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1 Introduction

Since it was introduced by Zadeh [30] in 1965, fuzzy set
theory has entered many fields of mathematics, and fuzzy
algebraic systems have been developed rapidly. Among
others, fuzzy ideals in semigroups were introduced by
Kuroki [16] and fuzzy bi-ideals, fuzzy quasi-ideals and
fuzzy semiprime ideals of semigroups were studied ([16,
17,18,19,20]). Regular semigroups were characterized in
terms of fuzzy ideals (see [24]).

Fuzzy semigroups were generalized in two folds:
fuzzy ordered semigroups and fuzzy ternary semigroups.
Since ordered semigroups are useful for computer
science, especially in theory of automata and formal
language, fuzzy ordered semigroup has been extensively
studied (see [6,8,9,10,11]). The notion of ternary
semigroups was introduced by S. Banach, and he proved
that a ternary semigroup does not necessarily reduce to an
ordinary semigroups. Los [23] proved that any ternary
semigroup however may be embedded in an ordinary
semigroup. Several kinds of regularity of ordered
semigroups ternary semigroups are characterized in terms
of fuzzy ideals, for example, weakly regular (or
quasi-regular) ordered semigroups [13,14,25,27,28] and
regular ternary semigroups [3,21].

Recently, ordered semigroups and ternary semigroups
were extended to ordered ternary semigroups in [1,3,4,5].
Ordered ternary semigroups provide a unified setting for
ordered semigroups and ternary semigroups. It is natural
to extend studies for regularity of ordered semigroups and
ternary semigroups to ordered ternary semigroups.
Lekkoksung and Jampachon in [22] proved that an

ordered ternary semigroupS is right weakly regular if and
only if every fuzzy right ideal ofS is idempotent.

In this paper we find that unlike the case of
semigroups, a regular ordered ternary semigroup is not
necessarily weakly regular and we characterize weakly
regular ordered ternary semigroups in terms of fuzzy
ideals. Several results in [12,13,14,22,25,27,28,29] are
generalized and new results are found.

2 Preliminaries

By an ordered ternary groupoid(S, ·,≤) we mean a
non-empty setS with a ternary operation denoted by
juxtaposition and a partial ordering≤ such that
x1x2x3 ≤ y1y2y3 for anyxi , yi ∈ S with xi ≤ yi , i = 1,2,3,
or equivalentlyx1 ≤ x2 implies

x1x3x4 ≤ x2x3x4, x3x1x4 ≤ x3x2x4, x3x4x1 ≤ x3x4x2

for all x1,x2,x3,x4 ∈ S. Additionally if (S, ·) is a ternary
semigroup we say that(S, ·,≤) is an ordered ternary
semigroup.

A ternary semigroup can be viewed as an ordered
ternary semigroup with the trivial ordering. An ordered
semigroup can be viewed as an ordered ternary semigroup
with the ternary operation induced by the binary
operation in a natural way.

In what follows by subsets we means nonempty ones.
We writeA3 for AAAfor any element or subsetA of an

ordered ternary groupoid.
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Let Sbe an ordered ternary groupoid. ForA⊆ Swrite

(A] = {t ∈ S| t ≤ a for somea∈ A}.

Then for any subsetsA,B,C of Swe haveA⊆ (A]⊆ ((A]],
(A]⊆ (B] wheneverA⊆ B, and((A](B](C]] = (ABC].

A subsetA of an ordered ternary groupoidS is called a
ternary subgroupoid ofS if (A]⊆ A andAAA⊆ A.

A subsetA of an ordered ternary groupoidS is called
left (resp. lateral, right) ideal ofS, if (A] = A andSSA⊆ A
(resp.SAS⊆ A, ASS⊆ A). A left and right ideal is called
a two-sided ideal. A left, lateral and right ideal is called an
ideal.

Let Sbe an ordered ternary semigroup. A subsetQ of S
is called a quasi-ideal if(Q] =Q, (QSS]∩(SQS]∩(SSQ]⊆
Q and(QSS]∩ (SSQSS]∩ (SSQ]⊆ Q. A subsemigroupB
of S is called a bi-ideal if(B] = B andBSBSB⊆ B.

We denote byL(a) (resp.R(a), M(a), T(a), I(a), Q(a),
B(a)) the left (resp. right, lateral, two-sided, ideal, quasi-
and bi-) ideal ofSgenerated bya∈ S. Then we have

L(a) = (a∪SSa],

M(a) = (a∪SaS∪SSaSS],

R(a) = (a∪aSS],

T(a) = (a∪aSS∪SSa∪SSaSS],

I(a) = (a∪aSS∪SaS∪SSa∪SSaSS],

Q(a) = (a∪aSS]∩ (a∪SaS∪SSaSS]∩ (a∪SSa],

B(a) = (a∪a3∪aSaSa].

LetSbe an ordered ternary groupoid. By a fuzzy subset
of Swe mean a mappingf : S→ [0,1]. ForA⊆ Sthe fuzzy
subsetfA of S is the characteristic function ofA defined as
follows:

fA : S→ [0,1] | x→ fA(x) =

{

1, if x∈ A;
0, if x /∈ A.

Usually we writefS= 1 and f /0 = 0.
We denote byF(S) the set of all fuzzy subsets ofSand

define an ordered relation� onF(S) as follows:

f � g if and only if f (x) ≤ g(x) for all x∈ S.

It is easy to see that(F(S),�) is a poset with the least
element 0 and the greatest element 1. For two fuzzy subset
f ,g of S we clearly havef ∧g = min{ f ,g} and f ∨g =
max{ f ,g}.

