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Abstract: The theory of fuzzy set has been constantly growing by many eminent mathematicians. The core objective of present study
is to give a criteria of getting unique fixed point for six mappings on∈ − chainable fuzzy metric space. Here, special attention is paid
to using the concept of weakly compatible and continuous mapping on complete fuzzy metric spaces. Moreover, we define theconcept
of ∈ −chain on modified intuitionistic fuzzy metric space (say MIFM-space) . With support of this notion, we ascertain a fixed point
result on modified intuitionistic fuzzy metric space. In this paper, we also elongate the main result for finite number of mappings and
give an application for integral type contraction on fuzzy metric space and MIFM-space.
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1 Introduction and Preliminaries

Fuzzy sets [29] are fully defined by its membership
functions. Fuzzy set theory propose a framework where
logical as well as trade off operations have their
importance. Applications of fuzzy set theory to real
problems are abound. FM-space is originated with help of
probabilistic metric space given by Menger [19]. The
theory of FM- space was initially presented by Kramosil
and Michalek [17] after drawn-out the notion of fuzzy set.
This concept released a possibility for advance progress
of study in such spaces. The significant theory of
FM-space has been studied extensively by numerous
authors in several means. Georage and Veeramani [9]
revised this notion to GV- fuzzy metric space.
Definition 1. [25] An operation∗ : [0, 1]× [0, 1] → [0, 1]
is called continuous triangular norm if(∗, [0, 1]) is a
topological abelian monoid and following conditions as
1. α ∗ 1 = α, ∀α ∈ [0, 1]
2. α ∗ β ≤ γ ∗ η wheneverα ≤ γ and β ≤ η ,
∀α, β, γ, η ∈ [0, 1].
Definition 2. [9] The triplet(Y,F , ∗) is FM-space ifY is
an arbitrary set,∗ is continuous t-norm,F is fuzzy set in
Y 2 × (0,∞) satisfying the conditions as for all

α, β ∈ Y, t, s > 0,
1. F(α, β, t) > 0,
2. F(α, β, t) = 1, iff α = β,
3. F(α, β, t) = F(β, α, t),
4. F(α, β, t) ∗ F(β, δ, s) ≤ F(α, δ, t+ s),
∀α, β, δ ∈ Y ,
5. F(α, β, t) : [0,∞) → [0, 1] is left continuous.
Jungck and Rhoades [15] named a couple of self maps to
be coincidentally commuting if they commute at their
coincidence points.
Definition 3. [15] The self-mapsP andQ on setY are
known as weakly compatible ifPQx = QPx such that
Px = Qx for somex ∈ Y
Definition 4. [10] Let (Y,F , ∗) be a FM-space and a
sequence{xn} in Y is supposed to be convergent to a
pointx ∈ Y , if for each∈> 0 andt > 0, there existsδ0
such thatF (xn, x, t) > 1− ∈, ∀n ≥ δ0.
Definition 5. [9] Let (Y,F , ∗) be a FM-space and a
sequence{xn} in Y is said to be Cauchy sequence, if for
each ∈> 0 and t > 0, there existsδ0 such that
F (xn, xm, t) > 1− ∈, ∀n,m ≥ δ0.
Definition 6. [9] A FM-space (Y,F , ∗) where every
Cauchy sequence is convergent is supposed to be
complete.
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Lemma 7. [18] Let (Y,F , ∗) be a FM-space. If there
occursk ∈ (0, 1) asF (α, β, kt) ≥ F (α, β, t) for all
α, β ∈ Y , thenα = β.
Cho et al. [5] presented the thought of∈-chainable FM-
space and achieved common fixed point theorems based
on this concept.
Definition 8. [5] Let (Y,F , ∗) be a FM-space and∈> 0.
A finite sequencex = x0, x1, x2, · · · , xn = y is called
∈-chain fromx to y if F(xi, xi−1, t) > 1− ∈ for all
t > 0 andi = 1, 2, 3, · · · , n. Such a FM-space is named
as∈-chainable FM-space.
Atanassov [2] announced and studied the theory of IF-set
as a well-known generality of fuzzy set which has
enthused penetrating research bustle around intuitionistic
fuzzy set (shorty IF-set). Coker[6] familiarized the notion
of the topology of IF-sets. By using the knowledge of
IF-sets, Park [20] coined the definition of intuitionistic
fuzzy metric spaces with the support of triangular norms,
co-norms from the FM-space due to George and
Veeramani [9]. Later on, Saadati et al. [24] proposed the
very significant idea about modified intuitionistic fuzzy
metric spaces (MIFM-spaces).
Lemma 9. [8] Consider the setL∗ and operation≥L∗

defined by
L∗ =

{

(u, v) : (u, v) ∈ [0, 1]2, u+ v ≤ 1
}

,
(u, v) ≥L∗ (w, z) ⇔ u ≤ w and v ≥ z for every
(u, v), (w, z) ∈ L∗. Then(L∗,≥L∗) is a complete lattice.
Definition 10. [7] A triangular norm onL∗ is a mapping
T : (L∗)2 → L∗ satisfying the following conditions:
1. T (x, 1L∗) = x,
2. T (x, y) = T (y, x),
3. T (x, T (y, z)) = T (T (x, y), z),

