0 andfiy_(a) = —1. Also

(Hx. or Hs)(m) = (Hx, or Hs)(aab)
min{max(fiy_(a), (b))}
max{(—1,-1)}

_1’

— (Hisor iy, )(aab)
min{max({is(a), iy (b))}
=max{(—1,0)}

=0.

=
wn
O
e
=
>
O
3
|

= (Hg, or Hs)(M)V (Hsor fix,)(m)

= max((Tiy,, or Fis)(M), (Asor iy, )(M)

= max—1,0)

= 0.
This implies that
((Bye or Fis) v (Bsor Py, ))(m) = iy, (m). Hence, for
allme s

((Fx. or Hs)V (Hsor Hy,))(M) = Hy (M)

= (Hy.or fis) V (Asor Ty, ) > Ty,
Similarly’ we can Verify thaVXC er VS/\VSOI— VXC < VXC-
Hence, Xc = (Hfy..Vy.) is an intuitionistic N-fuzzy
I -quasi-ideal ofS.

Conversely, we suppose thgg = (HYC’VYC) is an
intuitionistic  N-fuzzy [ -quasi-ideal of S Let
X € Cr'SNSC implies thatx e Cr's and x € Src
implies that x = aoa;by = axazby, where
ai,bp €C,by,ap € Sanda,,a, € M. Then

(g, or Hs)(X) =
(HAsor HXC)(X) =
= (Tig, or Fi9)V (Bsor Fig,))(x) = 1.

Since, Xc = (HYC’VYC) is an intuitionistic N-fuzzy
I -quasi-ideal ofSthen

(fy or Hs)(aroraby) = -1
(Hsor HXC)(azazbz) =-1

((Fx or ) V (Asor iy, )(X) = Hg (%)
1> iy, () butfiy (x) > —1.
This givesﬂYC (x) = —1. Similarly, Ve (x) =0 implies that

x € CthatisCrSNSTC C C. HenceC is al -quasi-ideal
of S

Lemma 6. A nonempty subset of Sis al -quasi-ideal
of Sif and only if C2 is an intuitionisticN-fuzzy I -quasi-
ideal of S.

Proof. Straightforward.

Definition 21. LetB = ([ig,¥g) be an INFS irS. ThenB
is called an intuitionistidN-fuzzy I -bi-ideal of Sif,

i) Bis an intuitionisticN-fuzzy I -subsemigroup o%.
i) Forall x,y,ze Sanda,B €I,

Hg(xazBy) < max(Hg(x), Hg(y)) and

Ye(xazBy) > min(Yg(x),Vs(Y))-

Example 12. Let S be thE-semigroup as given in
Example 9. Now define, iz : S — [-1,0] and
Ys : S — [-1,0] such that B= (Ug.Vg) = {<
a,—03,-01><b,—-0.7,-02>,<c—05-05>}.
Then by simple calculations we can verify that
B = (g, V) is an intuitionistic N-fuzzy -bi-ideal of S

Proposition 4. Let B = (i, Vg) be an INFS inS. ThenB
is an intuitionisticN-fuzzy I -bi-ideal of Sif and only if

(0 fyor o> s andJoor 1o <Fo
(2) Hgor fisor g > Hg and Ygor Ysor Vs < Vg

Proof. We suppose thaéB = (g, ¥g) is an intuitionistic
N-fuzzy I -bi-ideal of S then it isI -subsemigroup o8
and byProposition2, (1) holds. Now for(2), letme S.

If m=# xay, for x,y € Sanda € I" then

(Hgor fsor fg)(m) = 0> Tg(m) and
(Vsor Ysor Vg)(m) = —1 < yg(m).
(@© 2017 NSP
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If m=xayandx=udv, foru,ve Sandd € I" then

(fig or Asor Hg)(m)
= min {maX{(HBOI'HS)(X)aHB(y)}}

= min {max{ min {maX(IJB( ). Hs(V)), Hg(y)}}
= min {max{ min {maX(IJB( ),—1),Hg(y)}}
= min { { min {maX{IJB( ) Hg(y)}}

- mzrﬂén (maX(IJB( ), Hg(Y))

> min yuB(u5VGY)

= Hg(m)

= (Hgor Hsor Hg)(m) > Hg(m), forallm € S This
implies that [g or Tg or Hg > Hg. Similarly,
Ysor Ysor Vg < Vs-