Fora∈ S, we define

Aa = {(x,y,z) ∈ S×S×S| a≤ xyz} .

If S is an ordered ternary semigroup, thenAx = /0 for all
(x,y,z) ∈ Aa if and only if Ay = /0 for all (x,y,z) ∈ Aa, if
and only ifAz = /0 for all (x,y,z) ∈ Aa.

For three fuzzy subsetsf ,g,h of S, we define a fuzzy
subsetf ◦g◦h : S→ [0,1] as follows

a→

{ ∨

(x,y,z)∈Aa

min{ f (x),g(y),h(z)}, if Aa 6= /0;

0, if Aa = /0.

One can easily see that the multiplication◦ onF(S) is well
defined and(F(S),◦) is a ternary groupoid with the zero
0, that is,

0◦ f ◦g= f ◦0◦g= f ◦g◦0

= f ◦0◦0= 0◦g◦0= 0◦0◦h= 0

for all f ,g,h∈ F(S).
Clearly, for fi ,gi ∈ F(S), i = 1,2,3, we havef1 ◦ f2 ◦

f3 � g1◦g2◦g3 if and only if ( f1 ◦ f2 ◦ f3)(a)≤ (g1◦g2◦
g3)(a) for anya∈Swith Aa 6= /0. Particularly,f1◦ f2◦ f3 =
g1◦g2◦g3 if and only if ( f1◦ f2◦ f3)(a) = (g1◦g2◦g3)(a)
for anya∈ Swith Aa 6= /0.

Definition 1.([1]) A fuzzy subset f of an ordered ternary
semigroup S is called a fuzzy subsemigroup if for all
x,y,z∈ S we have

(1)x≤ y implies f(x) ≥ f (y);
(2) f(xyz) ≥ min{ f (x), f (y), f (z)}.

Definition 2.([1]) A fuzzy subset f of an ordered ternary
groupoid S is called a fuzzy left (resp. lateral, right) ideal
of S if for all x,y,z∈ S we have

(1)x≤ y implies f(x) ≥ f (y);
(2) f(xyz) ≥ f (z) (resp. f(xyz) ≥ f (y), f(xyz) ≥ f (x)).

A fuzzy left and fuzzy right ideal is called a fuzzy two-
sided ideal. A fuzzy left, fuzzy lateral and fuzzy right ideal
is called a fuzzy ideal.

Lemma 1.Let S be an ordered ternary semigroup and f be
a fuzzy subset of S. Then1◦1◦ f (resp. f◦1◦1, 1◦ f ◦1
and1◦1◦ f ◦1◦1) is a fuzzy left (resp. right, two-sided)
ideal of S.

Proof.By Lemma4,

(1◦1◦ f )(xyz)≥ min{1(x),1(y), f (z)}

for anyx,y,z∈ S. It follows that

(1◦1◦ f )(xyz)≥
∨

x,y,z∈S

min{1(x),1(y), f (z)}

≥ (1◦1◦ f )(z).

Forx,y∈Ssuch thatx≤ y Lemma4 yields(1◦1◦ f )(y)≤
(1◦1◦ f )(x). Thus 1◦1◦ f is a fuzzy left ideal ofS. The
rest can be proved similarly.

Lemma 2.([21]) Let S be an ordered ternary groupoid and
f a fuzzy left (resp. right, lateral) ideal of S. Then1◦1◦
f � f (resp. f◦1◦1� f , 1◦ f ◦1� f ).

Definition 3.([21]) Let S be an ordered ternary semigroup.
A fuzzy subset f of S is called a fuzzy quasi-ideal of S if

(1)x≤ y implies f(x) ≥ f (y) for any x,y∈ S;
(2)( f ◦1◦1)∧ (1◦ f ◦1)∧ (1◦1◦ f )� f ;
(3)( f ◦1◦1)∧ (1◦1◦ f ◦1◦1)∧ (1◦1◦ f )� f .
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Definition 4.([21]) Let S be an ordered ternary semigroup.
A fuzzy subsemigroup f of S is called a fuzzy bi-ideal of S
if for any p,q,x,y,z∈ S

(1)x≤ y implies f(x) ≥ f (y);
(2) f(xpyqz) ≥ min{ f (x), f (y), f (z)}.

Let Sbe an ordered ternary semigroup. It is proved in
[1] that a subsetA of S is a left (resp. right, lateral, two-
sided, quasi-, bi-) ideal ofS if and only if the characteristic
function fA of A is a fuzzy left (resp. right, lateral, two-
sided, quasi-, bi-) ideal ofS.

Lemma 3.([7]) In an ordered ternary semigroup, (fuzzy)
one-sided ideals of S are (fuzzy) quasi-ideals, and (fuzzy)
quasi-ideals are (fuzzy) bi-ideals.

3 The fuzzy sets of ordered ternary
semigroups

The following theorem was proved in [11] for ordered
semigroups, and for ordered ternary semigroups it has
been implicitly used by several authors. However, we can
not find a proof in the literature. Here we present a proof,
which is certainly nontrivial.

Theorem 1.If S be an ordered ternary groupoid, then
(F(S),◦,�) is an ordered ternary groupoid. If S is
additionally an ordered ternary semigroup, then
(F(S),◦,�) is also an ordered ternary semigroup.

