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1 Introduction hierarchy and structure of the Coulomb potential, as well
as the absence of a compact solution of this hierarchy.

The Bogolubov-Born-Green-Kirkwood-Yvon (BBGKY) These difficulties were indiqated by_Bogqubov in his
hierarchy of kinetic equations is an infinitely engaging Pioneer work on the kinetic equations]{ Another
system of the integro-diffierential equations, which is Problem of physics of non-equilibrium plasma is
formulated in 19467). The BBGKY hierarchy is used to connected with the fact that up to now, the first 2-3
describe the evolution of non-equilibrium systems of classical equations of the BBGKY hierarchy for
interacting particles. There are two versions of thecorrelatlon.funct|ons, wh!ch depend both on the position
BBGKY'’s hierarchy of the kinetic equations: hierarchy of and veIocmes of the patrticles, have been 'used to describe
classical kinetic equations for distribution functionssla the evolution of the charged 2-3 particles. The 2-3
the quantum kinetic equations for density matrices. Thes@@'ticles system is usually an object of quantum physics
hierarchies are the best relations connecting Liouville?€dd consequently it will be appropriate to investigate it
equationsfor many particle density matrices with the @PPlying the hierarchy of the quantum kinetic equations
kinetic Boltzmann-Vlasov?s equations of for one particle.for ~correlation matrices. This follows from the
As known, the last equations are used to describe th&ncertainty  principle, — which  prohibits  precise
evolution of many physical processes in the solid, gase§,|multaneous specification of the position and velocity.
semiconductors and in plasma. The present work is devoted to the solution of the
From the day of its formulation up to now, the hierarchy of quantum kinetic equations for correlation
BBGKY hierarchy remains an object of research both formatrices, describing the dynamics of systems particles
physicists and mathematicians. One of the most importaninteracting through the Coulomb potential. Note, that, the
areas of BBGKY hierarchy application is the physics of hierarchy for correlation matrices is deduced from the
plasma. As it known, plasma consists of charged particle8BGKY hierarchy of quantum kinetic equations for
interacting with the Coulomb potential. The evolution of density matrices],[2], [3], [4]. In this paper, the system
plasma is described by a hierarchy of the Kkineticof finite many particles is considered in a finite region
equations for correlation functions, which is deduced(vessel)A with volumeV = |A|. Using the semigroup
from the BBGKY hierarchy. Difficulties in research of theory developed for the solution of the BBGKY
this field are due to the complexity of structure of a hierarchy, both classical5[,[6] and quantum kinetic
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equationsT], [8] for the bounded potential, the existence In (1) h = 1 is the Planck constant arid denotes the
and uniqueness of the solution of the hierarchy ofPoisson bracket.

guantum kinetic equations for correlation matrices  The reduced statistical operator of particles is
[9],[1Q is proved. At the same time, the theorem of apé‘(xl,..,xs;x/l,..,x;) related to the positive symmetric
self-adjointness of the Hamiltonian with the Coulomb density matrixD of N particles by £],[ 3]

potential [L1],[12] and the algebraic approach to

problems of statistical physics inJ| are essentially used. pé‘ (X1, - X Xq, -, Xs) =

It's worth noting, that the method applied to solve the

hierarchy allows defining the kinetic equations for VSTry |« DR (X0, Xss Xst1s s XNG Xy - X, X1, - XN )
correlation matrices and their solution not only for 2-3
particles. The obtained solution is compact and can b
used for calculation of physical values.

The Cauchy problem for the hierarchy of quantum
kinetic equations with the Coulomb potential is
formulated in the second section of the work. In the third Tryp" = / p” (x,x)dx.
section, the problem is solved by using the semigroup A
theory method. In the fourth section, the hierarchy of theThe Hamiltonian of system is defined as
guantum Kkinetic equations for the correlation matrices
with the Coulomb potential is deduced and the solution of A 1
the hierarchy is defined. The last section contains some ~ Hs (X1,-.%s) = 3 (__mAXa +UA(Xi)> +
examples. lsiss

é(vheres € N, N is the number of particles, and the
volume of the system of particles. The trace is defined in
terms of the kerngd” (x,x') by the formula

