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Abstract: In this paper, we introduce convex pseudo metric space kustrdte this concept with an example, we discuss propgerfie
convex structures in pseudo metric spaces. We apply thepenpies to obtain fixed point theorems in complete pseudoicrepaces.
We present an example of convex structure.
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In this paper, we shall prove Theorenand Theoren2 in
the framework of pseudo metric spaces.

Takahashi{] introduced the notion of convexity in metric  Let us recall mathematical basics needed in the sequel.
spaces and studied some fixed point theorems foAA mappingT : X — X is said to have fixed point€ X if

1 Introduction and preliminaries

nonexpansive mappings. Subsequently, BdgBeg and
Abbas B], Chang, Kim and Jin4], Ciric [5], Shimizu

and Takahashif], Ding [7], and many others presented

fixed point theorems in convex metric spaces.
Oussaeif, Abdelkrim §], presented following result in
partial metric spaces endowed with convex structure.

T(x) = xandF(T) denotes the set of all fixed points Bf
F (T, f) represents set of common fixed pointsTond f.

Definition 1.[10] Let X be a non empty set. A functiad :
X x X — R* is called pseudo metric if for anyy,z € X,
the following conditions hold:

Theorem 1[8] Let C be a nonempty closed convex subset(p; )ds(x,x) = 0.

of a convex complete partial metric spaeé p,W) and f
be a self-mapping of C. If there exist (0, %) such that

P, f(y)) + p(F(x), (y)) <kp(y, f(x)) forall x,y € C,
then f has at least one fixed point.

E. Karapinar 9], obtained the following fixed point
theorem.

Theorem 2[9] Let C be a closed and convex subset of a

cone Banach spacé with the norm||x||, = d(x,0) and
T : C — C be a mapping satisfying following condition for
2 < g< 4 condition

d(x,TX) +d(y, Ty) < qd(x,y) Vx,y € C.

Then T has at least one fixed point.

(pZ)dS(Xv y) = ds(yv X)'
(pg)ds(X, Z) < dS(Xv y) + ds(yv Z)'

Note thatds(x,y) = 0 may not imply thak =y.

Example lLet X =R andds: X x X — R{ be defined by
ds(x,y) = |sin(x) — sin(y)|, then(X,ds) is a pseudo metric
space.

Example 2.et F represents space of all real valued
functions which are not injective arti(x,y) is defined by
ds(x,y) = |f(x) — f(y)|, then (F,ds) is a pseudo metric
space.

Example 3f X is a vector space anglis a semi-norm on
X thends(x,y) = p(x—Y) is a pseudo metric oX.

the set
fis continuous} and define a

Example 4Consider
C[0,1] = {f € RIOY :
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distance functioms onCJ0, 1] as Definition 5.Let (X,ds,W) be a convex pseudo metric
1 space. A non-empty subggtof X is said to be convex if
ds(f,g) — /O 1£(X) — g(x)| dx. W(x,,A) € C wheneverx,y,A) € CxCx|

Proposition 1Let (X,ds,W) be convex pseudo metric
space then for alt,y € X, A € [0, 1], following properties

Following [10], a pseudo metric space generates ahold:

thends is a pseudo metric on C.

topology 7(ds) on X, whose base is the family of open @)s(x,Y) = ds(x, W(X, Y, A )) + ds(W(X,, A ), y).
balls {B(xo.£) xo € X, € > 0}, where (b)ds(x W(x,%: 1)) = (1~ A)ds(x.y).
IB%()(O’{;) = {ye X : ds(x’y) < g}' (c)ds(y,W(x,y,)\)) = )\ds(X,y).

ProofDue to(ps), we have

Definition 2.[10] For a pseudo metric spaceX,ds), we ds(X,y) < ds(X,W(x,y,A)) +ds(W(x,y,A),y), (1)
have following concepts

(1)The sequencgx,} in X is said to be convergent to a
point X, iflimp_e ds(Xn,X) = 0.

(2)The sequencéx,} in X is said to be a Cauchy
sequence if for any¥ > O there exists a positive
integer N such thatgixn, xc) < € forall n,k > N.

