
Appl. Math. Inf. Sci.11, No. 1, 95-104 (2017) 95

Applied Mathematics & Information Sciences
An International Journal

http://dx.doi.org/10.18576/amis/110112

Characterization of Γ -Semigroup by Intuitionistic
N-Fuzzy Set (INFS) and its Level Set

Muhammad Akram1,2,∗, Jacob Kavikumar1 and Zaffar Iqbal2

1 Department of Mathematics and Statistics, Faculty of Science, Technology and Human Development, University Tun Hussein Onn
Malaysia, Malaysia

2 Department of Mathematics, University of Gujrat, Pakistan

Received: 11 Sep. 2015, Revised: 3 Feb. 2016, Accepted: 16 Feb. 2016
Published online: 1 Jan. 2017

Abstract: Some characterizations ofΓ -Semigroup by intuitionistic N-fuzzy sets have been given here. The concept of intuitionistic
N-fuzzy set (INFS) and its level set has been applied toΓ -semigroup. The notions of intuitionistic N-fuzzyΓ -subsemigroup and
intuitionistic N-fuzzyΓ - ideals (left, right, lateral, quasi, and bi) have been introduced and characterized by intuitionistic N-fuzzy sets.

Keywords: Γ -smigroup, intuitionistic N-fuzzy set, intuitionistic N-fuzzyΓ -subsmigroup, intuitionistic N-fuzzyΓ -ideal.

1 Introduction

The notion ofΓ -semigroup was introduced by Sen
[14] in 1981 as a generalization of semigroup and ternary
semigroup. This concept was modified by Sen and Saha
[15] in 1986. Saha [12,13], extended many classical
notions of semigroups toΓ -semigroups. Chinram[5,6],
worked on bi-Γ -ideals and quasi-Γ -ideals of
Γ -semigroups. Many researchers worked on this structure
and proposed many theories related toΓ -semigroups.

The concept of fuzzy set was given by Zadeh[17] in
1965. The applications of fuzzy sets have been found very
useful in the domain of mathematics and elsewhere. The
concept of fuzzy algebraic structure was given by
Rosenfeld[11] in 1971, when he applied the fuzzy set
theory to the algebraic structures of subgroup
(subgroupoid) and its ideals. In 1986, Atanassov[3]
introduced the notion of intuitionistic fuzzy set as a
generalization of fuzzy set. Biswas[4], introduced the
notion of intuitionistic fuzzy subgroupoids. Kim and Jun
[10] developed the theory of intuitionistic fuzzy ideals of
semigroups. A number of authors have applied the
concept of fuzzy set and intuitionistic fuzzy set to many
other algebraic structures.

A fuzzy set is a functionµ : X → [0,1], whereas an
intuitionistic fuzzy set is a pair of two fuzzy sets i.e. an

intuitionistic fuzzy setA is written as A = (µA,νA),
where, µA : X → [0,1] and νA : X → [0,1] with
0≤ µA(x)+ νA(x) ≤ 1, for all x ∈ X. Both fuzzy set and
intuitionistic fuzzy set relied on spreading the positive
meaning of information but there is no any suggestions
for use of the negative meanings of informations.

In 2009, Jun et al.[8] constructed a new function
which is called negative-valued function (or negative
fuzzy set, briefly, N-fuzzy set) and constructed
N-structures. Jun et al.[9] applied the concept of coupled
N-structures to BCK/BCI -algebras in 2013, which was
extended to d-algebras and BH-algebras by Ahan et al.
and Seo et al. The notion of intuitionisticN-fuzzy set was
applied to biΓ -ternary semigroup by Akram et al.[2].

In this paper the concept of intuitionisticN-fuzzy set
has been applied toΓ -semigroup. The notions of
intuitionistic N-fuzzy Γ -subsemigroup, intuitionistic
N-fuzzy Γ -left (right, quasi and bi) ideals have been
defined. The relationship between these ideals have been
discussed and the characterizations ofΓ -semigroup by
these ideals have been investigated here.

2 Preliminary Concepts

Definition 1.[15] Let S= {x,y,z, ...} andΓ = {α,β ,γ, ...}
be two nonempty sets. ThenS is called aΓ -semigroup if it
satisfies:
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(i) xαy∈ S
(ii) (xαy)βz= xα(yβz),for all x,y,z∈Sandα,β ∈Γ .

Example 1. Let S= {−i,0, i} and Γ = S. Then S is aΓ -
semigroup under the multiplication of complex numbers,
while S is not a semigroup under multiplication of complex
numbers.

Example 2.[15] Let S= {4n+3,n∈ N} andΓ = {4n+
1,n ∈ N}. Define the mapping S×Γ ×S→ S as xαy =
x+α + y. Then S is aΓ -semigroup.

Example 3. Let S= Z− and Γ ⊆ Z−. Define xαy, for
x,y∈ S andα ∈ Γ as the usual multiplication of integers.
Then S is aΓ -semigroup but not a semigroup.

Example 4. Let S= iR, where, i=
√
−1 and R is the set

of real numbers. IfΓ = [i,−i] and xαy is defined as the
usual multiplication of complex numbers. Then S is aΓ -
semigroup but not a semigroup.

Definition 2.[15] A nonempty subsetA of aΓ -semigroup
S is called aΓ -subsemigroup ofS if, AΓ A⊆ A.

Definition 3.[15] A nonempty subsetA of aΓ -semigroup
S is called aΓ -left ideal ofS if, SΓ A⊆ A.

Definition 4.[15] A nonempty subsetA of aΓ -semigroup
S is called aΓ -right ideal ofS if, AΓ S⊆ A.

Definition 5.[15] A nonempty subsetA of aΓ -semigroup
S is called aΓ -ideal ofS if it is a Γ -left and aΓ -right ideal
of S.

Definition 6.[5] Let S be aΓ -semigroup. A nonempty
subsetQ of S is calledΓ -quasi-ideal ofS if QΓ S∩SΓ Q⊆
Q.

Definition 7.[6] Let S be a Γ -semigroup. A Γ -
subsemigroupB of S is called a Γ -bi-ideal of S if
BΓ SΓ B⊆ B.

Proposition 1.[7] Let Sbe aΓ -semigroup andφ 6=X ⊆S,
then:

(i) SΓ X is aΓ -left ideal ofS.
(ii) XΓ S is aΓ -right ideal ofS.
(iii) SΓ XΓ S is aΓ -ideal ofS.
(iv) SΓ X ∩XΓ S is aΓ -quasi-ideal ofS.

3 Institutionistic N-fuzzy set

Definition 8.[8] A negative fuzzy set (briefly,N-fuzzy
set) in a nonempty setX is a functionµ : X → [−1,0].
Here we are using”−” for the negative fuzzy function.

Jun et al.[8] used the term negative-valued function
andN-function for negative fuzzy set andN-fuzzy set.