Proof.To prove (F(S),◦,�) is an ordered ternary
groupoid, it is sufficient to provef1 ◦ f2 ◦ f3 � g1 ◦g2◦g3
for all fi ,gi ∈ F(S) with fi � gi for i = 1,2,3. In fact, for
a∈ Swith Aa 6= /0 we have

( f1 ◦ f2 ◦ f3)(a) =
∨

(x,y,z)∈Aa

min{ f1(x), f2(y), f3(z)}

≤
∨

(x,y,z)∈Aa

min{g1(x),g2(y),g3(z)}

= (g1◦g2◦g3)(a).

Thus f1 ◦ f2 ◦ f3 � g1 ◦ g2 ◦ g3. Now suppose thatS is an
ordered ternary semigroup. To prove(F(S),◦,�) is also
an ordered ternary semigroup, it is enough to check the
associative law:

( f1 ◦ f2◦ f3)◦ f4◦ f5 = f1 ◦ ( f2◦ f3◦ f4)◦ f5
= f1 ◦ f2◦ ( f3◦ f4◦ f5)

for all f1, f2, f3, f4, f5 ∈ F(S). We only verify the first
equality. Indeed, fora∈ Swith Aa 6= /0,

[( f1 ◦ f2◦ f3)◦ f4◦ f5](a)

=
∨

(x,y,z)∈Aa

( f1 ◦ f2◦ f3)(x)∧ f4(y)∧ f5(z),

[ f1 ◦ ( f2◦ f3◦ f4)◦ f5](a)

=
∨

(p,u,z)∈Aa

f1(p)∧ ( f2◦ f3◦ f4)(u)∧ f5(z).

We assume, without loss of generality, thatAx 6= /0 for
some(x,y,z) ∈ Aa and Au 6= /0 for some(p,u,z) ∈ Aa,
sinceAx = /0 for any(x,y,z) ∈ Aa if and only if Au = /0 for
any(p,u,z) ∈ Aa. Then

[( f1 ◦ f2◦ f3)◦ f4◦ f5](a)

=
∨

(x,y,z)∈Aa

( f1 ◦ f2 ◦ f3)(x)∧ f4(y)∧ f5(z)

=
∨

(x,y,z)∈Aa

∨

(p,q,r)∈Ax

f1(p)∧ f2(q)∧ f3(r)∧ f4(y)∧ f5(z)

=
∨

(p,q,r,y,z)∈A1

f1(p)∧ f2(q)∧ f3(r)∧ f4(y)∧ f5(z),

where A1 = {(p,q, r,y,z) | (p,q, r) ∈ Ax and (x,y,z) ∈
Aa for somex∈ S}. Similarly,

[ f1 ◦ ( f2◦ f3◦ f4)◦ f5](a)

=
∨

(p,q,r,y,z)∈A2

f1(p)∧ f2(q)◦ f3(r)◦ f4(y)∧ f5(z),

where A2 = {(p,q, r,y,z) | (q, r,y) ∈ Au and (p,u,z) ∈
Aa for someu∈ S}. It suffices to proveA1 = A2. Suppose
that(p,q, r,y,z) ∈ A1. Thenx≤ pqr anda≤ xyzfor some
x ∈ S. Taking u = qry, we havea ≤ xyz≤ pqryz= puz
and u ≤ qry. It follows that (q, r,y) ∈ Au and
(p,u,z) ∈ Aa. Thus (p,q, r,y,z) ∈ A2, and soA1 ⊆ A2.
Similarly, A2 ⊆ A1. Therefore,A1 = A2, as desired.

Theorem1 is so basic that we will freely use it without
explicit mention.

Lemma 4.Let S be an ordered ternary semigroup. Then for
any fi ,gi ∈ F(S) and xi ∈ S, i= 1,2, . . . ,2n+1, we have

(1) f1 ◦ f2 ◦ · · · ◦ f2n+1 � g1 ◦g2◦ · · · ◦g2n+1 if and only if
( f1 ◦ f2 ◦ · · · ◦ f2n+1)(a) ≤ (g1 ◦g2 ◦ · · · ◦g2n+1)(a) for
any a∈ S with Aa 6= /0;

(2)( f1 ◦ · · · ◦ f2n+1)(a) ≥ min{ f1(x1), . . . , f2n+1(x2n+1)}
for any a∈ S with a≤ x1x2 · · ·x2n+1;

(3)( f1 ◦ f2 ◦ · · · ◦ f2n+1)(a) ≥ ( f1 ◦ f2 ◦ · · · ◦ f2n+1)(b) for
any a,b∈ S with a≤ b.

Proof.(1) It follows immediately from the definition of the
ternary operation◦ by noting that there is nothing to prove
whenAa is empty.

(2) We only check the casen= 1. The general case can
be proved by induction onn. If a≤ xyz, then(x,y,z) ∈ Aa,
and so

( f1 ◦ f2◦ f3)(a) =
∨

(x,y,z)∈Aa

min{ f1(x), f2(y), f3(z)}

≥ min{ f1(x), f2(y), f3(z)}.

c© 2016 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


2250 S. Bashir, X. Du: Weakly regular fuzzy ordered...

(3) We only prove the casen= 1. The general case can
be proved by induction onn. Given a,b ∈ S with a ≤ b,
note thatAb ⊆ Aa. If Ab = /0 then( f1 ◦ f2 ◦ f3)(b) = 0 ≤
( f1 ◦ f2◦ f3)(a). If Ab 6= /0 thenAa 6= /0 and so

( f1 ◦ f2◦ f3)(b) =
∨

(x,y,z)∈Ab

min{ f1(x), f2(y), f3(z)}

≤
∨

(x,y,z)∈Aa

min{ f1(x), f2(y), f3(z)}

= ( f1 ◦ f2◦ f3)(a),

as desired.