+ > ailx—xl),

. 1I<i<j<s

2 Formulation of the Problem _ _
whereA\; is the Laplacian

We consider the hierarchy BBGKY of quantum kinetic 2 ) )

equations, which describes the evolution of a system of A= 4 + 4 + 4

identical particles with mass1 and chargey interacting axhHz  o(x)2  9()?’

via a Coulomb potentialll,[14] @(x,xj) = a?/|% — Xi|,

which depends on the distance between partipies x;| q

and chargesy. We assume that the charge is a real Qi =xi) = M’

constant.

In the present section, the Cauchy problem is formulatecandu’ (x) is an external field which keeps the system in the

for a quantum system of a finite number particlesregionA (U (x) =0 if x € A andu’(x) = +oo if X ¢ A).

contained in the finite region (vessel) with volume Here@ j(|x —X;|) is symmetric.

V = |A| [15. The BBGKY'’s hierarchy is given byZ],[3]

2

(9P8 (X0, XX, %) 3 Solution of the Cauchy Problem for the
ot BBGKY Hierarchy of Quantum Kinetic
H2, 001 ( X0, e X X X Equations with Coulomb Potential
N S To obtain the solution of the Cauchy problem defined by
—(1-2)T P — —
AEVASREVRALESS lglgs(qsﬂ('x' Xs+1]) (1) and (2) we use a semigroup methd,[6].[7],[8],
[12, [16],[17] . _
@Asr1(1X — X1 1)) P2 1 (6, X1, vy Xy X113 Xy oo, X Xs1), Let L5(A) be the Hilbert space of functions
1) Pl (xg,.%), X € R¥(A), and B) be the Banach
with the initial condition space of positive-definite, self adjoint nuclear operators
PL (Xe, e X Xy oy X) ONLS(A)
P2 (X1, o X, X s Xe) im0 = P2 (0, X0, oo X X ooy X5). °

2 A A A .
In the problem given by equation (1) and (2) the vector (s ¥s) (X1, ... %) :/A'DS (X, o Xl X1, - X5) X
represented by; gives the position ofth particle in the
3-dimensional Euclidean spacB®, x = (x!,x?x3), X (X, ..., %) dx)...dX,
i=12,...s5 andx',a = 1,2,3 are coordinates of a

vectorx;. The length of the vectox is denoted by with norm

A — A S 4S
x| = (002 + 02+ (§)2) 2. og |1 = suplggwups W, 69|,
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where the upper bound is taken over all orthonormalied U” (t)p2 (x1,..,Xs; X, ... X.) = (€?WMe

systems of finite, twice differentiable functions with
compact suppor{*} and {¢?°} in L5(A), s> 1. We'll
suppose that the operatqe$ andHZ' act in the space
L5(A) with zero boundary conditions.

Let B" be the Banach space of sequences of nuclear

operators
= {08 . P (X0; X)) ooy PO (X, o Xy X o X))
wherepg' are complex numberspd'|, = |of'| andpg C
BS,
P2 (X1, X)Xy, - ) = 0, when S> S,

whereg, is finite and the norm is

P =S P41
sZo 5

The Coulomb potentiaf) j = % can be represented
as 12

where 5
(L w ) Lo (R3
i Ifi,j|(1+|fi1| < L2(RY,
q2 R3
qqzvJ'_1+|ri,,|C =R
I’i,jZ((Xil—le)z—l— )(13 X3 )1/2

Therefore the Coulomb potennaﬂé‘ satisfies the
conditions of Theorem X.151LpP] and

AX, Y

l§|<s <i<]

P
HZ (X1, 0 X, -, X5 - Xs) = —

s X — X

is self- adjomt operator on the s@( A).

Let B} be a dense set of “good” elements Bff of
type B N D(H/‘)®D(H/‘) whereD(HZ') is the domain
of the operatoHZ [11] and® denote the algebraic tensor
product.