Definition 9.[2] An intuitionistic N-fuzzy set (briefly,
INFS) A in a nonempty setX is an object of the form
A = {〈x;µA,γA : x ∈ X〉}, where µA : X → [−1,0] and
γA : X → [−1,0] such that−1≤ µA(x)+ γA(x)≤ 0 for all
x ∈ X. An intuitionistic N-fuzzy set A = {〈x;µA,γA
: x ∈ X〉} in X can be identified to an ordered pair
(µA,γA) in F(X, [−1,0]) × F(X, [−1,0]), where
F(X, [−1,0]) denotes the set of all functions fromX to
[−1,0]. For the sake of simplicity, we shall use the
notation A = (µA,γA) instead of A = {〈x;µA,γA
: x∈ X〉}.

Definition 10.[2] Let A=(µA,γA) be an INFS inX. Then
the setN{(µA,γA);(t,s)} = {x∈ X|µA(x) ≤ t,γA(x) ≥ s}
wheret,s∈ [−1,0] with t + s≥ −1 is called anN(t,s)-
level set ofA. An N(t, t)-level set ofA= (µA,γA) is called
anN-level set ofA.
For simplicity, we shall use the notationNA(t,s) instead of
N{(µA,γA);(t,s)} for N(t,s)-level set ofA= (µA,γA), i.e.
NA(t,s) = {x∈ X|µA(x)≤ t,γA(x)≥ s}.

Definition 11.[2] Let A = (µA,γA) andB = (µB,γB) be
two INFSs in X. If for all x ∈ X, µA(x) ≥ µB(x) and
γA(x) ≤ γB(x), thenA is called an intuitionisticN-fuzzy
subset (INFSS) ofB and is written asA⊆B. We sayA= B
if and only if A⊆B andB⊆A.

Definition 12.[2] Let A = (µA,γA) andB = (µB,γB) be
two INFSs inX. Then their union and intersection is also
an intuitionisticN-fuzzy set inX, defined as for allx∈ X

(A∪B) = {x, min{µA(x),µB(x)},max{γA(x),γB(x)}}
= (µA(x)∧µB(x), γA(x)∨ γB(x)),

and(A∩B) = {x, max{µA(x),µB(x)},min{γA(x),γB(x)}}
= (µA(x)∨µB(x), γA(x)∧ γB(x)).

Example 5. Let X= {w,x,y,z} be a nonempty set. Define
µA : X → [−1,0] and γA : X → [−1,0] as,
µA(w) = −0.6, µA(x) = −0.2, µA(y) = −0.5,
µA(z) = −0.4 and γA(w) = −0.3, γA(x) = −0.7,
γA(y) = −0.3, γA(z) = −0.6, then
A = {< w,−0.6,−0.3 >,< x,−0.2,−0.7 >,<
y,−0.5,−0.3 >,< z,−0.4,−0.6 >}. It is easy to verify
that A= (µA,γA) is an intuitionistic N-fuzzy set in X.

Example 6. Let X is as in Example5 and
A = {< w,−.9,−.1 >,< x,−0.5,−0.4 >,<

y,−0.4,−0.5>,< z,−0.3,−0.6>},
B = {< w,−1,0 >,< x,−0.9,−0.1 >,<

y,−0.7,−0.2>,< z,−0.6,−0.3>}.
Then A= (µA,γA) and B= (µB,γB) are intuitionistic

N-fuzzy sets in X. Easily we can verify that A⊆B.

Example 7. Let X is as in Example5 and
A = {< w,−0.8,−0.1 >,< x,−0.6,−0.2 >,<

y,−0.5,−0.6>,< z,−0.4,−0.5>}
B = {< w,−0.6,−0.3 >,< x,−0.7,−0.3 >,<

y,−0.4,−0.5>,< z,−0.5,−0.3>}.
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Then A= (µA,γA) and B= (µB,γB) are intuitionistic
N-fuzzy sets in X and

A∪B = {< w,−0.8,−0.1 >,< x,−0.7,−0.2 >,<
y,−0.5,−0.5>,< z,−0.5,−0.3>}

A∩B = {< w,−0.6,−0.3 >,< x,−0.6,−0.3 >,<
y,−0.4,−0.6>,< z,−0.4,−0.5>}.
Obviously, A∪B and A∩B are intuitionistic N-fuzzy sets in
X.

Definition 13.[2] LetC be a nonempty subset ofX. Then
the intuitionisticN-fuzzy characteristic function ofC is a
functionχC = (µ χC

,γ χC
) defined as, for anyx∈ X,

µ χC
(x)=

[

−1, if x∈C
0, if x /∈C

]

and γχC
(x)=

[

0, if x∈C
−1, if x /∈C

]

.

We denotes the intuitionisticN-fuzzy characteristic
function ofX by χX = (µX,γX).

4 Intuitionistic N-fuzzy Γ -semigroups

In what fallows, let S denotes aΓ -semigroup unless
otherwise specified.

Definition 14. Let A= (µA,γA) and B= (µB,γB) be the
two INFSs in S. Then their product is defined as,
A◦B= (µA ◦Γ µB,γA ◦Γ γB ) = (µA ◦Γ B ,γA ◦Γ B ), where
for any s∈ S,

(µA ◦Γ B )(s) =

[

∧
s=aαb

{µA(a)∨µB(b)}, if s= aαb, for a,b∈ S,α ∈ Γ
0, otherwise.

]

and

(γA ◦Γ B )(s) =

[

∨
s=aαb

{γA(a)∧ γB(b)}, if s= aαb, for a,b∈ S,α ∈ Γ
−1, otherwise.

]

Note 1.For any two INFSsA= (µA,γA) andB= (µB,γB)
in S, µA ◦Γ µB = µA ◦Γ B andγA ◦Γ γB = γA ◦Γ B .

Definition 15. An INFS, A = (µA,γA) in S is called an
intuitionisticN-fuzzyΓ -subsemigroup ofS if,

µA(xαy) ≤ max{µA(x),µA(y)} and

γA(xαy) ≥ min{γA(x),γA(y)}, for all x,y∈ S,α ∈ Γ .

Definition 16. An INFS, L = (µL,γL) in S is called an
intuitionisticN-fuzzyΓ -left ideal ofS if,

µL(xαy)≤ µL(y) andγL(xαy)≥ γL(y),

for all x,y∈ S,α ∈ Γ .

Definition 17. An INFS, R= (µR,γR) in S is called an
intuitionisticN-fuzzyΓ -right ideal ofS if,

µR(xαy)≤ µR(x), andγR(xαy)≥ γR(x),

for all x,y∈ S,α ∈ Γ .

Definition 18. An INFS, A = (µA,γA) in S is called an
intuitionistic N-fuzzy Γ -ideal ofS if it is an intuitionistic
N-fuzzyΓ -left and an intuitionisticN-fuzzyΓ -right ideal
of S.