Lemma 5.Let S be an ordered ternary semigroup. Then

fA ◦ fB◦ fC = f(ABC]

for any subsets A,B,C of S.

Proof.For p ∈ (ABC], f(ABC](p) = 1. Sincep ≤ abc for
somea∈ A, b∈ B andc∈C. Then by Lemma4,

1≥ ( fA ◦ fB◦ fC)(p)≥ min{ fA(a), fB(b), fC(c)} ≥ 1.

Therefore,( fA ◦ fB ◦ fC)(p) = f(ABC](p). For p /∈ (ABC],
f(ABC](p) = 0. If Ap = /0, then( fA ◦ fB ◦ fC)(p) = 0 and
( fA ◦ fB ◦ fC)(p) = f(ABC](p). If Ap 6= /0, thenxyz /∈ ABC
for any(x,y,z) ∈ Ap, which implies thatx /∈ A or y /∈ B or
z /∈C, and so min{ fA(x), fB(y), fC(z)}= 0 and

( fA ◦ fB◦ fC)(p) =
∨

(x,y,z)∈Ap

min{ fA(x), fB(y), fC(z)}

= 0

= f(ABC](p).

Lemma5 was proved for ordered semigroups in [12].
In the rest of this section we supposeS is an ordered

semigroup. A binary operation◦ over F(S) has been
defined, which we denote by∗ to avoid causing
confusion. It was proved that(F(S),∗,�) is an ordered
semigroup in [11]. For anya∈ S, let

Ba = {(x,y) ∈ S×S| a≤ xy}.

For f , g∈ F(S), f ∗g is defined as follows

f ∗g : S→ [0,1] | a→

{ ∨

(x,y)∈Ba

f (x)∧g(y), if Ba 6= /0;

0, if Ba = /0.

The following lemma looks like a trivial fact, but its
proof is nontrivial.

Theorem 2.Let S be an ordered semigroup. If S is viewed
as an ordered ternary semigroup in the natural way, then
the ternary operation◦ of F(S) is induced by the binary
operation∗ of F(S).

Proof.Suppose a ∈ S is such that Aa = /0. Then
( f ◦ g◦ h)(a) = 0. If Ba = /0, then( f ∗ g∗ h)(a) = 0; if
Ba 6= /0, thenBx = /0 for all (x,y) ∈ Ba and so

( f ∗g∗h)(a) =
∨

(x,y)∈Ba

( f ∗g)(x)∧h(y) = 0.

Thus( f ∗g∗h)(a) = f ◦g◦h)(a). Supposea∈ S is such
thatAa 6= /0. ThenBa 6= /0 andBx 6= /0 for some(x,y) ∈ Ba.
Thus

( f ∗g∗h)(a) =
∨

(x,y)∈Ba

( f ∗g)(x)∧h(y)

=
∨

(x,y)∈Ba

∨

(p,q)∈Bx

f (p)∧g(q)∧h(y)

=
∨

(p,q,y)∈A

f (p)∧g(q)∧h(y),

where A = {(p,q,y) | (p,q) ∈ Bx and (x,y) ∈
Ba for some x ∈ S}. Clearly, A ⊆ Aa. Conversely, for
(p,q,y) ∈ Aa, setx= pq. Thena≤ pqy≤ xy andx≤ pq,
and so(p,q) ∈ Bx and (x,y) ∈ Ba. Thus (p,q,y) ∈ A.
Therefore,A = Aa and so( f ∗ g∗ h)(a) = ( f ◦ g◦ h)(a).
Consequently,f ∗g∗h= f ◦g◦h.

We now remark that if(S3] = S, then left ideals, right
ideals and ideals of the ordered semigroupSare the same
as left ideals, right ideals and two-sided ideals of the
ordered ternary semigroupS, respectively. The same
conclusions hold for fuzzy ideals.

The last theorem and remark will ensure that our
discussion on weakly regular ordered ternary semigroups
includes weakly regular ordered semigroups as a special
case.

4 Characterizations of left weakly regular
ordered ternary semigroup in terms of fuzzy
ideals

An ordered ternary semigroupS is called regular ifa ∈
(aSa] for anya∈S. This is a natural analogue of regularity
of semigroups in the setting of ordered ternary semigroups.

An ordered semigroupS is called left weakly regular
(or left quasi-regular ([14])) if a∈ (SaSa] for all a∈ S. A
regular ordered semigroup is weakly regular.

Definition 5.([22]) An ordered ternary semigroup S is
called left weakly regular if its every element a is left
weakly regular in the sense that a∈ ((SSa)3]. Right weak
regularity is defined similarly. If S is both left and right
weakly regular then it is called weakly regular.

It is easy to see that ordered ternary semigroupS is left
weakly regular if and only ifA⊆ ((SSA)3], whereA is any
subset (resp. left ideal, quasi-ideal and bi-ideal).

If an ordered ternary semigroupS is commutative and
weakly regular, thenS is regular. In general, either of
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regularity and weak regularity of ordered ternary
semigroups do not imply another. Motivated by [2] we
have the following example.

Example 1.Let T be the multiplicative semigroup of the
direct productR×R of the real number fieldR, and let
S= T ×T. For any(a1,a2),(b1,b2),(c1,c2) ∈ Swe define

(a1,a2)(b1,b2)(c1,c2) = (a1b2c1,a2b1c2).

ThenS is a regular ternary semigroup but not left weakly
regular. Actually, it is a routine matter to verify thatS is a
ternary semigroup and is regular. Now take
a = (e1,e2) ∈ S, wheree1 = (1,0) ande2 = (0,1). Then
for any(x1,x2),(y1,y2),(z1,z2) ∈ S, we have

(x1,x2)(e1,e2)(y1,y2)(z1,z2)(e1,e2)

= (x1e2y1z2e1,x2e1y2z1e2) = (0,0).