Conversely, we suppose thdf) and(2) holds for any
intuitionistic N-fuzzy subsetB = ([ig,yg) of S Let
m=xazByforx,y,ze S a,B €I then
Hg(xazBy) = fg(m)

< (Hgor Hsor Hg)(m)

= (Hgor Hsor Hg)(xazpy)
= MiNm_ (xaz) Ey{max{(HB orp
< max{ Min—xaz{ max(fg(x )

I":I
A
N
-~ N
's:l
vs)
—
=<
—

= Miny_xaz{ Max{max(fg (), ),Hs(y) }
= MiNh—xaz{Max(fig(x), Ag(y) }
< maxHg(X), Hg(Y))-
Similarly, we can show that

Ye(xazBy) > min(yg(X),Vg(y)). HenceB = ([g,Vs) is

an intuitionisticN-fuzzy I -bi ideal of S.

Lemma 7. Every intuitionisticN-fuzzy I -quasi-ideal of
Sis an intuitionisticN-fuzzy I -bi-ideal of S.

Proof. Let Q = (g, Yq) be an intuitionistioN-fuzzy I" -
quasi-ideal ofS. By Proposition3, Q is intuitionistic N-
fuzzy I -ternary subsemigroup &then

Hoor Hg > Hg andygor Vg < Vg holds.

Also [igor Hsor Hg = Hgor Hsor Hg,(sinc

> Tigor s (sincefisor fis
andfigor fisor flg > Hsor Hsor Hg = Hsor Hg-
This implies that

eflo
]

HQOI— Hsor HQ ZHQOI— HsV Hsor HQ ZHQ-

Similarly, we can show thal, or Ysor Vg < Vo Hence,
Q= (Hg,Yo) is an intuitionisticN-fuzzy I' -bi-ideal of S

Lemma 8. Every intuitionistic N-fuzzy T -left
(right)-ideal ofSis an intuitionisticN-fuzzy I -bi-ideal of
S

Proof. Straightforward.

Lemma 9. Let{B;, i € |} be a collection of intuitionistic
N-fuzzy I -bi-ideals ofSthen ﬁl B; is also an intuitionistic
e

N-fuzzy I -bi-ideal of S.
Proof. Straightforward.

Theorem 7. Let B= ([iz,Vg) be an INFS inS. ThenB
is an intuitionisticN-fuzzy I -bi-ideal of Sif and only if
Ng(t,s) is al -bi-ideal ofS forallt,se [—1,0] witht+s>

Proof. We suppose théB = (Tig,¥g) iS an intuitionistic
N-fuzzy I -bi-ideal of S and m € Ng(t,s)l S Ng(t,s).
Thenm = naxpo for n,0 € Ng(t,s), x€ Sanda,B € I".
Sincen,o0 € Ng(t,s) implies that Tig(n),z(0) <t and
Vs(n),v¥g(0) > s. Now, sinceB is intuitionistic N-fuzzy
I"-bi-ideal of Sso

Hg(m) = Hg(naxBo) < max({fig(n), Hg(0))} = maxt,t) =
and

Ys(M) =Yg (naxBo) > min(yg(n),¥g(0))} = min(s,s) =s.
This implies that m € Ng(t,s) implies that

Ns(t,s)I SI'Ng(t,s) C Na(t,s).
I -bi-ideal of S.

Conversely, we suppose tHég(t,s) is al -bi-ideal of
S forallt,se [—1,0] witht4+s> —1. Letx,y € Ssuch that
ty, Vg(y) =y with =1 <ty +s, <0. Thenx € Ng(tx,S) and
y € Ng(ty,s,). We may assume thgt < t, ands, > s, then
Ng(tx,Sx) € Na(ty,Sy). This implies thatx,y € Ng(ty,s,).
SinceNg(ty,sy) is al -bi-ideal of Sthen forze S, a,
I, xazfy € Ng(ty,sy), we have

Hg(xazBy) <ty =maxty,ty) = maxfg(x), Hg(y)) and

Ye(xazBy) > sy = min(sy,sy) = min(yg(x),Va(Y))-

This holds for allx,y,z€ S and a,8 € I'. Hence
B = (Hg,¥g) is an intuitionisticN-fuzzy I -bi-ideal of S.

Hence, Ng(t,s) is a

Theorem 8. A nonempty subseZ of Sis al” -bi-ideal of S
if and only if X = (HYC’VYC) is an intuitionisticN-fuzzy
I -bi-ideal of S.