We introduce the operators” (t),
on the spac&” by

(@ ()PM)s(X1, ., Xs; ), ., Xo) =

Q(A) andU” (t)

—iHt .~ Q(A)

e 7

p” x

igA
eIH t)S(Xla '~7X5;X§|_, ,X/S)

In (3) 9 l(xs; 1) is a complete orthonormal system of
vectors in the one-particle spacg/).

Let "
(A" P )s(X1, o X)X -y X5)
[Hs/\apé\](xla"axs;x/]_a"7X/s)+

N S
V(l_N)TrXS“ Z (@s+1(X —Xspa])—

1<i<s
—@sr1(]X — Xs41])) P& 1 (X0, -, X413 X, -, X1

Theorem 1Let potential @(x;,x)) = 2/|x — xj| is
Coulomb potential. The operator U”(t) generates a
strongly continuous semigroup of bounded operators on

B", whose generators coincide with the operator — i
on B everywhere densein B.

Proof: According to the general theory of groups of
bounded strongly continuous operators, there always
exists an infinitesimal generator of the grduf (t) given

by the formulahmHOM in the sense of

convergence in norm in the spaBé for p”* that belong
to a certain seiD(%”‘) everywhere dense iB" [8].
Therefore, sinceU”(t) is a strongly continuous

semigroup on B" with generator —iA#" on the
right-hand side of the BBGKY hierarchy of quantum
kinetic equations o8 which is dense irB{ [15], the
abstract Cauchy problem (1)-(2) has the unique solution

P2 (X1, o, Xy X oo Xe) =
(UA(t)pA)S(Xla"'7XS;lea"'7XJS)
= (e2We Mte 2WpA M) (y  xiX,, .. %) (4)

for eachpf (xg,...,Xs; X}, ...,xs) C BL. For the initial data
pg' belonging to a certain subset Bf (to the domain of
definition of D(—i.2#"")), which is everywhere dense in
B2, (5) is strong solution of Cauchy problem (1)-(2).

This proves the Theorem 1.

By a similar argument, one can show that the
infinitesimal generator of the group(t) coincides with
the operator that defines the BBGKY chain

) ) o /
= (e MM g (xq, . X1 X X0), iaps(t’xl""a’i(s’xl"“’XS) -
N S
N . _ N2
(Q(/\)p )S(Xl7.'7XS’X/1".’)</S)_V(1 N)X [Hs7ps](tvxla"'7XS;X117"'7XIS)+
1
X/ zpé\—kl(xlv“vxsaxs-&-l;x&v"5X’57XS+1)>< —|——Trxs+l Z (qq7s+1(|)(i—xs+1|)—
NG v 1<i<s
gil(xs+1)gi1(xs+1)dxs+1, Q) @A sr1(]X = Xs11])) Ps (b, X1, -, Xs, X415 X0, -0 X Xs1),
(© 2016 NSP
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in the thermodynamic limit
N — oV — w,v = ¥ = condt, on an everywhere
dense subset d& of finite sequences

X X1,y ey Xe)y oo by

where pp, complex numbers > s, such that[Hs, ps]
belongs tdBs together withps.

p= {povpl(xl;xll)v "'7:DS(X17 )

4 Derivation of Hierarchy of Kinetic
Equationsfor Correlation Matrices with
Coulomb Potential and its Solution

Introducing the notation

(%APA)S(LXL-..,xs;%l,...,x’s) -

- {Hg,pg} (X0, ooy X Xy X0
(gxﬂlp ) (le"'

pS+l (Xla o

(d)/(\ﬂlp/\)s(hxla (s

’X/S) =
7X,57XS+1);
Xsi X1, o0y X5)

(@sra(x

-/
7XSvX17"'

* Xs) Xs+15 X,17 e

N S
viN

—Xsy1|)—
15

1<s
—Qq7s+1(|xi/_xs+1|)) (t,xq,.. Xs§X/17---an);

P (1) = {p (X1 %)), o PL (X0, s Xs 2 X oy X5), -0 ),
%)
s=12--,
we can cast (1) and (2) in the form
0tps (X1, ey Xy X ooy Xo) =

(%ApA) (E, X0, oy X X ooy X5)