4. x ≤L∗ x
′

andy ≤L∗ y
′

⇒ T (x, y) ≤L∗ T (x
′

, y
′

)

for all x, y, z, x
′

, y
′

∈ L∗.
Definition 11. [7] A negator on L∗ is a decreasing
mappingN : L∗ → L∗ satisfyingN (0L∗) = 1L∗ and
N (1L∗) = 0L∗ . A negator on[0, 1] is a decreasing
mappingN : [0, 1] → [0, 1] satisfyingN(0) = 1 and
N(1) = 0. In what follows, Ns denotes the standard
negator on[0, 1] defined asNs(x) = 1 − x for all
x ∈ [0, 1].
Definition 12. [24] The3-tuple(Y,FV,W , T ) is said to be
an MIFM-space if Y is a non-empty set,T is a
continuoust-representable. LetV andW are fuzzy set
such thatV (x, y, t) + W (x, y, t) ≤ 1 for all x, y, z ∈ Y ,
t, s > 0 andFV,W is a mappingY × Y × (0,∞) → L∗

satisfying the following conditions:
1. FV,W (x, y, t) >L∗ 0L∗ ,
2. FV,W (x, y, t) = 1L∗ ⇔ x = y,
3. FV,W (x, y, t) = FV,W (y, x, t),
4. FV,W (x, y, t+ s) ≥L∗ T (FV,W (x, z, t),
FV,W (z, y, s)),
5. FV,W (x, y, ·) : (0,∞) → L∗ is continuous.
In this instance,FV,W is called a modified intuitionistic
fuzzy metric.
Here,FV,W (x, y, t) = (V (x, y, t),W (x, y, t)).
Lemma 13. [23] Let (Y,FV,W , T ) be a MIFM-space.

Then for all x, y ∈ Y , t > 0, FV,W (x, y, t) is
non-decreasing with respect tot in (L∗,≤L∗).
Lemma 14. [24] Let (Y,FV,W , T ) be a MIFM-space.
ThenFV,W is continuous onY 2 × (0,∞).
Definition 15. [24] The sequence{xn} is said to be
convergent tox ∈ Y in the MIFM-space(Y,FV,WT ) and
is generally denoted byxn → x if
FV,W (xn, x, t) → 1L∗ whenevern → ∞ for everyt > 0.
Definition 16. [24] A sequence{xn} in a MIFM-space,
(Y,FV,W , T ) is called a Cauchy sequence if for each
0 < ǫ < 1 andt > 0, there existsn0 ∈ N such that
FV,W (xn, xm, t) >L∗ (Ns(ǫ), ǫ)
and for eachn,m ≥ n0, where Ns is the standard
negator.
Lemma 17. [24] Let (Y,FV,W , T ) be a modified
intuitionistic fuzzy metric spaces. If
FV,W (xn, xn+1, t) ≥L∗ FV,W (x0, x1, k

nt)
for somek > 1 andn ∈ N (set of natural numbers). Then
xn is a Cauchy sequence.
In (2002), Branciari [4] gave an analogue of Banach
contraction principle by defining Lebesgue- integrable
function and proved a fixed point theorem satisfying
contractive condition of integral type.
Definition 18. [4] A function ~(t) is called a Lebesgue-
integrable function if
1. ~ : [0,+∞) → [0,+∞) is Lebesgue summable for
each compact ofR+,
2. its permitivity A : [0,+∞) →[0,+∞), as
A(t) =

∫ t

0 ~(t)dt, for all t > 0, is well defined, non
decreasing and continuous,
3. moreover, if for eachǫ > 0, A(ǫ) > 0, this
permittivity fulfill A(t) = 0 iff t = 0.
Lemma 19. [4] Let (Y, d) be a complete metric space,
c ∈ (0, 1) and letf : Y → Y be a mapping such that for
all x, y ∈ Y,
∫ d(fx,fy)

0 ~(t)dt ≤ c
∫ d(x,y)

0 ~(t)dt,
where~ : R+ → R is a Lebesgue integrable mapping
which is summable on each compact set[0,∞), non
negative and such that

∫ ǫ

0
~(t)dt > 0 for eachǫ > 0, then

f has a unique fixed pointa ∈ Y such that each
x ∈ Y, limn→∞ fn = a.