Thusa is not left weakly regular.

It is easy to see that an ordered semigroupS is left
weakly regular if and only if it is left weakly regular as an
ordered ternary semigroup.

Let S be an ordered ternary semigroup. An elementa
of S is called left (resp. right) regular ifa ∈ (Saa] (resp.
a∈ (aaS]).

Lemma 6.A left (resp. right) regular element a of an
ordered ternary semigroup is left (resp. right) weakly
regular.

Proof.Let S be an ordered ternary semigroup anda be a
left regular element ofS. Thena≤ xaa for somex∈ S. It
follows that a ≤ xaa ≤ xa(xaa) ≤ x(xaa)(xaa) =
(xxa)(axa)a≤ (xxa)(axa)(xaa). Thusa∈ ((SSa)3].

Lemma 7.Let S be an ordered ternary semigroup. For a∈
S the following are equivalent:

(1)a is left weakly regular;
(2)a∈ (SaSSa];
(3)a∈ (ST(a)L(a)].

Proof.Since((SSa)3]⊆ (SaSSa]⊆ (ST(a)L(a)], it suffices
to prove(3)⇒ (1). To do this, note that

(ST(a)L(a)] = (S(a∪aSS∪SSa∪SSaSS)(a∪SSa)]

⊆ (Saa∪SaSSa].

Thusa∈ (Saa] or a∈ (SaSSa]. If a ∈ (Saa] thena is left
weakly regular by Lemma6. If a∈ (SaSSa] thena≤ xayza
for somex,y,z∈ S. So

a≤ xayza= x(xayza)yza= (xxa)(yza)(yza),

which implies thata ∈ ((SSa)3]. Hencea is left weakly
regular.

Lemma 8.Let S be an ordered ternary semigroup and a∈
S. If a∈ (SaS], then

M(a) = T(a) = I(a) = (SaS] = (SSaSS].

Proof.Since(SaS] is a two-sided ideal, we have(SSa]∪
(aSS] ⊆ (SaS] and so(SSaSS]⊆ (SaS]. By a ∈ (SaS] we
have(SaS]⊆ (SSaSS]. Thus(SaS] = (SSaSS]. Now by the
definitions we can see thatM(a) = T(a) = I(a) = (SaS].

Lemma 9.Let S be an ordered ternary semigroup. If S is
left weakly regular then a∈ (SSa]⊆ (SaS] = (SSaSS] for
any a∈S. Moreover, a similar conclusion holds if S is right
weakly regular.

Proof.Let S be a left weakly regular anda∈ S. Thena∈
(SaSSa] ⊆ (SaS], whence(SaS] = (SSaSS] by Lemma8
and(SSa]⊆ (SaS] since(SaS] is a left ideal.

Remark.Lemma8 and Lemma9 show that lateral ideals,
two-sided ideals and ideals are the same in left weakly
regular ordered ternary semigroups.

Recall that a subsetA of an ordered ternary semigroup
is called idempotent ifA= (A3].

A fuzzy subsetf of an ordered ternary semigroup is
called idempotent iff ◦ f ◦ f = f .

Lemma 10.([22]) An ordered ternary semigroup S is left
(resp. right) weakly regular if and only if every fuzzy left
(resp. right) ideal f is idempotent.

Lemma 11.Let S be an ordered ternary semigroups and
A be a collection of subsets of S containing all left ideals
of S. Then the following are equivalent:

(1)S is left weakly regular;
(2)J∩K∩L ⊆ (JKL] for any left ideals J,K,L;
(3)L∩T ∩A ⊆ (LTA] for any left ideal L and two-sided

ideal T , and for any A∈ A ;
(4)T∩R∩A⊆ (TRA] for any right ideal R and two-sided

ideal T , and for any A∈ A ;
(5)T∩A∩L ⊆ (TAL] for any left ideal L and two-sided

ideal T , and for any A∈ A ;
(6)T∩A ⊆ (STA] for any two-sided ideal T and for any

A∈ A ;
(7)R∩A⊆ (SRA] for any right ideal R and for any A∈A ;
(8)A∩L ⊆ (SAL] for any left ideals L and for any A∈ A .

Proof.(1)⇔ (2) was proved in [22].
To complete the remainder of the proof, we note that

(6) through (8) are special casesT = Sof (3) through (5),
respectively. To prove (1) implying (3) through (8), it is
enough to prove (1) implying (3) through (5) for the case
whereA is the collection of all subsets ofS.

(1)⇒ (3) For anya∈ L∩T ∩A, we have

a∈ ((SSa)(SSaSS)a]⊂ (LTA].

(1)⇒ (4) For anya∈ T ∩R∩A, we have

a∈ ((SSaSS)(aSS)a]⊂ (TRA].
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(1)⇒ (5) For anya∈ T ∩A∩L, we have

a∈ ((SSaSS)a(SSa)]⊂ (TAL].

To prove (3)-(8) implying (1), it is enough to prove (6)
implying (1) for the case whereA is the collection of all
left ideals ofS, since (6) in this case is the weakest one
among all conditions.

(6) ⇒ (1) For anya ∈ S, we havea ∈ T(a)∩L(a) ⊆
(ST(a)L(a)], from which it follows thata is left weakly
regular by Lemma7.

Lemma 12.Let S be an ordered ternary semigroup. If S is
left weakly regular then

f � 1◦1◦ f � 1◦ f ◦1= 1◦1◦ f ◦1◦1

for any fuzzy subset f of S. In addition, a similar
conclusion holds if S is right weakly regular.