Example 8. Let S= Z− and Γ ⊆ Z−. Then S is a
Γ -semigroup but not a semigroup under the operation
defined as, for x,y ∈ S, α ∈ Γ , (xαy) = xαy, the usual
multiplication of integers. Now define,µA : S→ [−1,0]
andγA : S→ [−1,0] as, for x∈ S,

µA(x) =

[

−0.5, if x is even
−0.1, otherwise

]

and

γA(x) =

[

−0.3, if x is even
−0.7, otherwise

]

.

Then A= (µA,γA) is an intuitionistic N-fuzzy set in S. By
simple calculations we can verify that A is an intuitionistic
N-fuzzyΓ -subsemigroup of S.

Note 2. In aΓ -semigroupS,
(i) An intuitionistic N-fuzzy Γ -left (right) ideal ofS

is an intuitionisticN-fuzzy Γ -subsemigroup ofS but the
converse is not true.

(ii) An intuitionistic N-fuzzyΓ -left ideal ofSmay not
be an intuitionisticN-fuzzy Γ -right ideal of S and vice
versa.

Example 9. Let S= {a,b,c} and Γ = {α}. Then S is a
Γ -semigroup under the operation defined in the following
table,

α a b c
a a a a
b a b b
c a c c

.

Define,µA : T → [−1,0] and γA : T → [−1,0] such that
A= (µA,γA) = {< a,−0.3,−0.1>,< b,−0.7,−0.2>,<
c,−0.5,−0.5 >}. Then A is an intuitionistic N-fuzzy set
in S which is an intuitionistic N-fuzzyΓ -subsemigroup of
S. Now µA(cαb) = µA(c) = −0.5 � −0.7 = µA(b).
Hence A is not an intuitionistic N-fuzzyΓ -left ideal of S.
If we take B= (µB,γB) = {< a,−0.7,−0.2 >,<
b,−0.5,−0.4 >,< c,−0.5,−0.4 >}, then B is an
intuitionistic N-fuzzyΓ -left and aΓ -right of S, hence an
intuitionistic N-fuzzyΓ -ideal of S. Obviously it is an
intuitionistic N-fuzzyΓ -subsemigroup of S.

Example 10. Let S= {2n,n ∈ N} andΓ = {α,β ,γ, ...}.
Define(xαy) = 2x+ y, for x,y ∈ S,α ∈ Γ ,then S is aΓ -
semigroup. Now define,µA : S→ [−1,0] and γA : S→
[−1,0] as

µA(x) =

[

−0.3, if x= 4n for somen∈ N
−0.6, otherwise

]

and
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γA(x) =

[

−0.6, if x= 4n for somen∈ N
−0.1, otherwise

]

.

Then A= (µA,γA) is an intuitionistic N-fuzzyΓ -left ideal
of S.
Now, for 2,4 ∈ S,α ∈ Γ , 2α4 = 2(2) + 4 = 8 = 4(2)
⇒ µA(2α4) = µA(4(2)) = −0.3 and µA(2) = −0.6,
which implies that µA(2α4) � µA(2) also
γA(2α4) � γA(2). Hence A= (µA,γA) is not an
intuitionistic N-fuzzyΓ -right ideal of S. If we define
(xαy) = x+ 2y then A= (µA,γA) is an intuitionistic
N-fuzzy Γ -right ideal of S but not an intuitionistic
N-fuzzyΓ -left ideal of S. Further if (xαy) = 2x+2y, then
A= (µA,γA) is an intuitionistic N-fuzzyΓ -ideal of S.

Lemma 1. Let Sbe aΓ -semigroup then,
(i) The intersection of any collection of intuitionisticN -
fuzzy Γ -subsemigroups ofS is an intuitionisticN-fuzzy
Γ -subsemigroup ofS.
(ii) The intersection of any collection of intuitionisticN-
fuzzyΓ -left (right) ideals ofS is an intuitionisticN-fuzzy
Γ -left (right) ideal ofS.

Proof.(i) Let {Ai = (µAi,γAi), i ∈ I} be a collection of
intuitionistic N-fuzzy Γ -subsemigroups ofS. Then
µAi(xαy)≤ max{µAi(x),µAi(y)}

andγAi(xαy)≥ min{γAi(x),γAi(y)},

for all i ∈ I , x,y∈ S,α ∈ Γ .
Now, for all for i ∈ I , x,y∈ S,α ∈ Γ .

(∩
i∈I

µAi)(xαy) = ∩
i∈I
(µAi(xαy))≤ ∩

i∈I
(max{µAi(x),µAi(y)})

= max{∩
i∈I

µAi(x), ∩i∈I
µAi(y)}.

= max{(∩
i∈I

µAi)(x),(∩i∈I
µAi)(y)}. Also,

(∩
i∈I

γAi)(xαy) = ∩
i∈I
(γAi(xαy))≥ ∩

i∈I
(min{γAi(x),γAi(y)})

= min{∩
i∈I

γAi(x), ∩i∈I
γAi(y)}.

= min{(∩
i∈I

γAi)(x),(∩i∈I
γAi)(y)}.

Hence ∩
i∈I

Ai is an intuitionistic N-fuzzy

Γ -subsemigroup ofS.
(ii) proof is similar as (i).

Proposition 2. Let A= (µA,γA) be an INFS inS then
(i) A is an intuitionisticN-fuzzyΓ -subsemigroup ofS

if and only if

µA ◦Γ µA ≥ µA andγA◦Γ γA ≤ γA.

(ii) A is an intuitionisticN-fuzzy Γ -left ideal of S if
and only if

µT ◦Γ µA ≥ µA andγT ◦Γ γA ≤ γA.

(iii ) A is an intuitionisticN-fuzzyΓ -right ideal ofS if
and only if

µA◦Γ µT ≥ µA and γA◦Γ γT ≤ γA.

Proof. (i) Let A is an intuitionistic N-fuzzy
Γ -subsemigroup ofSandx∈ S.

Case1. Ifx 6= aαb, for α ∈ Γ , a,b∈ S, then

(µA ◦Γ A )(x)= 0≥ (µA)(x) and(γA ◦Γ A )(x)=−1≤ (γA)(x).

Case2. Ifx= aαb, for α ∈ Γ anda,b∈ S, then

(µA ◦Γ A )(x) = min
x=aαb

{max((µA)(a),(µA)(b))}

≥ min
x=aαb

(µA)(aαb)

≥ (µA)(x),∀x∈ S. Also

(γA ◦Γ A )(x) = max
x=aαb

{min((γA)(a),(γA)(b))}

≤ max
x=aαb

(γA)(aαb)

≤ (γA)(x), ∀x∈ S.