2 Main Results

Our results use the notion of the continuous,
non-decreasing mappingφ : [0, 1] → [0, 1] such as
φ(r) > r for all r ∈ (0, 1)andφ(1) = 1.
Theorem 1. Let (Y,F , ∗) be a complete∈-chainable
FM-space with t-norma ∗ b = min {a, b} . Let
P,Q,R, S, T andU are self-mappings onY such that for
all x, y ∈ Y, t > 0

F(Tx,Uy, kt) ≥ φ

{

F(PQx,RSy, t) ∗ F(PQx,Tx, t)∗
F(RSy,Uy, t) ∗ 1

2
[F(PQx,Uy, t)

+F(RSy, Tx, t)]

}

,

(1)
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where k ∈ (0, 1). Also, mappings satisfies following
conditions:
2. T ⊂ RS(Y ), U ⊂ PQ(Y ),
3. T andPQ are continuous,
4. the pairs (T, PQ) and (U,RS) are weakly
compatible.
Then T,RS, U and PQ have a unique common fixed
point inY.
Proof. Let us choosex0 ∈ Y, from condition (2), there
existx1, x2 ∈ Y such that
Tx0 = RSx1 = y0 andUx1 = PQx2 = y1.
Inductively, we construct sequences{xn} and{yn} in Y
such that
Tx2n = RSx2n+1 = y2n and
Ux2n+1 = PQx2n+2 = y2n+1,
∀ n = 0, 1, 2 · · · .
We will claim that{yn} is a Cauchy sequence inY .
From (1), we have
F(y2n, y2n+1, kt) = F(Tx2n, Ux2n+1, kt)

≥ φ



















F(PQx2n, RSx2n+1, t)∗
F(PQx2n, T x2n, t)∗

F(RSx2n+1, Ux2n+1, t)∗
1
2 [F(PQx2n, Ux2n+1, t)
+F(RSx2n+1, T x2n, t)]



















= φ

{

F(y2n−1, y2n, t)∗
F(y2n−1, y2n, t)∗
F(y2n, y2n+1, t)∗
1
2 [F(y2n−1, y2n, t)
+F(y2n, y2n+1, t)]

}

= φ

{

F(y2n−1, y2n, t) ∗ F(y2n, y2n+1, t)

}

.

There are two cases arise, which are discuses below:
Case 1: IfF(y2n−1, y2n, t) > F(y2n, y2n+1, t),
then by using the propertyφ(t) > t , we get

F(y2n, y2n+1, kt) ≥ φ

{

F(y2n, y2n+1, t)

}

> F(y2n, y2n+1, t).
Thus by using Lemma 7, one can get
limn→∞ F(y2n, y2n+1, kt) = 1.
Case 2: IfF(y2n−1, y2n, t) < F(y2n, y2n+1, t), then by
using the propertyφ(t) > t, we get

F(y2n, y2n+1, kt) ≥ φ
{

F(y2n−1, y2n, t)
}

> F(y2n−1, y2n, t)
> F(y2n−2, y2n−1, t)
> F(y2n−3, y2n−2, t).
Continue like this for alln
F(yn, yn+1, kt) ≥ F(yn−1, yn, t)
≥ F(yn−2, yn−1,

t
k
)

≥ · · · ≥ F(y1, y0,
t

kn−1 ).
This implieslimn→∞ F(yn, yn+1, kt) = 1.
So, we proved{yn} is a Cauchy sequence inY . SinceY
is complete space. So,yn → l for somel ∈ Y.
Also, {Tx2n} → l, {RSx2n+1} → l,
{Ux2n+1} → l, {PQx2n+2} → l.
As Y is∈ − chainable, there exists a finite sequence

xn = y1, y2, y3, · · · , yq = xn+1 such that
F(yi, yi−1, kt) > 1− ∈
for all t > 0 andi = 1, 2, 3, · · · , q.
By using this method, we get{xn} is a Cauchy sequence
in Y . From completeness ofY, we havexn → m ∈ Y.
So we haveTx2n → Tm,PQx2n+2 → PQm.
SinceY is Hausdorff, thenTm = l = PQm.
Now, using weak compatibility condition (4) for the pair
[T, PQ], TPQm = PQTm andT l = PQl.
By assuming continuity ofT andPQ implies that
TPQx2n → T l = PQl andPQPQ → PQl.
By takingx = PQx2n+2, y = x2n+1 in (1) and letting
n → ∞, we have
F(TPQx2n+2, Ux2n+1, kt) ≥

φ



















F(PQPQx2n+2, RSx2n+1, t)
∗F(PQPQx2n+2, TPQx2n+2, t)

∗F(RSx2n+1, Ux2n+1, t)∗
1
2 [F(PQPQx2n+2, Ux2n+1, t)
+F(RSx2n+1, TPQx2n+2, t)]



















This implies,

F(PQl, l, kt) ≥ φ







F(PQl, l, t) ∗ F(PQl, PQl, t)∗
F(l, l, t)∗

1
2 [F(PQl, l, t) + F(l, PQl, t)]







> φ

{

F(PQl, l, t) ∗
1

2
[F(PQl, l, t)+

F(l, PQl, t)]

}

> F(PQl, l, t).