(3)The pseudo metric space is said to be complete ifevery gy w(x,y, 1)) < Ads(y,X) + (1 — A)ds(Y,y).
Cauchy sequence converges to a pointin it. -

(4)Let T: X — X be a mapping. The mapping T is said t0 Since ds(x,x) = ds(y,y) = 0, therefore, above two
be sequentially continuous if inequalities implies that

and definition of convex structure gives
dS(Xv\N(Xv yv/\ )) S )\ dS(Xa X) + (1 - /\ )dS(Xa y)

and

%= X= T(a) = T(x) as 1 o As(CW(X Y1) + B W(x y,2)) < ds(x ). (2)
Definition 3.[11] The ordered pair (T,f) of two - . .
self-maps of a pseudo metric spagé,ds) is called a Combining equationslj and @), we get required result.

Banach operator pair iF(f) is T-invariant, namely Proofs of (b) and (c) can be obtained by using definition of
T(F(f)) CF(f) ' convex structure similarly.

Definition 4.Let (X,ds) be a pseudo metric space ang
[0,1]. A mappingWV : X xXxl—=X is said to be a pseudo 2 The results
convex structure on X if for eactx,y,A) € X x X x | and
ueX In this section, we present fixed point theorems in pseudo
metric spaces endowed with pseudo convex structure. We
ds(U,W(x,y,A)) < Ads(u,x) + (1—A)ds(u,y). begin with following lemma.

A pseudo m.etric spacéX,ds) endowed with a Convex | amma1let (X,ds) be a pseudo metric space and
structureW is called a convex pseudo metric space,c - x pe a cloéed subset of X. Let'TC — C be a
denoted by(X, ds,W). sequentially continuous mapping theg(XdT(C)) = 0
Example 5.Let X= R? and consider the functionsdX x ~ implies xe T(C).

X = [0,e0) defined by ProofSinceT is a self mapping and C is closed subset of

ds(u,V) =[x —y1| ¥ U= (X1,X),V=(y1,Y2) € X. X, s0,T(C) is a closed subset of X. Due to definition of

_ . distance of a point ofX,ds) from a subset ofX, ds), we
Define Wx,y,A) = Ax+ (1 —A)y, then (X,ds,W) is have

convex pseudo metric space. . ds(x, T(C)) =inf{ds(x,y)ly € T(c)}
Indeed, for u= (z1,2), X= (X1,X2), Y= (Y1,Y2) in X.

dS(Xvw(yv u,/\))ds(x,)\y+ (1—/\)U),
= ds((X1,%2),(Ay1+ (1= A)zs,Ay1 + (1—A)z)), ds(x, T(C)) =inf{ds(x,y)ly € T(c)} =0.
= x1—(Ay1+(1-A)z)l,

and since it is given thais(x, T(C)) = 0, therefore,

Sequentially continuity off implies that there exists at

= A +@=-2)xa—Ay1+(1-2)z)], least one distance betweeqy such thatds(x,y) = 0,
=|(Ax1—=Ay1) +[(1=A)x1— (1= A)z)], which in turn implies thak is a limit point of T (C). Since
<A —ya|+ (1= A)|xa -z, T(C) is a closed subset of, thereforex c T(C).

< Ads(xy) +(1—=A)ds(x,u). Our first main result:
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Theorem 3Let C be a nonempty closed convex subset ofSimplifying equations12) and (L3), we obtain

a complete convex pseudo metric spé¥eds, W) and T
be a sequentially continuous self-mapping defined on C. If

there exists ke [0,3) such that

ds(X, T(y)) +ds(T(x), T(y)) <kds(y, T(x)),  (3)

forallx,y € C. Then T has at least one fixed point.

ProofFrom the definition of pseudo convex structure we d
S

obtain

ds(X, W(X,y,A)) < Ads(X,X) + (1—A)ds(x,y), (4)
and

ds(Y,W(x,,A)) < Ads(y,x) + (1=A)ds(y,y).  (5)

Sinceds(x,X) = ds(y,y) = 0, therefore, usingd) and 6)
we get,

ds(X,W(X, ya )\ )) + ds(y,W(X, yv /\ )) S dS(Xv y) . (6)
Now letxg € C and define a sequen¢g,} as follows,
Xn =W(Xn—1, TX—1,4); n=1,2,3, .... @)

SinceC is convex so, € C and using equationd,
(6) and (7), we obtain

Os(Xn, Xnt1) < Ads(Xn, Xn) + (L= A)ds(Xn, TX),  (8)
and
ds(T %, %Xn+1) < Ads(Xn, TXa) + (1= 2A)ds(T X0, TXa). (9)
Adding (8) and ), we get
ds(Xn, Xn+1) + ds(T X, Xnt1) < ds(Xn, TX). (20)
Now usingps, we obtain
ds(Xn, Txn) < ds(Xn, Txr-1) +ds(TXa-1, TX).  (11)
From equationsl(0) and (L1), we get

ds(Xn, Xnt+-1) + ds(T X, Xn+1)
< ds(Xn, TXn—1) + ds(TX—1, T Xn)-

This implies

ds(Xn, Xnt+-1) + ds(T X, Xn1) — ds(Xn, T Xa—1)
< ds(TX-1, TXn). (12)

By replacingx with x, andy with x,_1 in (3), we have
ds(Xn, TX-1) + ds(T X, TX1-1) < Kds(Xn-1,TXn).

