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1 Introduction ordered ternary semigrowis right weakly regular if and
only if every fuzzy right ideal oSis idempotent.
Since it was introduced by ZadeB(] in 1965, fuzzy set In this paper we find that unlike the case of

theory has entered many fields of mathematics, and fUZdemigroups, a regu|ar ordered ternary Semigroup is not
algebraic systems have been developed rapidly. Amongiecessarily weakly regular and we characterize weakly
others, fuzzy ideals in semigroups were introduced byregular ordered ternary semigroups in terms of fuzzy
Kuroki [16] and fuzzy bi-ideals, fuzzy quasi-ideals and ideals. Several results irl?,13,14,22,25,27,28,29 are
fuzzy semiprime ideals of semigroups were studidd,([ generalized and new results are found.
17,18,19,20]). Regular semigroups were characterized in
terms of fuzzy ideals (se@4)).

Fuzzy semigroups were generalized in two folds: o
fuzzy ordered semigroups and fuzzy ternary semigroups.2 Preliminaries
Since ordered semigroups are useful for computer
science, especially in theory of automata and formalBy an ordered ternary groupoi@S-,<) we mean a
language, fuzzy ordered semigroup has been extensiveljon-empty setS with a ternary operation denoted by
studied (see §,8,9,10,11]). The notion of ternary juxtaposition and a partial ordering< such that
semigroups was introduced by S. Banach, and he proveixzxs < y1y2ys for anyx;, yi € Swith x <vy;, i =1,2,3,
that a ternary semigroup does not necessarily reduce to a@F equivalentlyx; < x, implies
ordinary semigroups. Los2B] proved that any ternary
semigroup however may be embedded in an ordinary XiXaXa < XoX3Xa, X3X1Xa < X3XoXa, X3XaXy < X3XaXz
semigroup. Several kinds of regularity of ordered
semigroups ternary semigroups are characterized in termi®r all xi,x2,x3,%4 € S. Additionally if (S,-) is a ternary
of fuzzy ideals, for example, weakly regular (or semigroup we say thatS. <) is an ordered ternary
quasi-regular) ordered semigroufds3[14,25,27,28] and  Se€migroup.

regular ternary semigroupd,p1]. A ternary semigroup can be viewed as an ordered
Recently, ordered semigroups and ternary semigroupternary semigroup with the trivial ordering. An ordered
were extended to ordered ternary semigroup4,i8, g, 5]. semigroup can be viewed as an ordered ternary semigroup

Ordered ternary semigroups provide a unified setting forwith the ternary operation induced by the binary
ordered semigroups and ternary semigroups. It is naturadperation in a natural way.

to extend studies for regularity of ordered semigroups and  In what follows by subsets we means nonempty ones.
ternary semigroups to ordered ternary semigroups. We write AS for AAAfor any element or subsétof an
Lekkoksung and Jampachon iR proved that an ordered ternary groupoid.
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Let Sbe an ordered ternary groupoid. FoC Swrite One can easily see that the multiplicatioanF (S) is well
defined andF(S),0) is a ternary groupoid with the zero

(Al={te S|t <aforsomeac A}. 0, that is,
Then for any subset, B, C of Swe haveA C (A] C ((A]],
(A] C (B] wheneveA C B, and((A](B](C]] = (ABC. Ocfog=folog=1fogol
A subsetA of an ordered ternary groupo®is called a =f0000=00go0=0000h=0

ternary subgroupoid dif (A] C AandAAAC A.