This implies thatµA ◦Γ µA ≥ µA and γA◦Γ γA ≤ γA.
Conversely, we suppose thatµA◦Γ µA ≥ µA and γA◦Γ

γA ≤ γA. Let, a,b∈ S, α ∈ Γ andx= aαb then

(µA)(aαb) = (µA)(x) ≤ (µA ◦Γ A )(x)

= min
x=uδv

{max((µA)(u),(µA)(v))}

≤ max((µA)(a),(µA)(b)). Also,

(γA)(aαb) = (γA)(x) ≥ (γA ◦Γ A )(x)

= max
x=uδv

{min((γA)(u),(γA)(v))}

≥ min((γA)(a),(γA)(b)).

HenceA is an intuitionisticN-fuzzyΓ -subsemigroup ofS.
Similarly, we can prove (ii) and (iii).

Lemma 2. Let A= (µA,γA) be an INFS inS then

(i) S◦Γ A is an intuitionisticN-fuzzyΓ -left ideal ofS.
(ii) A◦Γ S is an intuitionisticN-fuzzy Γ -right ideal of

S.

Proof. (i) Let L = S◦Γ A = (µS◦Γ A,γS◦Γ A) = (µL,γL).
Now as

µS◦Γ µL = µS◦Γ L = µS◦Γ S◦Γ A (sinceS◦Γ S⊆ S)

≥ µS◦Γ A = µL implies thatµS◦Γ µL ≥ µL.

Similarly, γT ◦Γ γL ≤ γL. Hence L = S◦Γ A is an
intuitionistic N-fuzzy Γ -left ideal ofS. Similarly, we can
prove(ii).

Theorem 1. Let A= (µA,γA) be an INFS inS. ThenA is
an intuitionisticN-fuzzyΓ -subsemigroup ofS if and only
if NA(t,s) is a Γ -subsemigroup ofS, for all t,s∈ [−1,0]
with t + s≥−1.
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Proof. Let A = (µA,γA) be an intuitionisticN-fuzzy Γ -
subsemigroup ofS. Let x,y∈ NA(t,s), wheret,s∈ [−1,0]
with t + s≥ −1 thenµA(x) ≤ t,γA(x) ≥ s andµA(y) ≤
t,γA(y)≥ s. Now for α ∈ Γ

µA(xαy) ≤ max{µA(x),µA(y)} ≤ t, and

γA(xαy) ≥ min{γA(x),γA(y)} ≥ s.

This implies thatxαy∈ NA(t,s), for all x,y∈ NA(t,s) and
α ∈ Γ implies thatNA(t,s)Γ NA(t,s) ⊆ NA(t,s). Hence
NA(t,s) is aΓ -subsemigroup ofS.

Conversely, we suppose thatNA(t,s) is a
Γ -subsemigroup of S, for all t,s ∈ [−1,0] with
t + s≥ −1. Let x,y ∈ S such thatµA(x) = tx,γA(x) = sx
and µA(y) = ty,γA(y) = sy with −1 ≤ tx + sx ≤ 0 and
−1≤ ty+ sy ≤ 0 thenx∈ NA(tx,sx) andy∈ NA(ty,sy). We
may assume that tx ≤ ty and sx ≥ sy then
NA(tx,sx)⊆ NA(ty,sy), which implies thatx,y∈ NA(ty,sy).
Since,NA(ty,sy) is a Γ -subsemigroup ofS implies that
xαy∈ NA(ty,sy), for α ∈ Γ . Then

µA(xαy) ≤ ty = max(tx, ty) = max(µA(x),µA(y)) , and

γA(xαy) ≥ sy = min(sx,sy) = min(γA(x),γA(y)) ,

for all x,y ∈ S and α ∈ Γ . HenceA = (µA,γA) is an
intuitionisticN-fuzzyΓ -subsemigroup ofS.

Theorem 2. Let A = (µA,γA) be an INFS inS. ThenA
is an intuitionisticN-fuzzy Γ -left (right) ideal ofS if and
only if NA(t,s) is a Γ -left (right) ideal ofS, for all t,s∈
[−1,0] with t + s≥−1.

Proof. Straightforward.

Theorem 3. A nonempty subsetC of S is a
Γ -subsemigroup ofS if and only if χC = (µ χC

,γχC
) is an

intuitionisticN-fuzzyΓ -subsemigroup ofS.

Proof. Let C be aΓ -subsemigroup ofS thenCΓC ⊆ C.
Let x,y∈ S, α ∈ Γ then we have following cases.

Case1. If x,y ∈ C then xαy ∈ C and hence
µ χC

(x) = µχC
(y) = µ χC

(xαy) = −1 implies that
µ χC

(xαy) = max{µχC
(x),µ χC

(y)}. Also,
γχC

(x) = γχC
(y) = γχC

(xαy) = 0 implies that
γχC

(xαy) = min{γχC
(x),γ χC

(y)}.
Case2. If either x /∈ C or y /∈ C then either

µ χC
(x) = 0,γχC

(x) = −1 or µ χC
(y) = 0,γχC

(y) = −1.
This implies that, max{µχC

(x),µ χC
(y)} = 0 but

µ χC
(xαy) ≤ 0 implies that

µ χC
(xαy) ≤ max{µχC

(x),µ χC
(y)}. Also, either

γχC
(x) = −1or γχC

(y) = −1, which implies that,
min{γχC

(x),γ χC
(y)} = −1 but γχC

(xαy) ≥ −1 implies
that γχC

(xαy) ≥ min{γχC
(x),γ χC

(y)}. This implies that
µ χC

(xαy) ≤ max{µχC
(x),µ χC

(y)} and
γχC

(xαy)≥ min{γχC
(x),γ χC

(y)}, for all x,y∈ T, α ∈ Γ .

Case3. Whenx /∈C andy /∈C gives the same result as
in Case2.

Hence χC = (µ χC
,γ χC

) is an intuitionistic N-fuzzy
Γ -subsemigroup ofS.

Conversely, we suppose thatχC = (µ χC
,γχC

) is an
intuitionistic N-fuzzy Γ -subsemigroup ofS. Let x,y ∈ C
and α ∈ Γ then xαy ∈ CΓC. By definition of χC,
µ χC

(x) = µ χC
(y) = −1 implies that

max{µχC
(x),µ χC

(y)} = −1. SinceχC is an intuitionistic
N-fuzzy biΓ -ternary subsemigroup of T then
µ χC

(xαy) ≤ max{µ χC
(x),µ χC

(y)} = −1 implies that
µ χC

(xαy)≤−1 but by definitionµ χC
(xαy)≥ −1, which

implies thatµ χC
(xαy) = −1. Similarly, we can show that

γχC
(xαy) = 0. This gives thatxαy ∈ C implies that

CΓC⊆C. HenceC is aΓ -subsemigroup ofS.

Theorem 4. A nonempty subsetC of S is aΓ -left (right)
ideal ofSif and only if χC = (µ χC

,γ χC
) is an intuitionistic

N-fuzzyΓ -left (right) ideal ofC.

Proof. Straightforward.