So, we havePQl = l andT l = l = PQl.
SinceT ⊂ RS(Y ), therefore there existsq ∈ Y such that
T l = RSq.
From (1), we have

F(Tx2n, Uq, kt) ≥ φ



















F(PQx2n, RSq, t)
∗F(PQx2n, T x2n, t)∗

F(RSq, Uq, t)∗
1
2 [F(PQx2n, Uq, t)
+F(RSq, Tx2n, t)]



















.

Lettingn → ∞, we get

F(l, Uq, kt) ≥ φ

{

F(l, l, t) ∗ F(l, l, t) ∗ F(l, Uq, t) ∗

1
2 [F(l, Uq, t) + F(l, l, t)]

}

= φ

{

F(l, Uq, t) ∗ 1
2 [F(l, Uq, t) + F(l, l, t)]

}

= φ

{

F(l, Uq, t)

}

> F(l, Uq, t).
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This impliesUq = l andRSq = l = Uq.
From condition (3), we haveURSq = RSUq and
Ul = RSl.
We claim thatl is the fixed point ofT,RS, U and
PQ. From (1), we have

F(Tx2n, Ul, kt) ≥ φ

{

F(PQx2n, RSl, t) ∗

F(PQx2n, T x2n, t) ∗ F(RSl, Ul, t) ∗

1
2 [F(PQx2n, Ul, t) + F(RSl, Tx2n, t)]

}

.

As n → ∞, one can get

F(l, Ul, kt) ≥ φ
{

F(l, Ul, t)
}

> F(l, Ul, t).

By considering Lemma 7, we getUl = l.
Hence,T l = Ul = l =
RSl = PQl. ThusT,RS, U andPQ have fixed pointl in
Y.
We show thatl is a unique fixed point ofT,RS, U and
PQ.
Suppose not, therefore there existsl

′

∈ Y such that
T l

′

= Ul
′

= l
′

= RSl
′

= PQl
′

andl
′

6= l.
Now, again from (1)
F(l, l

′

, kt) = F(T l, Ul
′

, kt)

≥ φ

{

F(PQl,RSl
′

, t) ∗ F(PQl, T l, t) ∗ F(RSl
′

, Ul
′

, t)

∗ 1
2 [F(PQl, Ul

′

, t) + F(RSl
′

, T l, t)]

}

> F(l, l
′

, t).
This implies l is a unique fixed point ofT,RS, U and
PQ.
Theorem 2. Let (Y,F , ∗) be a complete∈-chainable
FM-space with t-norma ∗ b = min {a, b} . Let
P,Q,R, S, T andU are self-mappings onY such that for
all x, y ∈ Y, t > 0

F(Tx, Uy, kt) ≥

{

F(PQx,RSy, t) ∗ F(PQx, Tx, t) ∗

F(RSy, Uy, t) ∗ 1
2 [F(PQx,Uy, t) + F(RSy, Tx, t)]

}

,

where k ∈ (0, 1). Also, mappings satisfies following
conditions:
1. T ⊂ RS(Y ), U ⊂ PQ(Y ),
2. T andPQ are continuous,
3. the pairs (T, PQ) and (U,RS) are weakly
compatible.
Then T,RS, U and PQ have a unique common fixed
point inY.
Proof. By usingφ(t) > t, φ(1) = 1, the proof is similar
as given in Theorem 1.
Corollary 3. Let (Y,F , ∗) be a complete∈-chainable
FM-space with t-norma ∗ b = min {a, b} . Let
P,Q,R, S, T andU are self-mappings onY such that for
all x, y ∈ Y, t > 0

F(Tx, Uy, kt) ≥

{

F(PQx,RSy, t) ∗ F(PQx, Tx, t) ∗

F(PQx,Uy, 2t) ∗ F(RSy, Uy, t) ∗

1
2 [F(PQx,Uy, t) + F(RSy, Tx, t)]

}

,

wherek ∈ (0, 1) and t > 0. Also, mappings satisfies
following conditions:
1. T ⊂ RS(Y ), U ⊂ PQ(Y ),
2. T andPQ are continuous,
3. the pairs (T, PQ) and (U,RS) are weakly
compatible.
Then T,RS, U and PQ have a unique common fixed
point inY.
Proof. From the definition of FM-space, we have

F(Tx, Uy, kt) ≥

{

F(PQx,RSy, t) ∗ F(PQx, Tx, t) ∗

F(PQx,Uy, 2t) ∗ F(RSy, Uy, t) ∗ 1
2 [F(PQx,Uy, t) +

F(RSy, Tx, t)]

}

≥

{

F(PQx,RSy, t) ∗ F(PQx, Tx, t)

F(RSy, Uy, t) ∗ 1
2 [F(PQx,Uy, t) + F(RSy, Tx, t)]

}

.