This implies that

ds(T X, TXa—1) < Kds(Xn—1, T %) — As(Xn, TXo—1). (13)

ds(Xn,Xn11) + ds(Xnt1, TX) < KAs(Xn-1,TX%).  (14)
Again usingps, we get

Os(Xn—1, TX0) < ds(Xn—1,%n) + ds(Xn, T Xn). (15)
Combining (L4) and ({5), we have

(Xn, Xn1) + ds(Xnt1, TXn) < k[ds(xn—laxn) + ds(Xn, TX{‘I)]a
= ds(Xn,TXn) < k[ds(xn—lvxn)] + k[ds(XmT)‘n)]a
(1 —K)ds(Xn, TX%) < Kds(Xn—1,%n)-

Due to pseudo convex structure, we have
ds(Xn, Xn+1) < (1= A)ds(Xn, TXn) < ds(T Xn, %n).

Thatis
ds(Xn, Xn11) < ds(Xn, TX)-

Therefore, we obtain
(1—K)ds(Xn,%n11) < KOs(Xn—1,%n),

K
= ds(Xn, Xnt1) < mds(xn—laxn)a

k
= ds(Xn,XnJrl) < Gds(xn,l,xn); 0= m
= ds(Xn,Xn+1) < G”ds(xo,xl),

Similarly,

ds(Xn11,Xn12) < 8™ ds(x0,X1).

Continuing in the similar way, we obtain

ds(Xn4k—1, Xn1k) < 9n+k_1ds(xoaxl)-
By p3 we have
ds(Xn, Xn4k) < ds(Xn, Xnt1) + ds(Xns1, Xn2) + .-

+dS(Xn+k—17Xn+k)7
(en + 9n+1_|_ ot 6n+k_1)ds(X(),X1),

n
1-6
Since 0< 6 < 1, therefore, we get

IN

IN

ds(X0,X1).

r!mo ds(Xn, Xn4k) = 0.

This implies that{x,} is a Cauchy sequence@ SinceC
is closed subset of a complete sp&¥eds), soC is also
complete subspace. Consequeniis} > ; converges to a
pointvin C and

lim x, =v.

n—oo
Now we are left to prove thatis fixed point ofT. SinceT
is sequentially continuous therefore,

Xn—V = TX, — Tvasn-— co.
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Due to(p1),
ds(Xn, Txn) < Ads(TXo-1, TXp-1) + (1= A)ds(Xn-1, TXn-1),
implies
ds(Xn, TXn) < (1= A)ds(Xn-12, TX-1).
Lettingn — o we have
ds(v, TV) < (1—-2A)ds(V, TV) < ds(Vv, TV).

Henceds(v, Tv) = 0 and by Lemmad, we deduce that =
T(v), which completes the proof.

Theorem 4Let C be a nonempty closed convex subset of a

complete convex pseudo metric spé¥eds, W) and T and

Replacingx with x, andy with x,_1 in equation 17), we
obtain

ds(Xn, TXn) 4+ ds(Xn—1, TX1—1) < Kds(Xn,Xn—1) V n€ N.
(20)
Using equationsl®), (19) and 0), we have

2ds(Xn, Xn+-1) + 20s(Xn, Xn—1) < Kds(Xn,Xn—1),
2d5(Xn,Xn+1) < (K—2)ds(Xn,Xn-1),

k-2
ds(Xn,XnJ,_l) S Tds(Xn_l,Xn) V ne N
ds(Xn, Xn+l) S )\ ds(Xn, anl), Where)\ = LZZ

= ds(Xn, Xn+1) < A ds(Xo,Xq)-

Similarly,

f be a sequentially continuous self mapping of C. Suppose

that
(Lthere exists k [0,3) such that for all xy € C

ds(f(x), T(y) +ds(T(x),T(y)) < kds(f(y)’T(X)()iﬁ)
(2)(T, f) is aBanach operator pair and f has the property
FW(x,y,A)) =W(f(x),f(y),A).
(3)F(f) is a nonempty closed subset of C.