A subsetA of an ordered ternary groupoglis called ~ forall f,g,h € F(S). .
left (resp. lateral, right) ideal d&, if (A] = AandSSAC A Clearly, for fi,gi € F(S), i = 1,2,3, we havefy o f0
(resp.SASC A, ASSC A). A left and right ideal is called fs <g100z200sifand onlyif (f1o f20 f3)(a) < (grogzo
a two-sided ideal. A left, lateral and right ideal is called a 93)(8) foranya e Swith Aq 7 0. Particularly,fyo fo0 f3 =
ideal. gi0gz0gzifand onlyif (1o foo f3)(a) = (g1092093)(a)

Let Sbe an ordered ternary semigroup. Asutdef S foranyaec Swith Aq # 0.
is called a quasi-ideal {(fQ] = Q, (QSI$N (SQIN (SSQPC
Q and(QSS$N (SSQS3 (SSQC Q. A subsemigrouB
of Sis called a bi-ideal i{ B] = BandBSBSBC B.

We denote by.(a) (respR(a),M(a), T(a), I (a), Q(a),
B(a)) the left (resp. right, lateral, two-sided, ideal, quasi- (1)x <y implies f(x) > f(y)

Definition 1.([1]) A fuzzy subset f of an ordered ternary
semigroup S is called a fuzzy subsemigroup if for all
X,¥,Z€ S we have

and bi-) ideal ofSgenerated by € S. Then we have (2)f(xy2 > min{f(x), f(y), f(2)}.

L(a) = (aUSSa, Definition 2.([1]) A fuzzy subset f of an ordered ternary
M(a) = (auSaSJSSaSp groupoid S is called a fuzzy left (resp. lateral, right) idlea
R(a) = (auaS$ of Sifforallxy,ze S we have

T(a) = (aUaSSJSSaJSSaSk (I)x<yimplies f{x) > f(y);

I(a) = (aUaSSJSaSJSSasSSasSs (2)f(xy2 > f(2) (resp. f(xy2 > f(y), f(xy2 > f(x)).

Q(a) = (auaS$n (auSaSJSSaSE (aUSSa, Afuzzy left and fuzzy right ideal is called a fuzzy two-
B(a) = (aua’UaSaSa sided ideal. A fuzzy left, fuzzy lateral and fuzzy right idlea

is called a fuzzy ideal.
LetSbe an ordered ternary groupoid. By a fuzzy subset )
of Swe mean a mapping: S— [0,1]. ForA C Sthe fuzzy Lemma 1Let S be an ordered ternary semigroup and f be
subsetfa of Sis the characteristic function @fdefined as @ fuzzy subset of S. Thém 1o f (resp. folol,10fol

follows: andlolofolol)is afuzzy left (resp. right, two-sided)
Lif A ideal of S.
. _[1ifxeA
fa:S—=[0.1][x— fa(9) = { 0,if x¢ A ProofBy Lemma4,
Usually we writefs = 1 andfp = 0. (1olo f)(xy2) > min{1(x),1(y), f(2)}
We denote by (S) the set of all fuzzy subsets 8fand
define an ordered relatiorn onF (S) as follows: foranyx,y,ze S It follows that
f <gifandonlyif f(x) <g(x) forallxe S (lolof)(xyz > \/ min{1(x),1(y), f(2)}
It is easy to see thatF(S), <) is a poset with the least XY2eS
element 0 and the greatest element 1. For two fuzzy subset > (1olof)(2).
rfn’gx?l; z;ve clearly havef g = min{f,g} and f vg = Forx,y € Ssuch thak <y Lemma4 yields(1o 1o f)(y) <

(lolof)(x). Thus 1o 1o f is a fuzzy left ideal ofS. The

For w fin -
orae s we define rest can be proved similarly.