+/( 7. P ) (t, X1, e, X3 X vy X5) OXg 1,

ps (taxla"'a X/S)|t:0:

=P (X1, oy X Xy XE).
For sequences (5) this problem can formulated as

X X1, oy

200 )= (70"

i )+ [ P 0k ©)

P (t)h=o = p"(0). 7
Proposition For sequence of correlation matrices

O = {00, P1(X1; X)), ey Ds(XL, ooy X XYy oy K)o b

the hierarchy of kinetic equations has the form:
DB =A B0+ 31 BO).90) +
/ XD (L)Xt / (o D9 A%, (8)
A A

¢ (t)|t—0o = ¢(0). )

Proof: To obtain (8), (9) we use relation between
density matrices and correlation matric@k[[LC], [13]:

PO =T o) =1+p(0)+
OO0 | (9(0)°

21 ' sl

+o (10)

and
F-(+e¢@)=1+ot)-
BCIOET IO R I0)N

> . S .
¢ B,

SRR R
=¢xpx-
—_———

-x ¢ stimes;
X = (X1, X% Xg, 5 X)),
Xy), SE€S s=12-;
:%% (V;XAY) o (Y)o (X\Y),

(% ¢)(X) =

where:

(¢x¢)( $(X\Y),

Ix¢p=9¢, (x¢)°

Y:(XL"',XS;XS_,"'

P —Xj), 0 | (X),

1<i<j<s

r(—¢(t))~r¢(t) =1 and substitute (10) in (6),(7):

%I’tp(t):%F¢(t)+//\£%x9xl'¢(t)dx (11)
Fot)i—o="r¢(0). (12)
We have

Dl P (t) = Dxp () x T (1), (13)
A« P(t) = AxP(t)xTP(1), (14)

A Dx P(t) = ZxDx@ ()« P(t)+
A xP(t)* Dxp (t) « T (1), (15)
Trot)=TeoM)xI (1), (16)

WO = PO 90)+ 37 (B0, 9(0)* T (1),
ar
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Proof: Using (10) in (4) and™ "1 ¢(t) = ¢(t) we

o 0 btain:
E’_‘P(t)— Eqﬁ(t)*l’qﬁ(t). (1s) ~ ovtam

A . ) . _
Substituting(13) — (18) in (11),(12), multiplying both PG (0 X0, X6 X1, w005 X6) = 05" (6 X0, 0 X6 X0, Xs) =
sides byl (—¢(t)), where

F(+¢M)=1+¢t)-

= Fexp(Q")r ~Hexp(iH )T (exp(— Q™) ~1r x
X QL (0,X1, ..., %, X, ..., Xo) Jexp(—iH )] =

SO*p()  (xp(0)° = rexp(Q™)r Hexp(iH"t)I" (exp(— Q")
— T 4+ ... < +e (19)
$cB, X QL (0,Xq, ..., X, Xy, ..., Xs) Yexp(—iH't)]. (22)
andrl (—¢(t)) = ¢(t) = I, we obtain (8)-(9). Acting to (22) byl ~* we receive:
Here we shall calB_. the subspace @& formed by the A
elements ¢ such that¢(0) = 0. The power series B8 (t,X1, o, X5 Xy, oy X6) =
expansion of the exponential yields a well-defined
mappingl” of B, ontol + B, by (19), wherep € B, .l =UN 1)L (0,xq, ..., X, Xy, .y Xo) =
has inversé ~— (corresponding to the logarithm). A1 A A
This proves the proposition. exp(Q7)I *[exp(iHt)I (exp(— Q™) x
The problem (8), (9) for the system of s particles in the
volume V have form: <02 (0.X1, ... X6 Xy, o Xo)JXP(—IHAD)). (23)
|§¢é\ (t X0, oo X X o Xe) = The generator of the semigrouy (t) coincides with
" XLy ey X)X s ens
:%/\q&é\ (t,Xl, ...,XS;XS_, ...,X/S)—F (%A + WA""/ %xyl xs+1dXS+1+
1 N ARP VA o/
) ok [t et o
+/A"Q{>/<\s+1€9>/<\s+1¢s (1, X1, ey Xy X ooy X )AXs 1 on the seD(H2).
So, (23) onD(— ¥ 1<j<sAi) is the unique solution of
A . the Cauchy hierarchy of kinetics equations for correlation
/ el 7510 ) (X0 X650, o X)X 1, matrices with Coulomb potential (20)-(21).
(20) This proves the Theorem 2.
G2 (X1, o X, Xy, oo X im0 = @2 (0,x1,...,x3;><’1,...,>é’s).)
21