Proof.Fora∈ S, we havea≤ s1as2s3a for somes1,s2,s3 ∈
Sby Lemma9. Thus by Lemma4,

(1◦1◦ f )(a)≥ min{1(s1as2),1(s3), f (a)} = f (a),

whencef � 1◦1◦ f . Applying Lemma10to the fuzzy left
ideal 1◦1◦ f we get 1◦1◦ f = (1◦1◦ f ◦1◦1)◦ f ◦(1◦1◦
f ) � 1◦ f ◦1. Note that 1◦ f ◦1 is also a fuzzy left ideal
by Lemma1 and it is idempotent by Lemma10 . Thus
1◦ f ◦1= (1◦ f ◦1)◦1◦ f ◦1◦ (1◦ f ◦1)� 1◦1◦ f ◦1◦1,
from which it follows that 1◦1◦ f ◦1◦1� 1◦1◦1◦ f ◦
1◦1◦1� 1◦ f ◦1. Hence 1◦ f ◦1= 1◦1◦ f ◦1◦1.

Theorem 3.Let S be an ordered ternary semigroup andU

be a collection of fuzzy subsets of S containing all fuzzy
left ideals of S. Then the following are equivalent.

(1)S is left weakly regular;
(2) f ∧ f ′ ∧ f ′′ � f ◦ f ′ ◦ f ′′ for any fuzzy left ideals

f , f ′, f ′′;
(3) f ∧g∧u� f ◦g◦u for any fuzzy left ideal f and fuzzy

two-sided ideal g, and for any u∈ U ;
(4)g∧h∧u� g◦h◦u for any fuzzy two-sided ideal g and

fuzzy right ideal h, and for any u∈ U ;
(5)g∧u∧ f � g◦u◦ f for any fuzzy two-sided ideal g and

fuzzy left ideal f , and for any u∈ U ;
(6)g∧u� 1◦g◦u for any fuzzy two-sided ideal g and for

any u∈ U ;
(7)h∧u� 1◦h◦u for any fuzzy right ideal h and for any

u∈ U ;
(8)u∧ f � 1◦u◦ f for any fuzzy left ideals f and for any

u∈ U .

Proof.(1)⇔ (2) are proved in [22].
To prove (1) implying (3) through (8), it suffices to

consider the case whereU is the fuzzy subsets ofS.
(1) ⇒ (3) For a ∈ S there exists1,s2,s3, t1, t2, t3 ∈ S

such thata ≤ (s1t1a)(s2t2as3t3)a. Thus by Lemma4 and
the definitions of fuzzy ideals

( f ◦g◦u)(a)≥ min{ f (s1t1a),g(s2t2as3t3),u(a)}

≥ min( f (a),g(a),u(a)) = ( f ∧g∧u)(a).

Hence we havef ∧g∧u≤ f ◦g◦u.
(1)⇒ (4) and(1)⇒ (5) can be proved similarly, and

(6) through (8) are special cases of (3) through (5),
respectively. (3)-(8)⇒ (1) follow by considering the
characteristic functions and using Lemma11.

Remark.If Sis an ordered semigroup. Then every condition
in Theorem3 impliesu= 1◦u= 1◦1◦u for any fuzzy left
ideal u of S. Thus Theorem3 generalizes corresponding
results in [13,26,27,28,29].

Corollary 1.An ordered ternary semigroup S is left weakly
regular if and only if g∧ f = 1◦g◦ f for any fuzzy two-
sided ideal g and fuzzy left ideal f .

5 Characterizations of weakly regular
ordered ternary semigroups in terms of fuzzy
ideals

Lemma 13.Let S be a weakly regular ordered ternary
semigroup. Then a subset Q of S is a quasi-ideal if and
only if Q= (SSQ]∩ (QSS].

Proof.The sufficiency is clear. Now we prove the necessity.
Suppose thatQ is a quasi-ideal ofS. By Lemma9, we have
Q⊆ (SSQ] by left weak regularity ofSandQ⊆ (QSS] by
right weak regularity ofS. ThusQ⊆ (SSQ]∩(QSS]. On the
other hand by Lemma9 again we have(SSQ]∩ (QSS] =
(SSQ]∩ (SSQSS]∩ (QSS]⊆ Q. HenceQ= (SSQ]∩ (QSS].

Theorem 4.Let S be a weakly regular ordered ternary
semigroup. Then a fuzzy subset f of S is a fuzzy
quasi-ideal of S if and only if f= (1◦1◦ f )∧ ( f ◦1◦1).

Proof.The sufficiency is clear. Now we prove the necessity.
Let f be a fuzzy quasi-ideal ofS. By Lemma1, 1◦ 1◦ f
is a fuzzy left ideal ofSand f ◦1◦1 is a fuzzy right ideal
of S. By Lemma10 , 1◦1◦ f = (1◦1◦ f ◦1◦1)◦ f ◦ (1◦
1◦ f ) � 1◦ f ◦1. It follows that(1◦1◦ f )∧ ( f ◦1◦1) =
(1◦1◦ f )∧ (1◦ f ◦1)∧ ( f ◦1◦1)� f . On the other hand,
for anya in S, there existsi , ti in S for i = 1,2,3 such that
a ≤ (s1t1a)(s2t2a)(s3t3a). By Lemma4, (1◦ 1◦ f )(a) ≥
1(s1t1a)∧1(s2t2as3t3)∧ f (a) = f (a). Hencef � 1◦1◦ f .
Similarly we can prove thatf � f ◦1◦1. Thusf � (1◦1◦
f )∧ ( f ◦1◦1). Hence the result is proved.