Aa={(xy,2) €SxSxSla<xyz. Lemma 2([21]) Let S be an ordered ternary groupoid and
If Sis an ordered ternary semigroup, th&n= 0 for all f a fuzzy left (resp. right, lateral) ideal of S. Thén 1o
(x,,2) € Aq if and only if Ay = 0 for all (x,y,2) € Aq, if  f = f(resp. folol=<f,1ofol=f).
and only ifA, = 0 for all (x,y,2) € A,.
For three fuzzy subsets g,h of S, we define a fuzzy
subsetf ogoh: S— [0,1] as follows

Definition 3.([21]) Let S be an ordered ternary semigroup.
A fuzzy subset f of Sis called a fuzzy quasi-ideal of S if
. . ] (L)x<yimplies fx) > f(y) forany xy € S;
a_s (XyXEAamln{f(X),g(Y),h(Z)}, if Aq 7 0; 2)(folol)A(lofol)A(lolof)=<T;

0, if Ay=0. (3)(folol)A(lolofolol)A(lolof)=<f.
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Definition 4.([21]) Let S be an ordered ternary semigroup.  [f10(fao f30 f4) o f5)(a)
A fuzzy subsemigroup f of S is called a fuzzy bi-ideal of S
ifforazynq’)(’yges'o y =/ fa(p)A(Fa0 fzo fa) (U) A fs(2).

(PU,2)€Aa
(I)x <y implies f(x) > f(y); . )
(2)f(xpyqa > min{ f(x), f(y), f(2)}. We assume, without loss of generality, thigt# 0 for
some(x,y,z) € Ay and A, # 0 for some(p,u,z) € Ay,
Let Shbe an ordered ternary semigroup. It is proved in sinceA, = 0 for any(x,y,z) € A4 if and only if A, = 0 for
[1] that a subsef of Sis a left (resp. right, lateral, two- any(p,u,z) € As. Then
sided, quasi-, bi-) ideal @if and only if the characteristic
function fa of A is a fuzzy left (resp. right, lateral, two-  [(fio f20 f3) o fa0 f5)(a)

sided, quasi-, bi-) ideal &. = \/ (fiofaofa)() A fa(y) A fs(2)
Lemma 3([7]) In an ordered ternary semigroup, (fuzzy) (xy2)€ha
one-sided ideals of S are (fuzzy) quasi-ideals, and (fuzzy) = \/ \/  fi(p) A f2(a) A f3(r) A faly) A fs(2)
quasi-ideals are (fuzzy) bi-ideals. (%Y.2)EAa (P.G,T ) €A
=V fa(pAfa(a) A fa(r) A fa(y) A fs(2),
3 The fuzzy sets of ordered ternary (RAr¥2=A
semigroups where Ay = {(p.a,1,y.2) | (p.a.1) € Ac and (x,y,2) €

A, for somex € S}. Similarly,
The following theorem was proved irl]] for ordered

semigroups, and for ordered ternary semigroups it has [fr0(fo0 fz0 f4) o f5)(a)

been implicitly used by several authors. However, we can

not find a proof in the literature. Here we present a proof, =V  fup)Afad)o fa(r) o fay) A fs(2),
which is certainly nontrivial. (pary.2eh

Theorem 11f S be an ordered ternary groupoid, then where A, = {(p,q.r.y,2) | (q,r,y) € A, and (p,u,z) €
(F(S),0,=) is an ordered ternary groupoid. If S is Aaforsomeu e S}. It suffices to proveél; = Ay. Suppose
additionally an ordered ternary semigroup, then that(p,q.r,y,z) € A;. Thenx < pgranda < xyzfor some
(F(S),0,=) is also an ordered ternary semigroup. x € S. Takingu = gry, we havea < xyz< pqryz= puz
and u < gry. It follows that (q,r,y) € A, and
ProofTo prove (F(S),0,<) is an ordered ternary (p,u,2) € Aa. Thus (p,q,1,y,2) € Az, and soA; C Ay.
groupoid, it is sufficient to prové; o fo f3 <g10g20093  Similarly, A, C A;. ThereforeA; = Ay, as desired.
for all fi,gi € F(S) with fi < g; fori=1,2 3. In fact, for