Definition 19.[2] Let C be a nonempty subset ofS and
a,b∈ [−1,0] with a≤ b. Define an intuitionisticN-fuzzy
set inSasCb

a = (µCb
a
,γCb

a
), where,

µCb
a
(x) =

[

b if x /∈C
a if x∈C

]

and γCb
a
(x) =

[

a if x /∈C
b if x∈C

]

.

Lemma 3. A nonempty subsetC of S is a
Γ -subsemigroup (Γ -left ideal, Γ -right ideal) of S if and
only if Cb

a is an intuitionisticN-fuzzy Γ -subsemigroup
(Γ -left ideal,Γ -right ideal) ofS.

Proof. We prove this result forΓ -right ideals. LetC be a
Γ - right ideal of S and x,y ∈ S. If x ∈ C then xαy ∈ C
implies that µCb

a
(x) = a = µCb

a
(xαy) and

γCb
a
(x) = b = γCb

a
(xαy). If x /∈ C then

µCb
a
(x) = b ≥ µCb

a
(xαy) and γCb

a
(x) = a ≤ γCb

a
(xαy).

Hence Cb
a = (µCb

a
,γCb

a
) is an intuitionistic N-fuzzy

Γ -right ideal ofS.
Conversely, we suppose thatCb

a = (µCb
a
,γCb

a
) is an

intuitionistic N-fuzzy Γ -right ideal of S. Let x ∈ C then
µCb

a
(x) = a and γCb

a
(x) = b. For y ∈ S and α ∈ Γ ,

µCb
a
(xαy) ≤ µCb

a
(x) = a but µCb

a
(xαy) ≥ a implies that

µCb
a
(xαy) = a implies thatxαy ∈ C ⇒ CΓ S⊆ C. Hence

C is a Γ -right ideal of S. The result for other cases is
similar.

Definition 20. Let Q= (µQ,γQ) be an INFS inS. ThenQ
is called an intuitionisticN-fuzzyΓ -quasi-ideal ofS if for
all x∈ S,

µQ(x) ≤ max{(µQ◦Γ µS)(x),(µS◦Γ µQ)(x)} and

γQ(x) ≥ min{(γQ◦Γ γS)(x),(γS◦Γ γQ)(x)},
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Alternatively, above conditions can be written as

µQ ≤ µQ◦Γ µS∨µS◦Γ µQ and

γQ ≥ γQ◦Γ γS∧ γS◦Γ γQ.

Proposition 3. Every intuitionisticN-fuzzyΓ -quasi-ideal
of S is an intuitionisticN-fuzzyΓ -subsemigroup ofS.

Proof. Let Q = (µQ,γQ) be an intuitionisticN-fuzzy Γ -
quasi-ideal ofS. As,µQ◦Γ µS≤ µQ◦Γ µQ andµS◦Γ µQ ≤
µQ◦Γ µQ implies that

µQ◦Γ µS∨µS◦Γ µQ ≤ µQ◦Γ µQ.

SinceQ is a an intuitionisticN-fuzzy Γ -quasi-ideal ofS,
so

µQ ≤ µQ◦Γ µS∨µS◦Γ µQ.

This implies that µQ ≤ µQ ◦Γ µQ. Similarly,
γQ ◦Γ γQ ≤ γQ. Hence by Proposition 2,Q = (µQ,γQ) is
an intuitionisticN-fuzzyΓ -subsemigroup ofS.

Lemma 4. Let {Qi, i ∈ I} be a collection of intuitionistic
N-fuzzy Γ -quasi-ideals ofS then ∩

i∈I
Qi is also an

intuitionisticN-fuzzyΓ -quasi-ideal ofS.

Proof. Straightforward.

Lemma 5. Every intuitionistic N-fuzzy Γ -left (right)
ideal ofS is an intuitionisticN-fuzzyΓ -quasi-ideal ofS.

Proof. Let L = (µL,γL) be an intuitionisticN-fuzzyΓ -left
ideal ofS thenµL ≤ µS◦Γ µL andγL ≥ γS◦Γ γL.
Now,

µL ≤ µS◦Γ µL implies thatµL ≤ µS◦Γ µL∨µL ◦Γ µS.
Similarly,

γL ≥ γS◦Γ γL implies thatγL ≥ γS◦Γ γL ∧ γL ◦Γ γS.
HenceL = (µL,γL) is an intuitionisticN-fuzzy Γ -quasi-
ideal ofS.

Theorem 5. Let Q = (µQ,γQ) be an INFS inS. ThenQ
is an intuitionisticN-fuzzy Γ -quasi-ideal ofS if and only
if NQ(t,s) is aΓ -quasi-ideal ofS, for all t,s∈ [−1,0] with
t + s≥−1.

Proof. We suppose thatQ = (µQ,γQ) is an intuitionistic
N-fuzzyΓ -quasi-ideal ofS then

µQ ≤ µQ◦Γ µS∨µS◦Γ µQ.

Let m∈ NQ(t,s)Γ S thenm= nαy for n ∈ NQ(t,s), y ∈ S
andα ∈ Γ . Sincen∈ NQ(t,s) implies that µQ(n)≤ t and
γQ(n)≥ s. Now,

(µQ◦Γ µS)(m) = (µQ ◦Γ S )(m)

= min
m=nαy

{max(µQ(n),µS(y))}

≤ max(t,−1)≤ t.

Similarly, (µS◦Γ µQ)(m) ≤ t implies that

max{(µQ◦Γ µS)(m),(µS◦Γ µQ)(m)} ≤ t

i.e. (µQ◦Γ µS∨µS◦Γ µQ)(m) ≤ t.

By supposition,µQ(m)≤ (µQ◦Γ µS∨µS◦Γ µQ)(m)

implies that µQ(m) ≤ t. Similarly, we can prove that
γQ(m) ≥ s. This implies thatm= nαy ∈ NQ(t,s) implies
that NQ(t,s)Γ S ⊆ NQ(t,s). This gives that
NQ(t,s)Γ S∩ SΓ NQ(t,s) ⊆ NQ(t,s). HenceNQ(t,s) is a
Γ -quasi-ideal ofS.

Conversely, we suppose thatNQ(t,s) is aΓ -quasi-ideal
of S, for all t,s∈ [−1,0] with t+s≥−1. We have to prove
that Q = (µQ,γQ) is an intuitionisticN-fuzzy Γ -quasi-
ideal ofS. On contrary, we suppose that there exist some
m∈ Ssuch that

(µQ◦Γ µS∨µS◦Γ µQ)(m)< µQ(m)

⇒ (µQ◦Γ µS)(m)∨ (µS◦Γ µQ)(m)< µQ(m).