We introduce the quantum operator which is analogy to5 Examples

classical case: . ' . .
ol Consider first two equations of the hierarchy of quantum

U ()92 (0, X4, ..., X6, X, .. X)) = kinetic equations for correlation matrices (8), which are
S s using in plasma physics to describe evolution of plasma.
_ I'exp(Q/‘)I'*l[exp(iH"t)I'(exp(—Q/‘)l'*ll' % For case s=1 equation (8) has form:
A . A ) 1
X PE (0,X1, -, Xs; Xq, -+, %) JOXP(—IH )] S0 (Ex1) = =5 (L — DBt x0%0)+

Theorem 2.Let potential  @(x;,xj) = o?/|x — Xj| is
Coulomb potential. The operator U’ (t) generates a
strongly continuous semgroup of bounded operators on
B", whose generators coincide with the operator

g A=) [ (00—~ 006 )0 (6 xa x5, X e

A1) [ (000 =% - 004 - )9t 314

¢ (t,x;x)dx.

For case s=2 equation has form:

—i(e" + W+ / A P X1+

+/ %Xsﬂ Xs+1dX5+1)

on B/ everywhere densein B. ¢ (t, X1, X2; X1, %2) =

"ot
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O (t,X1,X2; X7, X2)+

- qo(xll - Xl2))¢(taxlaX2;X€LaX,2)+

— (X — X)) (t,X1;X7) b (T, X2; X5) +

N

Vl__/z (X —X) — @(X — X)) x
N 2

X¢(t7X13X23X;X/laX,23X)dX+\7(1_N)

] (900=20 = 006 =206 (633 (.52, 35 )+

N 2
—(1-Z=

7 [ (@0e—x-
0006 )9O 0%

where@(x;,Xj) = m X‘ is Coulomb potential.

Acknowledgement

N.N. Bogolubov JR, is Corr. member of Russian
Academy of Science, State Prize of
Russia(USSR).,member of Presidium International
Academy of Endeavour Moscow.

N.N.(Jr.) Bogoliubov’s research has been done in
V.A.Steklov Institute of Mathematics.

N.N.(Jr.)Bogoliubov formulated the problem and
proposed to apply chain BBGCI to study dynamics of the

particle system. He, as well, discussed systematically the

obtained results.

M.Yu.Rasulova’s research has been done through the

CCDST of the Republic of Uzbekistan (No F2-FA-F116)
in the Institute of Nuclear Physics of Academy of Sciences
of Uzbekistan.

The authors are grateful to the anonymous referee for a

careful checking of the details and for helpful comments
that improved this paper.

References

[1] N.N.Bogolyubov, Problems of a dynamical theory in
statistical physics (Gostehizdat, Moscow, 1946).

[2] N.N.Bogolyubov,Lectures on quantum statistics (Radyanska
shkola, Kiev, 1949).

[3] N.N.Bogolyubov, N.N.(Jr)Bogolyubov, Introduction
Quantum Satistical Mechanics(Nauka, Moscow, 1984).

[4] N.N.(Jdr)Bogolyubov, B.l.Sadovnikov, JETP 43, 667,
(1963)Some problems of Satistical Mechanics (Visshaya
shkola, Moscow, 1975).

[5] D.Ya.Petrina and A.K.Vidybidalrudi MI AN USSR 136, 370
(1975).

[6] A.K.Vidybida, Theoretical and Mathematical Physics 34, 99
(1978).

to

[7] M.Yu.Rasulova,Preprint ITP 44R,(Bogolyubov Institute of
Theoretical Physics, Kiev, 1976DAN Uzbek SSR 2, 248
(1976).