a € Swith Ay # 0 we have Theoreml is so basic that we will freely use it without
explicit mention.
fiofyofz)(a) = min{ f1(x), f2(y), f3(z ]
(hotots)(@) (Xy\z)/eAa 113, T2y, fa(2)) Lemma 4 Let S be an ordered ternary semigroup. Then for
- . any f,gicF(S)andx € S,i=1,2,...,2n+ 1, we have
< 'V  min{g1(x),92(y),93(2)} _ ,
(%.2)EAa (1)(f% ofpo-io f?n-s—l )ﬁ( 9)1 o 9(2 o---oQnyq If anc;(or)ﬂy if
_ 10f20---0fani1)(@) < (grogz0---00eny1)(a) for
= (g1002003)(a). any ac S with A, # 0;
Thus f1o fp0 f3 < g1 0 gp 0 gs. Now suppose thais an  (2)(f1o--- o fan1)(@) > min{fi(xe), ..., fani1(Xent1)}
ordered ternary semigroup. To proe(S), o, <) is also forany ac S with a< xixz- - -Xan+1;
an ordered ternary semigroup, it is enough to check the(@)(fro fao---ofani1)(@) > (fro fao---o fanyq)(b) for
associative law: any abc Swith a<b.

Proof(1) It follows immediately from the definition of the
ternary operation by noting that there is nothing to prove
= fiofao(fzofsofs) whenA, is empty.

(2) We only check the case= 1. The general case can
be proved by induction on. If a < xyz then(x,y,z) € A,,

(frofpofz)ofgofs=fro(frofzofy)ofs

for all fq,fy, f3, T4, f5 € F(S). We only verify the first
equality. Indeed, foa € Swith Ay #£ 0,

and so
(frefzofs)ofeo fl(@) (hofof)@=\/ min{f, £0) (2}
= \/ (frofaofa)(X)Afaly)Afs(2), (xy2)eha
(xy2)eha > min{ f1(x), f2(y), f3(2)}.
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(3) We only prove the case= 1. The general case can
be proved by induction on. Givena,b € Swith a < b,
note thatA, C A,. If Ay =0 then(fio fyo f3)(b)=0<
(fro faof3)(a). If Ay # 0 thenA, # 0 and so

\/  min{fy(x), f2(y), f3(2)}
(Xy,2) €Ay

<V min{fi(x), f2(y). f3(2)}
(X%.y,2)€Aa
= (fyo f0 f3)(a),

(frofyof3)(b) =

as desired.

Lemma 5Let S be an ordered ternary semigroup. Then
fao fgo fc = fapg

for any subsets B,C of S.

ProofFor p € (ABC, fagg(p) = 1. Sincep < abc for
somea € A, b e Bandc € C. Then by Lemmd,

1> (fao fgo fc)(p) > min{fa(a), fa(b), fc(c)} > 1.
Therefore,(fao fg o fc)(p) = fasg(p). For p ¢ (ABC,

fiasg(p) = 0. If Ap =0, then(fao fgo fc)(p) = 0 and

(fao fgofc)(p) = fasg(P). If Ap # 0, thenxyz¢ ABC
for any (x,y,z) € Ap, which implies thai ¢ Aory ¢ B or
z¢ C, and so migfa(x), fa(y), fc(z)} = 0 and

\/  min{fa(x), fa(y), fc(2)}

(x,y,2)€Ap
=0
= fasg(P)-

(fao fgo fc)(p) =

Lemmab was proved for ordered semigroups Ir?].

In the rest of this section we suppoSés an ordered
semigroup. A binary operation over F(S) has been
defined, which we denote by to avoid causing
confusion. It was proved thdf (S),*,<) is an ordered
semigroup in 11]. For anya € S, let

Ba = {(X,y) € Sx S| a< xy}.
Forf,ge F(9), f xgis defined as follows

vV f(x)A9(y), if Ba#0;
fxg:S—[0,1] |a— < (xy)€Ba
0, if Ba=0.

The following lemma looks like a trivial fact, but its
proof is nontrivial.