Now, choose a t ∈ [−1,0] such that
(µQ ◦Γ µS)(m) ∨ (µS ◦Γ µQ)(m) ≤ t < µQ(m). Now,
(µQ ◦Γ µS)(m) ≤ t implies that m ∈ NQ(t,s)Γ S and
(µS◦Γ µQ)(m) ≤ t implies thatm ∈ SΓ NQ(t,s). This
implies thatm ∈ NQ(t,s)Γ S∩ SΓ NQ(t,s) ⊆ NQ(t,s) ⇒
m∈ NQ(t,s)⇒ µQ(m)≤ t, which is a contradiction.

So(µQ◦Γ µS∨µS◦Γ µQ)(m)≥ µQ(m), ∀ m∈ S.

This implies that,(µQ ◦Γ µS ∨ µS ◦Γ µQ) ≥ µQ.
Similarly, γQ ◦Γ γS ∧ γS ◦Γ γQ ≤ γQ. Hence,
Q= (µQ,γQ) is an intuitionisticN-fuzzyΓ -quasi-ideal of
S.

Example 11. Let S= {a,b,c} and Γ = {α}. Then S is
a Γ -semigroup under the operation defined in the bellow
table.

α a b c
a a a a
b a b b
c a c c

Here{a,b} is a Γ -quasi-ideal of S. Now, defineµA : S→
[−1,0] and γA : S→ [−1,0] as µA(a) = −0.4,µA(b) =
−0.5, µA(c) =−0.3 andγA(a) = γA(c) =−0.1, γQ(b) =
−0.2. Then

NA(t,s) =





S if t,s∈ [−0.3,0]
{a,b} if t ,s∈ [−0.5,−0.3)

Φ if t ,s∈ [−1,−0.5)



 .

Obviously, NA(t,s) is a Γ -quasi-ideal of S, for all t ,s∈
[−1,0] with t+s≥−1. Then by Theorem5, A= (µA,γA)
is an intuitionistic N-fuzzyΓ -quasi-ideal of S.

Theorem 6. A nonempty subsetC of S is aΓ -quasi-ideal
of S if and only if χC = (µ χC

,γ χC
) is an intuitionisticN-

fuzzyΓ -quasi-ideal ofS.
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Proof. Let C be aΓ -quasi-ideal ofS. For m∈ S either
m∈C or m /∈C.
If m∈ C then µ χC

(m) = −1 and(µ χC
◦Γ µS)(m) ≥ −1

implies that(µ χC
◦Γ µS)(m)≥−1= µ χC

(m) implies that
(µ χC

◦Γ µS)(m)∨ (µS◦Γ µ χC
)(m)

= ((µ χC
◦Γ µS)∨ (µS◦Γ µ χC

))(m) ≥ µχC
(m).

If m /∈ C then eitherm= aαb or m 6= aαb, for a,b ∈ S
and α ∈ Γ . When m 6= aαb, for a,b ∈ S then
(µ χC

◦Γ µS)(m) = 0. Also µ χC
(m) = 0 implies that

(µ χC
◦Γ µS)(m) = µ χC

(m). Whenm= aαb, for a,b ∈ S
then maximum one ofa,b may contained inC otherwise
if a,b∈C thenm= aαb∈CΓ S∩SΓC ⊆C (SinceC is a
Γ -quasi-ideal ofS). ⇒ m∈ C, which is a contradiction.
We have following cases:
(i) m= aαb anda /∈C,b /∈C. In this case

(µ χC
◦Γ µS)(m) = (µ χC

◦Γ µS)(aαb)

= min{max(µ χC
(a),µS(b))}

= max{(0,−1)}
= 0.

This implies that(µ χC
◦Γ µS)(m) = 0. Similarly, (µS◦Γ

µ χC
)(m) = 0. SinceµχC

(m) = 0, which implies that

((µ χC
◦Γ µS)∨ (µS◦Γ µ χC

))(m) = µ χC
(m).

(ii) m= aαb and exactly one ofa,b contained inC. Let
a∈C andb /∈C thenµ χC

(m) = 0 andµ χC
(a) =−1. Also

(µ χC
◦Γ µS)(m) = (µ χC

◦Γ µS)(aαb)

= min{max(µ χC
(a),µS(b))}

= max{(−1,−1)}
= −1,

µS◦Γ µχC
)(m) = (µS◦Γ µ χC

)(aαb)

= min{max(µS(a),µ χS
(b))}

= max{(−1,0)}
= 0.

⇒ (µ χC
◦Γ µS)(m)∨ (µS◦Γ µ χC

)(m)

= max((µ χC
◦Γ µS)(m),(µS◦Γ µ χC

)(m))

= max(−1,0)

= 0.

This implies that
((µ χC

◦Γ µS) ∨ (µS◦Γ µχC
))(m) = µ χC

(m). Hence, for
all m∈ S,

((µ χC
◦Γ µS)∨ (µS◦Γ µ χC

))(m)≥ µ χC
(m)

⇒ (µ χC
◦Γ µS)∨ (µS◦Γ µ χC

)≥ µ χC
.

Similarly, we can verify thatγχC
◦Γ γS∧ γS◦Γ γχC

≤ γχC
.

Hence, χC = (µ χC
,γχC

) is an intuitionistic N-fuzzy
Γ -quasi-ideal ofS.

Conversely, we suppose thatχC = (µ χC
,γχC

) is an
intuitionistic N-fuzzy Γ -quasi-ideal of S. Let
x ∈ CΓ S∩ SΓC implies that x ∈ CΓ S and x ∈ SΓC
implies that x = a1α1b1 = a2α2b2, where
a1,b2 ∈C,b1,a2 ∈ Sandα1,α2 ∈ Γ . Then

(µ χC
◦Γ µS)(x) = (µ χC

◦Γ µS)(a1α1b1) =−1

(µS◦Γ µ χC
)(x) = (µS◦Γ µ χC

)(a2α2b2) =−1.

⇒ ((µ χC
◦Γ µS)∨ (µS◦Γ µ χC

))(x) =−1.

Since, χC = (µ χC
,γχC

) is an intuitionistic N-fuzzy
Γ -quasi-ideal ofS then

((µ χC
◦Γ µS)∨ (µS◦Γ µχC

)(x)≥ µ χC
(x)

⇒−1≥ µ χC
(x) but µ χC

(x)≥−1.

This givesµχC
(x) =−1.Similarly,γχC

(x)= 0 implies that
x∈C that isCΓ S∩SΓC⊆C. Hence,C is aΓ -quasi-ideal
of S.

Lemma 6. A nonempty subsetC of S is aΓ -quasi-ideal
of S if and only if Cb

a is an intuitionisticN-fuzzyΓ -quasi-
ideal ofS.

Proof. Straightforward.

Definition 21. Let B= (µB,γB) be an INFS inS. ThenB
is called an intuitionisticN-fuzzyΓ -bi-ideal ofS if,

i) B is an intuitionisticN-fuzzyΓ -subsemigroup ofS.
ii) For all x,y,z∈ Sandα ,β ∈ Γ ,

µB(xαzβy)≤ max(µB(x),µB(y)) and

γB(xαzβy)≥ min(γB(x),γB(y)).