[8] D.Ya.Petrina, Mathematical Foundation of Quantum
Satistical Mechanics, Continuous Systems (Kluwer Acadec
Publishers, Dordrecht-Boston-London, 1995).

[9] M.Yu.Rasulova and A.K.Vidybida, "Kinetic Equations rfo
Correlation Functions and Density Matrices”, Bogolyubov
Institute of Theoretical Physics preprint ITP-27, Kiev,/69

[10] M.Yu.Rasulova,Theoretical and Mathematical Physics 42,
124 (1980).

[11] T.Kato, Perturbation theory for linear operators (Springer-
Verlag, Berlin-Heidelberg-New York, 1966).

[12] M.Reed and B.SaymorMethods of modern mathematical
physics, V.2 (Academic Press, New York.-San Francisco-
London, 1975).

[13] D.Ruelle, Satistical Mechanics, Rigorous Results, (Mir,
Moscow 1971).

[14] E.H.Lieb and J.L.Lebowitz,Springer Lecture Notes in
Physics, 20 136 (1973).

[15] M.Brokate, M.Yu.RasuloveRhysics of Particles and Nuclei
47, 1014 (2010).

[16] I.Gohberg, S.Goldberg and M.A.Kaashoe€|asses of
Linear Operators 1 (Birkhéuser Verlag, Basel-Boston-Berlin,
1990).

[17] A.Pazy, Semigroups of Linear Operators and Applications
to Partial Differential Equations (Springer-Verlag, New
York-Berlin, Heidelberg-London-Paris-Tokio-Hong Kong-
Barcelona-Budapest, 1983).

Nikolai Nikolaevich
Bogolubov received
the PhD degree in Theoretical
Physics from the Moscow
State University in 1966
and his D.Sc. in Theoretical
Physics  from  Academy
of Sciences of the USSR in
1970. His scientific interests
are in general mathematical
problems of equilibrium and nonequilibrium statistical
mechanics and applications of modern mathematical
methods of classical and quantum statistical mechanics to
the problems of the polaron theory, superradience theory,
and theory of superconductivity. His main works belong
to the field of Theoretical and Mathematical Physics,
Classical and Quantum Statistical Mechanics, Kinetic
theory. Many results have become a part of the modern
Mathematical Physics toolbox, namely: the fundamental
theorem in the theory of Model Systems of Statistical
Mechanics, inequalities for thermodynamical potentials,
minimax principle in problem of Statistical Mechanics.
He has published more then 150 in the field of Statistical
Mechanics, Theoretical and Mathematical Physics.

(@© 2016 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.10, No. 6, 2365-2371 (2016)www.naturalspublishing.com/Journals.asp

NS 2371

Mukhayo  Yunusovna
Rasulova is earned her B.Sc.
and M.Sc. in Theoretical
Physics  from  Tashkent
State University, Uzbekistan
in 1971. She earned her
Ph.D. degree from Institute
of  Theoretical Physics,
Ukraine National Academy
of Sciences in Kiev, Ukraine
1978 and a doctoral degree of sciences in Mathematics
and Physics from Institute of Nuclear Physics, Uzbekistan
Academy of Sciences, Tashkent, Uzbekistan, in 1995. Her
main research works belong to the field of Theoretical
and Mathematical Physics. Her scientific interests are
devoted to investigation of kinetic and thermodynamic
properties of system of interacting particles and infinite
systems of charges and inhomogeneity, the BBGKY’s
hierarchy of quantum kinetic equations for Bose and
Fermi particles with different potentials. Also her curtren
research works are devoted to study statistical and kinetic
properties of nonlinear optics and theory of quantum
information. She has more then 80 scientific publications
in the field of Statistical Physics, Theoretical and
Mathematical Physics. She has been an invited speaker in
many international conferences.

(@© 2016 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

	Introduction
	Formulation of the Problem
	Solution of the Cauchy Problem for the BBGKY Hierarchy of Quantum Kinetic Equations with Coulomb Potential
	Derivation of Hierarchy of Kinetic Equations for Correlation Matrices with Coulomb Potential and its Solution
	Examples