Then the proof is evidentially follows from Theorem 2.
Corollary 4. Let (Y,F , ∗) be a complete∈-chainable
FM-space with t-norma ∗ b = min {a, b} . Let P,R, T
andU are self-mappings onY such that for allx, y ∈ Y

F(Tx, Uy, kt) ≥

{

F(Px,Ry, t) ∗ F(Px, Tx, t) ∗

F(Ry,Uy, t) ∗ 1
2 [F(Px, Uy, t) + F(Ry, Tx, t)]

}

,

wherek ∈ (0, 1) and t > 0. Also, mappings satisfies
following conditions:
1. T ⊂ R(Y ), U ⊂ P (Y ),
2. T andP are continuous,
3. the pairs(T, P ) and(U,R) are weakly compatible.
ThenT,R, U andP have a unique common fixed point in
Y.
Proof. By assumingQ = S = I in Theorem 2, we
obtained the result immediately.
Corollary 5. Let (Y,F , ∗) be a complete∈-chainable
FM-space with t-norma ∗ b = min {a, b} . Let P,R, T
andU are self-mappings onY which satisfies following
conditions:
1. T ⊂ R(Y ), U ⊂ P (Y ),
2. T andP are continuous,
3. the pairs(T, P ) and(U,R) are weakly compatible,
4. F(Tx, Uy, kt) ≥ F(Px,Ry, t)
for all x, y ∈ Y, t > 0 andk ∈ (0, 1). ThenT,R, U and
P have a unique fixed point inY.
Proof. Here,F(Px,Ry, t) = F(Px,Ry, t) ∗ 1
= F(Px,Ry, t) ∗ F(Tx, Tx, 4t).
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From the definition of fuzzy metric space, we get

F(Px,Ry, t) ∗ F(Tx, Tx, 4t) ≥

{

F(Px,Ry, t)
∗F(Tx, Uy, t)
∗F(Uy,Ry, t)
∗F(Ry, Px, t)
∗F(Px, Tx, t)

}

.

By using contractive condition of Corollary 4, we have

F(Px,Ry, t) ∗ F(Tx, Tx, 4t) ≥



















F(Px,Ry, t)
∗F(Tx, Uy, t)
∗V (Uy,Ry, t)
∗F(Ry, Px, t)
∗F(Px, Tx, t)



















≥



















































F(Px,Ry, t)
∗F(Px,Ry, t)
∗F(Px, Tx, t)
∗F(Ry,Uy, t)
∗ 1
2 [F(Px, Uy, t)
+F(Ry, Tx, t)]
∗F(Uy,Ry, t)
∗F(Ry, Px, t)
∗F(Px, Tx, t)



















































≥



















F(Px,Ry, t)
∗F(Px, Tx, t)
∗F(Ry,Uy, t)
∗ 1
2 [F(Px, Uy, t)
+F(Ry, Tx, t)]



















.

From Corollary 4, we getT,R, U andP have a unique
fixed point inY.
Corollary 6. Let (Y,F , ∗) be a complete∈-chainable
FM-space. with t-norma ∗ b = min {a, b} . Let T andU
are self-mappings onY satisfies condition there exist
k ∈ (0, 1) such thatF(Tx, Uy, kt) ≥ F(x, y, t) for all
x, y ∈ Y t > 0. ThenT andU have a unique fixed point
in Y.
Proof. When we takeR = P = I in Corollary 5 , then we
get important result known as fuzzy Banach contraction
theorem.

Before the next result, first we give the concept of∈-chain
on MIFM-space. Then we prove a fixed point result on it.
Definition 7. Let (Y,FV,W , T ) be a modified
intuitionistic fuzzy metric space (MIFM-space) . A finite
sequencex = x0, x1, · · · , xn is called∈ − chain fromx
to y if FV,W (xi, xi−1, t) ≥L∗ (Ns(ǫ), ǫ) for all t > 0,
ǫ > 0 and i = 1, 2, 3, · · · , n. A modified intuitionistic
fuzzy metric space is called∈ − chainable if there exists
a∈ − chain fromx to y for all x, y ∈ Y.
Theorem 8. Let (Y,FV,W , T ) be a complete modified
∈-chainable intuitionistic fuzzy metric space. Let
P,Q,R, S, T andU are self-mappings onY such that for
all x, y ∈ Y, t > 0

FV,W (Tx, Uy, t) ≥L∗

γ



















min











FV,W (PQx,RSy, kt)
,FV,W (PQx, Tx, kt),
FV,W (RSy, Uy, kt),
1
2 [FV,W (PQx,Uy, kt)
+FV,W (RSy, Tx, kt)]





























, (1)

wherek > 1 andγ : L∗ → L∗ is a function such that
γ (a) ≥ a for eacha ∈ L∗.. Also, mappings satisfy
following conditions:
2. T ⊂ RS(Y ), U ⊂ PQ(Y ),
3. T andPQ are continuous,
4. the pairs (T, PQ) and (U,RS) are weakly
compatible.
Then T,RS, U and PQ have a unique common fixed
point inY.
Proof. Let us choosex0 ∈ Y, from condition (2), there
existx1, x2 ∈ Y such that

Tx0 = RSx1 = y0 and Ux1 = PQx2 = y1.