Proof. We suppose tha is al -bi-ideal of Sthen it is a
I-subsemigroup of S and by Theorem 3,
Xc = (H7C777C) is an intuitionistic N-fuzzy
" -subsemigroup ofS. Also CI'SI'C C C. Now for any
x,y,z€ S a,B € I, xazBy € S. We have following cases,
() If xyeC thenxasz € CI'SIC C C implies that

Ay (X) Ay (y) = -1 = [y (xazBy) and
Yz (X) VYC(Y) = 0 = Vg (xazBy). Hence
fiy.(xazBy) = —1 = max(Fig_(X).Fig (). Also
Vx.(xazBy) =0= mln(VC X); Yxe Y))-

(i) If either x ¢ C or y gé hen either
Ay (X) = 0,¥x (X) = =1 or fix (¥) = O, ¥z (y) = —1
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implies  that,  magiy_(X),Hx.(Y)) 0 and
min(Vy. (%), ¥x.(¥)) = —1. But [iy_(xazBy) < 0 and
Yec(XazBy) = -1 This implies that
My, (xazBy) < max(fiy, (X), Ay () and
Ve (XazBy) = min(yz_ (X), V. (¥))-

(iii) If x¢ Aandy ¢ Aandz ¢ A.lt same like case (ii)
Hence Xc = (HYC’VYC) is an intuitionisticN-fuzzy I -bi-
ideal of S.

Conversely, we suppose thgk = (HXC’VYC) is an
intuitionistic N-fuzzy [ -bi-ideal of S For any
me CIr S C there existx,y € C,ze€ Sanda, 3 € I' such
that m = xazBy. ThenTiy_(X) = [y (¥) 1 implies
that maxfiy _(X), iy (y)) = —1 andyy_(X) = Vx.(y) =0
implies  that  mirfyy_(x),V¢.(y)) = 0. Since
Xc = (Fx.:Vx.) is an intuitionisticN-fuzzy I" -bi-ideal of
Simplies thatfty _(xazBy) < max{fiy_ (X),Hx. () = —1
and Yy _(xazBy) = min(yy_(X),V (y)) = 0. But by
definitionﬂxc(xazﬁy) > -1 andVXC(xasz) < 0. This
gives that Hyc(xazﬁy) = -1 and Vyc(xazﬁy) =0
implies that m = xazBy € C. This implies that
CrsrC CC. HenceCis arl -bi-ideal of S.

Lemma 10. A nonempty subset of Sis arl -bi-ideal of
Sif and only if C2 is an intuitionisticN-fuzzy I" -bi-ideal
of S

Proof. Straightforward.

Example 14. Let & {a,b,c,d} andl" ={a}. Then Sis
I -semigroup along with the operation defined in the table
bellow,

alalb|c|d
alalalala
blalala]a
clalajal|b
djlala|b|c

Then {a,c} is a I'-subsemigroup of S but not a
I -quasi-ideal. Moreovefa, c} is al -bi-ideal but neither
a [-left  nor a I-right ideal of S Now define
Ha:T — [-1,0 and Y, : T — [-1,0] as, Ha(a)
—0.6,Ti5(b) = —0.4,TiA(c) = —0.5,Tis(d) = —0.4 and

et,
S if t,s€[-0.4,0]
Na(t,s) = | {a,c} if t,se[-0.7,—-0.4) .

® if t,se[-1,-0.7)

Then M(t,s) is al -subsemigroup of S and/a-bi-ideal
of S for all tse [-1,0] with t+s> —1 but not a
I -quasi-ideal and not & -left as well ag™ -right ideal of
S By Theoreml and TheoremB, A = (s, Va) IS @n
intuitionistic  N-fuzzy I -subsemigroup and an
intuitionistic N-fuzzyl™ -bi-ideal of S But by T heoren?,
A is neither an intuitionistic N-fuzzly-left ideal of S nor
an intuitionistic N-fuzzyl -right ideal of S and by
Theorem 5, A is not an intuitionistic N-fuzzy
I-quasi-ideal of S

The following examples shows that the converses ofReferences

Proposition3,Lemma5,Lemma7 andLemma8 are not
true in general.
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e|lale|lalc|a

Then{a,b} and {a,c} are I-quasi-ideals of S but both
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