Example 12. Let S be theΓ -semigroup as given in
Example 9. Now define, µB : S → [−1,0] and
γB : S → [−1,0] such that B= (µB,γB) = {<
a,−0.3,−0.1 >,< b,−0.7,−0.2 >,< c,−0.5,−0.5 >}.
Then by simple calculations we can verify that
B= (µB,γB) is an intuitionistic N-fuzzyΓ -bi-ideal of S.

Proposition 4. Let B= (µB,γB) be an INFS inS. ThenB
is an intuitionisticN-fuzzyΓ -bi-ideal ofS if and only if

(1) µB◦Γ µB ≥ µB and γB◦Γ γB ≤ γB
(2) µB◦Γ µS◦Γ µB ≥ µB and γB ◦Γ γS◦Γ γB ≤ γB

Proof. We suppose thatB = (µB,γB) is an intuitionistic
N-fuzzy Γ -bi-ideal of S then it isΓ -subsemigroup ofS
and byProposition2, (1) holds. Now for(2), let m∈ S.
If m 6= xαy, for x,y∈ Sandα ∈ Γ then

(µB◦Γ µS◦Γ µB)(m) = 0≥ µB(m) and

(γB◦Γ γS◦Γ γB)(m) =−1≤ γB(m).
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If m= xαy andx= uδv, for u,v∈ Sandδ ∈ Γ then

(µB ◦Γ µS◦Γ µB)(m)

= min
m=xαy

{max{(µB◦Γ µS)(x),µB(y)}}

= min
m=xαy

{max{ min
x=uδv

{max(µB(u),µS(v)),µB(y)}}

= min
m=xαy

{max{ min
x=uδv

{max(µB(u),−1),µB(y)}}

= min
m=xαy

{ min
x=uδv

{max{µB(u),µB(y)}}

= min
m=uδvαy

(max(µB(u),µB(y))

≥ min
m=uδvαy

µB(uδvαy),

= µB(m)

⇒ (µB ◦Γ µS ◦Γ µB)(m) ≥ µB(m), for all m ∈ S. This
implies that µB ◦Γ µS ◦Γ µB ≥ µB. Similarly,
γB◦Γ γS◦Γ γB ≤ γB.

Conversely, we suppose that(1) and(2) holds for any
intuitionistic N-fuzzy subsetB = (µB,γB) of S. Let
m= xαzβy for x,y,z∈ S, α,β ∈ Γ then
µB(xαzβy) = µB(m)

≤ (µB◦Γ µS◦Γ µB)(m)
= (µB◦Γ µS◦Γ µB)(xαzβy)
= minm=(xαz)βy{max{(µB◦Γ µS)(xαz),µB(y)}}
≤ max{minn=xαz{max(µB(x),µS(z))},µB(y)}
= minn=xαz{max{max(µB(x),−1),µB(y)}}
= minn=xαz{max(µB(x),µB(y)}
≤ max(µB(x),µB(y)).

Similarly, we can show that
γB(xαzβy) ≥ min(γB(x),γB(y)). HenceB = (µB,γB) is
an intuitionisticN-fuzzyΓ -bi ideal ofS.

Lemma 7. Every intuitionisticN-fuzzy Γ -quasi-ideal of
S is an intuitionisticN-fuzzyΓ -bi-ideal ofS.

Proof. Let Q = (µQ,γQ) be an intuitionisticN-fuzzy Γ -
quasi-ideal ofS . By Proposition3, Q is intuitionisticN-
fuzzyΓ -ternary subsemigroup ofSthen

µQ◦Γ µQ ≥ µQ andγQ◦Γ γQ ≤ γQ holds.

Also µQ◦Γ µS◦Γ µQ ≥ µQ◦Γ µS◦Γ µS, (sinceµQ ≥ µS)

≥ µQ◦Γ µS, (sinceµS◦Γ µS≥ µS)

andµQ◦Γ µS◦Γ µQ ≥ µS◦Γ µS◦Γ µQ ≥ µS◦Γ µQ.

This implies that

µQ◦Γ µS◦Γ µQ ≥ µQ◦Γ µS∨µS◦Γ µQ ≥ µQ.

Similarly, we can show thatγQ ◦Γ γS◦Γ γQ ≤ γQ. Hence,
Q= (µQ,γQ) is an intuitionisticN-fuzzyΓ -bi-ideal ofS.

Lemma 8. Every intuitionistic N-fuzzy Γ -left
(right)-ideal ofS is an intuitionisticN-fuzzyΓ -bi-ideal of
S.

Proof. Straightforward.

Lemma 9. Let {Bi , i ∈ I} be a collection of intuitionistic
N-fuzzyΓ -bi-ideals ofSthen ∩

i∈I
Bi is also an intuitionistic

N-fuzzyΓ -bi-ideal ofS.

Proof. Straightforward.

Theorem 7. Let B = (µB,γB) be an INFS inS. ThenB
is an intuitionisticN-fuzzy Γ -bi-ideal of S if and only if
NB(t,s) is aΓ -bi-ideal ofS, for all t,s∈ [−1,0]with t+s≥
−1.

Proof. We suppose thatB = (µB,γB) is an intuitionistic
N-fuzzy Γ -bi-ideal of S and m ∈ NB(t,s)Γ SΓ NB(t,s).
Thenm= nαxβo for n,o∈ NB(t,s), x ∈ S andα,β ∈ Γ .
Sincen,o ∈ NB(t,s) implies that µB(n),µB(o) ≤ t and
γB(n),γB(o) ≥ s. Now, sinceB is intuitionistic N-fuzzy
Γ -bi-ideal ofSso

µB(m)= µB(nαxβo)≤max(µB(n),µB(o))}=max(t, t)= t

and

γB(m)= γB(nαxβo)≥min(γB(n),γB(o))}=min(s,s)= s.

This implies that m ∈ NB(t,s) implies that
NB(t,s)Γ SΓ NB(t,s) ⊆ NB(t,s). Hence, NB(t,s) is a
Γ -bi-ideal ofS.

Conversely, we suppose thatNB(t,s) is aΓ -bi-ideal of
S, for all t,s∈ [−1,0]with t+s≥−1. Letx,y∈Ssuch that
µB(x) = tx,γB(x) = sx with −1≤ tx+ sx ≤ 0 andµB(y) =
ty,γB(y) = sy with −1≤ ty+sy ≤ 0. Thenx∈NB(tx,sx) and
y∈ NB(ty,sy). We may assume thattx ≤ ty andsx ≥ sy then
NB(tx,sx) ⊆ NB(ty,sy). This implies thatx,y ∈ NB(ty,sy).
SinceNB(ty,sy) is aΓ -bi-ideal ofS then forz∈ S, α,β ∈
Γ ,xαzβy∈ NB(ty,sy), we have

µB(xαzβy)≤ ty = max(tx, ty) = max(µB(x),µB(y)) and

γB(xαzβy)≥ sy = min(sx,sy) = min(γB(x),γB(y)).