Inductively, we construct sequences{xn} and{yn} in Y
such that

Txn = RSxn+1 = yn and

Uxn+1 = PQxn+2 = yn+1,

∀ n = 0, 1, 2 · · · .

Claim that{yn} is a Cauchy sequence inY .
For this, we have
FV,W (yn, yn+1, t) = FV,W (Txn, Uxn+1, t)
≥L∗

γ {min (FV,W (yn−1, yn, kt),FV,W (yn, yn+1, kt))} .
There are two cases arise, which are discuses below:
Case I. If FV,W (yn−1, yn, kt) > FV,W (yn, yn+1, kt),
then by using the propertyγ(t) >L∗ t, we get

FV,W (yn, yn+1, t) ≥L∗ γ

{

FV,W (yn, yn+1, kt)

}

>L∗ FV,W (yn, yn+1, kt).

which is a contradiction.
Case II. If FV,W (yn−1, yn, kt) < FV,W (yn, yn+1, kt),
then by using the propertyγ(t) > t, we get

FV,W (yn, yn+1, t) ≥L∗ FV,W (yn−1, yn, kt)

≥L∗ FV,W (yn−2, yn−1, k
2t)

≥L∗ · · · ≥L∗

FV,W (y1, y0, k
nt).

From Lemma 17,we proved{yn} is a Cauchy sequence in
Y . SinceY is complete space. So,yn → l for somel ∈ Y.
Also,

{Txn} → l, {RSxn+1} → l, {Uxn+1} → l,

{PQxn+2} → l.

As Y is ∈ − chainable, there exists a finite sequence
xn = y1, y2, y3, · · · , yq = xn+1 such that
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FV,W (yi, yi−1, t) ≥L∗ (Ns(ǫ), ǫ)
for all t > 0 andi = 1, 2, 3, · · · , q.
Consider,
FV,W (xn, xn+1, t) ≥L∗

T (FV,W (y1, y2,
t
q
),FV,W (y2, y3,

t
q
), · · · ,

FV,W (yq−1, yq,
t
q
))

≥L∗ T ((Ns(ǫ), ǫ), (Ns(ǫ), ǫ), · · · , (Ns(ǫ), ǫ))
>L∗ (Ns(ǫ), ǫ).
Therefore for all n,m where n < m, we have
FV,W (xn, xm, t) >L∗ (Ns(ǫ), ǫ).
This implies that{xn} is a Cauchy sequence. From
completeness ofY, we have xn → m ∈ Y and
Txn → Tm,PQxn+2 → PQm.
SinceY is Hausdorff, thenTm = l = PQm.
Now, using weak compatibility condition for pair
[T, PQ]. TPQm = PQTm andT l = PQl.
By assuming continuity ofT andPQ implies that
TPQxn → T l = PQl andPQPQ → PQl.
By taking x = PQxn+2, y = xn+1 in (1) and letting
n → ∞, we have

FV,W (PQl, l, t) ≥L∗ γ



















min











FV,W (PQl, l, kt)
,FV,W (PQl,PQl, kt),

FV,W (l, l, kt),
1

2
[FV,W (PQl, l, kt)

+FV,W (l, PQl, kt)]





























>L∗ FV,W (PQl, l, kt).

So, we havePQl = l andT l = l = PQl.
SinceT ⊂ RS(Y ), therefore there existsq ∈ Y such that
T l = RSq.
From (1), we have
FV,W (Txn, Uq, kt)

≥L∗ γ



















min











FV,W (PQxn, RSq, t)
,FV,W (PQxn, T xn, t),
FV,W (RSq, Uq, t),

1
2 [FV,W (PQxn, Uq, t)
+FV,W (RSq, Txn, t)]





























.

Lettingn → ∞ and from equation (1) , we get

FV,W (l, Uq, t) ≥L∗ γ



















min











FV,W (l, l, kt),
FV,W (l, l, kt),
FV,W (l, Uq, kt),
1
2 [FV,W (l, Uq, kt)
+FV,W (l, l, kt)]





























>L∗ γ

{

FV,W (l, Uq, kt)

}

>L∗ FV,W (l, Uq, kt).

This impliesUq = l andRSq = l = Uq. Since(U,RS)
are weakly compatible, so
URSq = RSUq andUl = RSl.
We claim thatl is the fixed point ofT,RS, U andPQ.
From (1), we have
FV,W (Txn, Ul, t) ≥L∗

γ



















min











FV,W (PQxn, RSl, kt)
,FV,W (PQxn, T xn, kt),

FV,W (RSl, Ul, kt),
1
2 [FV,W (PQxn, Ul, kt)
+FV,W (RSl, Txn, kt)]





























.

As n → ∞,

FV,W (l, Ul, t) ≥L∗ γ
{

FV,W (l, Ul, kt)
}

>L∗ FV,W (l, Ul, kt).