Then KT, f) is nonempty.

ProofSince, (T, f) is a Banach operator pair, therefore
from (16), we obtain

ds(X, T(y)) +ds(T (x), T(y)) <kds(y, T(x)) V X,y € F ().

F(f) is convex becaust has the property
FW(X,y,A)) =W(f(x),f(y),A).

It follows from TheorenB thatF (T, f) is nonempty.

Theorem 5Let C be a nonempty closed convex subset of a

complete convex pseudo metric spé¥eds,W) and T be

ds(Xnt1,%n42) <A n+1dS(X07Xl)~
Continuing in a similar way we obtain
ds(Xnrk—1,%n+k) < A n+k71ds(xoaxl)-

By ps, we have

ds(Xn, Xn4k) < Os(Xn, Xns1) + ds(Xnt1,Xnr2) + - - - + ds(Xnrk—1,Xn+k),

< AT AT AR A (%0, %),

n
<

mdS(Xo, X1).

Since 0< A < 1, therefore, we get
Am@ ds(Xn, Xn1k) = 0.

This implies thaf{x,} is a Cauchy sequence@ SinceC
is closed subset of a complete sp&¥eds), soC is also
complete subspace. Consequenii},,_, converges to a
pointvin C and

lim X, = v.

n—oo

a sequentially continuous self-mapping of C. If there existNow we are left to prove thatis a fixed point ofT. Since

k € [2,4) such that,
ds(X, TX) +ds(y, Ty) < kds(x,y) V X,y € C. (17)
Then T has at least one fixed point.
Prooflet xo € C and define a sequen¢g, } by
Xn =W(Xn—1, TX-1,A); n=1,2,3,....

As C is convex, so, € C and from the propositioth, we
get following equations fok = %

T is sequentially continuous, thus,
Xn =V = T(Xy) = T(V) as n— o.
Also, due topy,
ds(Xn, TX0) < Ads(TX—1, TX—1) + (1= A)ds(Xn—1, T Xn—1)-
implies
ds(Xn, TXn) < (1—A)ds(Xn-12, TX-1).

Lettingn — o we have

1
0 Yoy2) = 50k T, (18) A T(V) < (L- AW T (v)) < de(w T (V)).
and 1 Henceds(v, Tv) = 0 and by Lemmd, we deduce that =
ds(Xn, Xn—1) = EoIS(xn_l,Txn_l). (19)  T(v), which completes the proof.
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Theorem 6Let C be a nonempty closed convex subset of 5] Ciric, L: On some discontinuous fixed point theorems

complete convex pseudo metric spé¥eds, W) and T and in convex metric spacesCzech. Math. J. 43:188, 319-
f be a sequentially continuous self mapping of C. Suppose 326(1993).
that [6] Shimizu, T, Takahashi, WFixed point theorems in certain
. 1 convex metric spaceMath. Japon. 37, 855-859(1992).
(Dthere exists k [0, §) such that for all xy € C [7] Ding, XP: Iteration processes for nonlinear mappings in
convex metric spaces). Math. Anal. Appl. 132, 114-
ds(F(x), T(x)) +ds(f(y), T(y)) <kds(f(x), f(y)). 122(1998).

. . (21) [8] Oussaeif, AbdelkrinFixed Point Theorems in Convex Partial
(2)(T, f) is a Banach operator pair and f has the property ~ Metric Space Konuralp Journal of Mathematics Volume 2

fFW(X,Y,A)) =W(f(x), f(y),A). No. 2 pp. 96-101 (2014).
(3)F(f) is a nonempty closed subset of C. [9] Karapinar, E:Fixed point theorems in cone Banach spaces.
. Fixed Point Theory Appl. 2009, Article ID 609281 (2009).
Then KT, f) is nonempty. doi:10.1155/2009/609281.

[10] Ronald C. Freiwald Introduction to Set Theory and
Topology.Edition 2013-2014.
[11] M. Moosaei, Fixed Point Theorems in Convex Metric

SpacesFixed Point Theory and Applications 2012, 2012:164
ds(X, TX) +ds(y, Ty) < kds(x,y) V xy € F(f). doi:10.1186/1687-1812-2012-164

ProofSince (T, f) is a Banach operator pair, therefore
from (21), we obtain

F(f) is convex becaust has the property

fFW(x,y,A)) =W(f(x), f(y),A). Muhammad Nazam
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