This holds for all x,y,z ∈ S and α,β ∈ Γ . Hence
B= (µB,γB) is an intuitionisticN-fuzzyΓ -bi-ideal ofS.

Theorem 8. A nonempty subsetC of Sis aΓ -bi-ideal ofS
if and only if χC = (µ χC

,γ χC
) is an intuitionisticN-fuzzy

Γ -bi-ideal ofS.

Proof. We suppose thatC is aΓ -bi-ideal ofS then it is a
Γ -subsemigroup of S and by Theorem 3,
χC = (µ χC

,γ χC
) is an intuitionistic N-fuzzy

Γ -subsemigroup ofS. Also CΓ SΓC ⊆ C. Now for any
x,y,z∈ S,α,β ∈ Γ , xαzβy∈ S. We have following cases,

(i) If x,y ∈ C thenxαzβy ∈ CΓ SΓC ⊆ C implies that
µ χC

(x) = µ χC
(y) = −1 = µ χC

(xαzβy) and
γχC

(x) = γχC
(y) = 0 = γχC

(xαzβ y). Hence
µ χC

(xαzβy) = −1 = max(µ χC
(x),µ χC

(y)). Also
γχC

(xαzβy) = 0= min(γχC
(x),γ χC

(y)).
(ii) If either x /∈ C or y /∈ C then either

µ χC
(x) = 0,γχC

(x) = −1 or µ χC
(y) = 0,γχC

(y) = −1

c© 2017 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.11, No. 1, 95-104 (2017) /www.naturalspublishing.com/Journals.asp 103

implies that, max(µ χC
(x),µ χC

(y)) = 0 and
min(γχC

(x),γ χC
(y)) = −1. But µχC

(xαzβy) ≤ 0 and
γχC

(xαzβy) ≥ −1. This implies that
µ χC

(xαzβy) ≤ max(µ χC
(x),µ χC

(y)) and
γχC

(xαzβy)≥ min(γχC
(x),γχC

(y)).
(iii) If x /∈ A andy /∈ A andz /∈ A.It same like case (ii).

Hence,χC = (µ χC
,γχC

) is an intuitionisticN-fuzzyΓ -bi-
ideal ofS.

Conversely, we suppose thatχC = (µ χC
,γχC

) is an
intuitionistic N-fuzzy Γ -bi-ideal of S. For any
m∈CΓ SΓC there existsx,y∈C,z∈ Sandα ,β ∈ Γ such
that m = xαzβy. Then µχC

(x) = µχC
(y) = −1 implies

that max(µ χC
(x),µ χC

(y)) = −1 andγχC
(x) = γχC

(y) = 0
implies that min(γχC

(x),γ χC
(y)) = 0. Since

χC = (µ χC
,γ χC

) is an intuitionisticN-fuzzyΓ -bi-ideal of
S implies thatµχC

(xαzβy)≤ max(µ χC
(x),µ χC

(y)) = −1
and γχC

(xαzβy) ≥ min(γχC
(x),γχC

(y)) = 0. But by
definition µ χC

(xαzβy) ≥ −1 andγχC
(xαzβy) ≤ 0. This

gives that µχC
(xαzβy) = −1 and γχC

(xαzβy) = 0
implies that m = xαzβy ∈ C. This implies that
CΓ SΓC⊆C. HenceC is aΓ -bi-ideal ofS.

Lemma 10. A nonempty subsetC of S is aΓ -bi-ideal of
S if and only if Cb

a is an intuitionisticN-fuzzy Γ -bi-ideal
of S.

Proof. Straightforward.

The following examples shows that the converses of
Proposition3,Lemma5,Lemma7 andLemma8 are not
true in general.

Example 13. Let S= {a,b,c,d,e} andΓ = {α}. Then S
is Γ -semigroup along with the operation defined in the
bellow table.

α a b c d e
a a a a a a
b a b a d a
c a e c c e
d a b d d b
e a e a c a

.

Then{a,b} and {a,c} are Γ -quasi-ideals of S but both
are neitherΓ -left ideal nor Γ -right ideals of S. Define,
µQ : T → [−1,0] and γQ : T → [−1,0] as,
µQ(a) = −0.8,µQ(b) = −0.5,µQ(c) = −0.8,µQ(d) =
−0.3,µQ(e) = −0.3 and γQ(a) = 0,γQ(b) =

−0.3,γQ(c) = 0,γQ(d) =−0.1,γQ(e) = 0. Let,

NQ(t,s) =





S if t,s∈ [−0.5,0]
{a,c} if t,s∈ [−0.8,−0.5)

Φ if t,s∈ [−1,−0.8)



 .

Obviously, NQ(t,s) is a Γ -quasi-ideal of S but neither a
Γ -left nor a Γ -right ideal. By Theorem5, Q = (µQ,γQ)
is an intuitionistic N-fuzzyΓ -quasi-ideal of S but by
Theorem5,Q is neither an intuitionistic N-fuzzyΓ -left
nor an intuitionistic N-fuzzyΓ -right ideal of S.

Example 14. Let S= {a,b,c,d} andΓ = {α}. Then S is
Γ -semigroup along with the operation defined in the table
bellow,

α a b c d
a a a a a
b a a a a
c a a a b
d a a b c

Then {a,c} is a Γ -subsemigroup of S but not a
Γ -quasi-ideal. Moreover{a,c} is aΓ -bi-ideal but neither
a Γ -left nor a Γ -right ideal of S. Now define
µA : T → [−1,0] and γA : T → [−1,0] as, µA(a) =
−0.6,µA(b) = −0.4,µA(c) = −0.5,µA(d) = −0.4 and
γA(a) = 0,γA(b) = −0.1,γA(c) = −0.4,γA(d) = −0.3.
Let,

NA(t,s) =





S if t,s∈ [−0.4,0]
{a,c} if t,s∈ [−0.7,−0.4)

Φ if t,s∈ [−1,−0.7)



 .

Then NA(t,s) is a Γ -subsemigroup of S and aΓ -bi-ideal
of S for all t,s ∈ [−1,0] with t + s ≥ −1 but not a
Γ -quasi-ideal and not aΓ -left as well asΓ -right ideal of
S. By Theorem1 and Theorem8, A = (µA,γA) is an
intuitionistic N-fuzzy Γ -subsemigroup and an
intuitionistic N-fuzzyΓ -bi-ideal of S. But by Theorem2,
A is neither an intuitionistic N-fuzzyΓ -left ideal of S nor
an intuitionistic N-fuzzyΓ -right ideal of S and by
Theorem 5, A is not an intuitionistic N-fuzzy
Γ -quasi-ideal of S.
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