This impliesUl = l and we have
T l = Ul = l = RSl = PQl .
ThusT,RS, U andPQ have fixed pointl in Y.
Show thatl is a unique fixed point ofT,RS, U andPQ.
Suppose not, therefore there existsl

′

∈ Y such thatT l
′

=

Ul
′

= l
′

= RSl
′

= PQl
′

andl
′

6= l.
Now, again from (1)

FV,W (l, l
′

, t) = FV,W (T l, Ul
′

, t)

≥L∗ γ























min













FV,W (PQl,RSl
′

, kt)
,FV,W (PQl, T l, kt),

FV,W (RSl
′

, Ul
′

, kt),
1
2 [FV,W (PQl, Ul

′

, kt)

+FV,W (RSl
′

, T l, kt)]



































>L∗ FV,W (l, l
′

, kt)

This shows thatl is a unique fixed point ofT,RS, U and
PQ.

3 Applications

Theorem 9.Let (Y,F , ∗) be a complete∈-chainable FM-
space with t-norma ∗ b = min {a, b}. Let P,Q,R, S, T
andU are self-mapping onY such that for allx, y ∈ Y, t >
0,

∫

F(Tx,Uy,kt)

0

~(t)dt ≥ φ

(∫ u

0

~(t)dt

)

(1)

where~ (t) is Lebesgue- integrable function,k ∈ (0, 1)
and

u = F(PQx,RSy, t) ∗ F(PQx, Tx, t) ∗ F(RSy, Uy, t)

∗
1

2
[F(PQx,Uy, t) + F(RSy, Tx, t)]

Also, mappings satisfies following conditions:
2. T ⊂ RS(Y ), U ⊂ PQ(Y ),
3. T andPQ are continuous,
4. the pairs (T, PQ) and (U,RS) are weakly
compatible.
Then T,RS, U and PQ have a unique common fixed
point inY.
Proof. Same as in Theorem 1, definexn, yn in Y as
Tx2n = RSx2n+1 = y2n
andUx2n+1 = PQx2n+2 = y2n+1,
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∀ n = 0, 1, 2 · · · .
From (1), we have

∫

F(y2n,y2n+1,kt)

0

~(t)dt =

∫

F(Tx2n,Ux2n+1,kt)

0

~(t)dt

≥ φ

(
∫ u

0

~(t)dt

)

,

where

u = F(PQx2n, RSx2n+1, t) ∗ F(PQx2n, T x2n, t)

∗F(RSx2n+1, Ux2n+1, t)

∗
1

2
[F(PQx2n, Ux2n+1, t)

+F(RSx2n+1, T x2n, t)].

By considering two cases discussed in Theorem 1 andY
is complete∈-chainable FM-spaces, we getxn, yn are
Cauchy sequences inY.
This impliesxn → m ∈ Y, yn → l ∈ Y.
The weak compatibility and continuity of[T, PQ] shows
that

TPQx2n → T l = PQl andPQPQ → PQl.

By using (1) andn → ∞, we get

∫ F(TPQx2n+2,Ux2n+1,kt)

0

~(t)dt ≥ φ

(∫ u

0

~(t)dt

)

,

where

u = F(PQx2n+2, RSx2n+1, t) ∗ F(PQx2n+2, Tx2n+2, t)

∗F(RSx2n+1, Ux2n+1, t)

∗
1

2
[F(PQx2n+2, Ux2n+1, t)

+F(RSx2n+1, Tx2n+2, t)].

This impliesT l = l = PQl. SinceT ⊂ RS(Y ) therefore
there existsq ∈ Y such thatT l = RSq Since[U,RS] are
weakly compatible, it givesUl = RSl.
By taking (1) andn → ∞, we have

∫ F(Tx2n,Ul,kt)

0

~(t)dt ≥ φ

(∫ u

0

~(t)dt

)

,

where

u = F(PQx2n, RSl, t) ∗ F(PQx2n, T x2n, t)∗

F(RSl, Ul, t) ∗
1

2
[F(PQx2n, Ul, t)+

F(RSl, Tx2n, t)].

We obtainT l = Ul = l = RSl = PQl.
ThusT,RS, U andPQ have fixed point inY. With help
of condition (1), we get the fixed point proved in this
result is unique. Thus, we get that the mappingsT,RS, U

andPQ have a fixed point which is unique.
Theorem 10. Suppose (Y,FV,W , T ) be a complete
∈-chainable MIFM-space. LetP,Q,R, S, T and U are
mappings onY itself such that∀x, y ∈ Y, t > 0

∫

FV,W (Tx,Uy,t)

0

~(t)dt ≥L∗ γ

(∫ u

0

~(t)dt

)

, (1)

where~ (t) is Lebesgue- integrable function and

u = min(FV,W (PQx,RSy, kt),FV,W (PQx, Tx, kt),

FV,W (RSy, Uy, kt),
1

2
[FV,W (PQx,Uy, kt).