Remark.Theorem4 shows that every fuzzy quasi-ideal is
the intersection of a fuzzy left ideal and a fuzzy right
ideal in a weakly regular ordered ternary semigroup.
Particularly, that is true for ordinary ideals as shown in
Lemma13.

Lemma 14.Let S be an ordered ternary semigroup. Then
the following are equivalent.

(1)S is weakly regular;
(2)For any quasi-ideal Q we have

Q= ((SSQ)3]∩ ((QSS)3];
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(3)For every quasi-ideal Q we have

Q= ((QSS)3]∩ ((SQS)3]∩ ((SSQ)3]

= ((QSS)3]∩ ((SSQSS)3]∩ ((SSQ)3].

Proof.(1) ⇒ (2) By Lemma13 and Lemma10 we have
Q = (SSQ]∩ (QSS] = ((SSQ)3]∩ ((QSS)3] for any quasi-
idealQ.

(2)⇒ (3) By Lemma9,

(QSS]∪ (SSQ]⊆ (SQS] = (SSQSS].

Then by (2),

((QSS)3]∩((SQS)3]∩((SSQ)3] = ((QSS)3]∩((SSQ)3] =Q

and

((QSS)3]∩ ((SSQSS)3]∩ ((SSQ)3]

= ((QSS)3]∩ ((SSQ)3] = Q.

(3)⇒ (1) Let L be a left ideal ofS. ThenL is a quasi-
ideal ofS by Lemma3, and soL = ((LSS)3]∩ ((SLS)3]∩
((SSL)3]⊆ ((SSL)3]⊆ (L3]⊆ (L] = L, implying L = (L3].
HenceS is left weakly regular by Lemma10 . Similarly
we can prove thatS is right weakly regular.

Theorem 5.An ordered ternary semigroup S is weakly
regular if and only if f= (1◦1◦ f )3∧ ( f ◦1◦1)3 for any
fuzzy quasi-ideal f of S.

Proof.(⇒) Let f be a fuzzy quasi-ideal ofS. By Lemma1
1◦1◦ f is a fuzzy left ideal ofS and f ◦ 1◦ 1 is a fuzzy
right ideal ofS. By Lemma10, 1◦ 1◦ f and f ◦ 1◦ 1 are
idempotent. Hence by Theorem4, f = (1◦1◦ f )∧ ( f ◦1◦
1) = (1◦1◦ f )3∧ ( f ◦1◦1)3.

(⇐) Let f be a fuzzy left ideal ofS. By Lemma3,
f is a fuzzy quasi-ideal. So by the supposition we have
f = ( f ◦1◦1)3∧ (1◦1◦ f )3 � (1◦1◦ f )3 � f ◦ f ◦ f � f .
Hencef = f ◦ f ◦ f . By Lemma10Sis left weakly regular.
Similarly S is right weakly regular.

Theorem 6.An ordered ternary semigroup S is weakly
regular if and only if

f = ( f ◦1◦1)3∧ (1◦ f ◦1)3∧ (1◦1◦ f )3

= ( f ◦1◦1)3∧ (1◦1◦ f ◦1◦1)3∧ (1◦1◦ f )3

for every fuzzy quasi-ideal f of S.

Proof.The sufficiency follows by considering
characteristic functions and using Lemma14. We now
prove the necessity. By Lemma12,

( f ◦1◦1)∨ (1◦1◦ f )� 1◦ f ◦1= 1◦1◦ f ◦1◦1.

It follows from Theorem5 that( f ◦1◦1)3∧ (1◦ f ◦1)3∧
(1◦1◦ f )3 = ( f ◦1◦1)3∧(1◦1◦ f )3 = f and( f ◦1◦1)3∧
(1◦1◦ f ◦1◦1)3∧(1◦1◦ f )3 = ( f ◦1◦1)3∧(1◦1◦ f )3 =
f .

Remark.Let S be an ordered semigroup andf be a fuzzy
left ideal ofS. Then f ◦ f ◦ f � f ◦ f � f . Thus f = f ◦ f ◦
f if and only if f = f ◦ f , and so Lemma10 generalizes
corresponding results on ordered semigroups ([15,29]).

6 Conclusion

Ternary ordered semigroups are a unified extension of
ordered semigroups and ternary semigroups. Like the
case of ordered semigroups, the fuzzy subsets of an
ordered ternary semigroup is proved to be an ordered
ternary semigroup. Relationship between the fuzzy sets of
weakly regular ordered semigroups and its ordered
ternary semigroups is established. Technique of
fuzzification is applied to ordered ternary semigroups to
characterize weak regularity, which generalizes and
unifies results of ordered semigroups and ternary
semigroups. Unlike the case of ordered semigroups, either
of regularity and weak regularity for ordered ternary
semigroups does not imply another.

Acknowledgements

This work is supported by National Natural Science
Foundation of China (No. 11371165 and No. 11071097).

References

[1] R. Chinram, S. Saelee, Fuzzy ideals and fuzzy filters of
ordered ternary semigroups, J. Math. Res. 2(1) (2010) 93-
97.

[2] A. Chronowski, Ternary semigroups and ternary algebras,
Functional equations in mathematical analysis, 371-416,
Springer Optim. Appl., 52, Springer, New York, 2012.

[3] V. R. Daddi, Y. S. Pawar, On ordered ternary semigroups,
Kyungpook Math. J. 52(4) (2012) 375-381.