+FV,W (RSy, Tx, kt)])

for somek > 1 andγ : L∗ → L∗ is a function such that
γ (a) ≥ a for eacha ∈ L∗. Also, mappings satisfies
following conditions:
2. T ⊂ RS(Y ), U ⊂ PQ(Y ),
3. T andPQ are continuous,
4. the pairs (T, PQ) and (U,RS) are weakly
compatible.
Then T,RS, U and PQ have a unique common fixed
point inY.
Proof.Supposex0 ∈ Y, then there existx1, x2 ∈ Y such
thatTx0 = RSx1 = y0 andUx1 = PQx2 = y1. Define
{xn} and{yn} in Y such that
Txn = RSxn+1 = yn and
Uxn+1 = PQxn+2 = yn+1,
∀ n = 0, 1, 2 · · · .
From (1), we have

∫ FV,W (yn,yn+1,t)

0

~(t)dt =

∫ FV,W (Txn,Uxn+1,t)

0

~(t)dt

≥L∗ γ

(∫ u

0

~(t)dt

)

,

where

u = min(FV,W (PQxn, RSxn+1, kt)

,FV,W (PQxn, T xn, kt)

,FV,W (RSxn+1, Uxn+1, kt)

,
1

2
[FV,W (PQxn, Uxn+1, kt)

+FV,W (RSxn+1, T xn, kt)]).

Thus by using steps for proving Cauchy sequence in
Theorem 8, we getyn is Cauchy sequence inY and
Completeness ofY implies yn → ∞ for somel ∈ Y.
Then

{Txn} → l, {RSxn+1} → l, {Uxn+1} → l,

{PQxn+2} → l.

As Y is ∈ − chainable, there exists a finite sequence
xn = y1, y2, y3, · · · , yq = xn+1 such that
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FV,W (yi, yi−1, t) ≥L∗ (Ns(ǫ), ǫ) for all t > 0 and
i = 1, 2, 3, · · · , q.
This implies that{xn} is a Cauchy sequence. From
completeness ofY, we havexn → m ∈ Y.
SinceY is Hausdorff, thenTm = l = PQm.
Now, using weak compatibility condition for pair
[T, PQ], we have
TPQm = PQTm and T l = PQl. By assuming
continuity ofT andPQ implies that

TPQxn → T l = PQl andPQPQ → PQl.

As using(1) , we have
∫ FV,W (TPQxn+2,Uxn+1,t)

0

~(t)dt ≥L∗ γ

(∫ u

0

~(t)dt

)

,

where

u = min(FV,W (PQPQxn+2, RSxn+1, kt)

,FV,W (PQxn+2Txn, kt)

,FV,W (RSxn+1, Uxn+1, kt)

,
1

2
[FV,W (PQPQxn+2, Uxn+1, kt)

+FV,W (RSxn+1, TPQxn+2, kt)]).

we getPQl = l = T l. SinceT ⊂ RS(Y ) therefore there
existsq ∈ Y such thatT l = RSq.
Again from (1) andn → ∞, we get

∫ FV,W (Txn,Uq,t)

0

~(t)dt ≥L∗ γ

(∫ u

0

~(t)dt

)

,

where

u = min(FV,W (PQxn, RSq, kt),FV,W (PQxn, Txn, kt)

,FV,W (RSq,Uq, kt)

,
1

2
[FV,W (PQxn, Uq, kt)

+FV,W (RSq, Txn, kt)]).

The above equations and weak compatibility of[U,RS]
givesUl = RSl.
Assuming condition (1) andn → ∞, one can have

∫

FV,W (Txn,Ul,t)

0

~(t)dt ≥L∗ γ

(∫ u

0

~(t)dt

)

,

where

u = min(FV,W (PQxn, RSl, kt),FV,W (PQxn, T xn, kt)

,FV,W (RSl, Ul, kt)

,
1

2
[FV,W (PQxn, Ul, kt)

+FV,W (RSl, Txn, kt)]).

Hence, we haveT l = Ul = l = RSl = PQl. Thus
T,RS, U and PQ have fixed point inY. With help of
condition (1), we get the fixed point proved in this result
is unique. Thus, we get that the mappingsT,RS, U and
PQ have a fixed point which is unique.

4 Conclusion

Fuzzy set theory has establish practical use in a number
of structures of information science. Information retrieval
is one zone where fuzzy set theory is very valuable. The
motivation for the use of fuzzy set theory to the strategy
of database and information storage and retrieval system
lies in the essential to handle vague information. For the
withdrawal of information by reflecting and modeling the
hesitancy existing in actual life condition, IF-set theory
has been playing a vital part. The use of IF-sets in its
place of fuzzy sets gives the outline of alternative degree
of liberty into set description. In view of above results, we
have dealt with the concept of convergence of sequences
on complete∈-chainable FM-spaces and find the unique
fixed point result for six mappings which follows
contractive condition. Efforts have also been taken to
broaden main result to some finite number of mappings.
In this paper, the results also apply to generalize the
Fuzzy Banach contraction theorem on FM-spaces. Also,
the notion of MIFM-space is used for proving new fixed
point results.
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