[4] A. Iampan, Characterizing the minimality and maximality
of ordered lateral ideals in ordered ternary semigroups, J.
Korean Math. Soc. 46(4) (2009) 775-784.

[5] A. Iampan, On ordered ideal extensions of ordered ternary
semigroups, Lobachevskii J. Math. 31(1) (2010) 13-17.

[6] Y. B. Jun, J. Meng, X. L. Xin, On ordered filters of
implicative semigroups, Semigroup Forum. 54 (1997) 75-
82.

[7] S. Kar, P. Sarkar, Fuzzy quasi-ideals and fuzzy bi-ideals of
ternary semigroup, Ann. Fuzzy Math. Inform. 2(4) (2012)
407-423.

[8] N. Kehayopulu, On weakly prime ideals of ordered
semigroups, Semigroup Forum. 44 (1992) 341-346.

[9] N. Kehayopulu, On intra-regular ordered semigroups,
Semigroup Forum. 46 (1993) 271-278.

[10] N. Kehayopulu, M. Tsingelis, Fuzzy sets in ordered
groupoids, Semigroup Forum. 65 (2002) 128-132.

[11] N. Kehayopulu, M. Tsingelis, The embedding of an ordered
groupoid into a poe-groupoid in terms of fuzzy sets, Inform
Sci. 152 (2003) 231-236.

[12] N. Kehayopulu, M. Tsingelis, Regular ordered semigroups
in terms of fuzzy subsets, Inform. Sci. 176 (2006) 3675-
3693.

[13] N. Kehayopulu, M. Tsingelis, Intra-regular ordered
semigroups in terms of fuzzy sets. Lobachevskii J. Math.
30(1) (2009) 23-29.

c© 2016 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp


2254 S. Bashir, X. Du: Weakly regular fuzzy ordered...

[14] N. Kehayopulu, Left quasi-regular and intra-regular ordered
semigroups using fuzzy ideals. Quasigroups Related
Systems 20(2) (2012) 239-249.

[15] N. Kehayopulu, Characterization of left quasi-regular and
semisimple ordered semigroups in terms of fuzzy sets, Int.
J. Algebra, 6(15) (2012) 747-755.

[16] N. Kuroki, Fuzzy bi-ideals in semigroups, Comment. Math.
Univ. St. Pauli. 28 (1979) 17-21.

[17] N. Kuroki, On fuzzy ideals and fuzzy bi-ideals in
semigroups, Fuzzy Sets and Systems. 5 (1981) 203-215.

[18] N. Kuroki, On fuzzy semigroups, Inform. Sci. 53 (1991)
203-236.

[19] N. Kuroki, Fuzzy generalized bi-ideals in semigroups,
Inform. Sci. 66(3) (1992) 235-243.

[20] N. Kuroki, Fuzzy semiprime quasi-ideals in semigroups.
Inform. Sci. 75(3) (1993) 201-211.

[21] N. Lekkoksung, P. Jampachon, Characterizations of regular
ordered ternary semigroups in terms of fuzzy subsets,
Southeast-Asian J. Sci. 2(2) (2013) 141-153.

[22] N. Lekkoksung, P. Jampachon, On right weakly regular
ordered ternary semigroup, Quasigroups related systems, 22
(2014) 257-266.

[23] J. Los, On the extending of models (I). Fund. Math. 42
(1955) 38-54.

[24] J. N. Mordeson, D. S. Malik and N, Kuroki, Fuzzy
semigroups, Studies in Fuzziness and Soft Computing 131,
Springer-Verlag, Berlin, 2003.

[25] M. Shabir, M. Bano, Prime bi-ideals in ternary semigroup,
Quasigroups related systems. 16 (2008) 239-256.

[26] M. Shabir, A. Khan, Characterizations of ordered
semigroups by the properties of their fuzzy generalized
bi-ideals, New Math. Nat. Comput. 4(2) (2008) 237-250.

[27] M. Shabir, A. Khan, Characterizations of ordered
semigroups by the properties of their fuzzy ideals,
Comput. Math. Appl. 59 (2010) 539-549.

[28] M. Shabir, A. Khan, On fuzzy ordered semigroups, Inform.
Sci. 274 (2014) 236-248.

[29] J. Tang, X. Xie, Some characterizations of left weakly
regular ordered semigroups, Commun. Math. Res. 27(3)
(2011) 253-267.

[30] L. A. Zadeh, Fuzzy sets, Inform. Control. 8 (1965) 338-353.

Shahida Bashir
is an Assistant Professor
of Mathematics at University
of Gujrat, Gujrat, Pakistan,
where she taught since
2007. She received his M.Sc.
degree (2004) and M.Phil
(2007) from Quaid-i-Azam
University Islamabad,
Pakistan. Currently she is

working with Prof. Xiankun Du as a PhD student. His
research interests are areas of SemiGroup Theory, Ring
Theory, Ternary semigroup Theory and Fuzzy semigroup
theory. She has published several papers on these
subjects.

Xiankun Du is Professor
of Mathematics at Jilin
University, China, where
he taught since 1985.
He received his B.Sc. degree
(1982) and Ph.D. degree
(1988) from Jilin University.
His current research interests
are in the areas of ring theory
and affine geometry. He has

published several papers on these subjects.

c© 2016 NSP
Natural Sciences Publishing Cor.


	Introduction
	Preliminaries
	The fuzzy sets of ordered ternary semigroups
	Characterizations of left weakly regular ordered ternary semigroup in terms of fuzzy ideals
	Characterizations of weakly regular ordered ternary semigroups in terms of fuzzy ideals
	Conclusion