ProofSupposea € S is such that A, = 0. Then
(fogoh)(a) =0. If B, =0, then(f xg=«h)(a) =0; if
B, # 0, thenBy = 0 for all (x,y) € By and so

(fxgxh)(@= \/ (fxg)(x)Ah(y)=0.
(xy)€Ba

Thus(f xg=h)(a) = f ogoh)(a). Suppose € Sis such
thatAy # 0. ThenB; # 0 andBy # 0 for some(X,y) € Ba.
Thus

(fxgxh)(@= \/ (fxg)x)Ah(y)

(xy)€Ba

=V V f(pArg@Aahy)

(xy)€Ba (p,d)€Bx

=V f(pArg(@Ah(y),
(pay)eA

where A = {(p,qy) | (p,q) € Bx and (xy) €
B, for somex € S}. Clearly, A C A;. Conversely, for
(P,Q,Y) € Aq, setx = pg. Thena < pgy < xy andx < pg,
and so(p,q) € Bx and (x,y) € Ba. Thus (p,q,y) € A.
Therefore A = Ay and so(f xg«h)(a) = (f ogoh)(a).
Consequentlyf xg«h= fogoh.

We now remark that ifS*] = S, then left ideals, right
ideals and ideals of the ordered semigr@sre the same
as left ideals, right ideals and two-sided ideals of the
ordered ternary semigroufs, respectively. The same
conclusions hold for fuzzy ideals.

The last theorem and remark will ensure that our
discussion on weakly regular ordered ternary semigroups
includes weakly regular ordered semigroups as a special
case.

4 Characterizations of left weakly regular
ordered ternary semigroup in terms of fuzzy
ideals

An ordered ternary semigroupis called regular ifa €
(aSdforanyae S This is a natural analogue of regularity
of semigroups in the setting of ordered ternary semigroups.

An ordered semigrouf is called left weakly regular
(or left quasi-regular @[4)) if a€ (SaSaforallae S A
regular ordered semigroup is weakly regular.

Definition 5.([22]) An ordered ternary semigroup S is
called left weakly regular if its every element a is left
weakly regular in the sense thata((SSa?). Right weak
regularity is defined similarly. If S is both left and right
weakly regular then it is called weakly regular.

Itis easy to see that ordered ternary semigr8igleft

Theorem 2Let S be an ordered semigroup. If S is viewedyeakly regular if and only ifA C ((SSA3|, whereAis any
as an ordered ternary semigroup in the natural way, thensypset (resp. left ideal, quasi-ideal and bi-ideal).

the ternary operatior» of F(S) is induced by the binary
operationx of F(S).

If an ordered ternary semigrogis commutative and
weakly regular, therS is regular. In general, either of
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regularity and weak regularity of ordered ternary
semigroups do not imply another. Motivated 8] fve
have the following example.

Example lLet T be the multiplicative semigroup of the
direct productR x R of the real number fieldR, and let
S=TxT. Forany(a;,az),(b1,bp),(c1,c2) € Swe define

(aq,a2)(b1,b2)(cy,C2) = (aybac1, a2b1Co).

ThenSis a regular ternary semigroup but not left weakly
regular. Actually, it is a routine matter to verify th@is a
ternary semigroup and is regular. Now take
a= (e,e) € S wheree; = (1,0) ande, = (0,1). Then
for any (x1,%2), (Y1.¥2), (z1,2) € S, we have

(X1,%2) (€1, €2)(Y1,Y2)(21,22) (€1, €2)
= (x1€2y122€1, X%2€1Y221€2) = (0,0).

Thusais not left weakly regular.

It is easy to see that an ordered semigr@uis left
weakly regular if and only if it is left weakly regular as an
ordered ternary semigroup.

Let Sbhe an ordered ternary semigroup. An elemeent
of Sis called left (resp. right) regular & € (Sag (resp.
ac (aas).

Lemma 6A left (resp. right) regular element a of an
ordered ternary semigroup is left (resp. right) weakly
regular.

ProofLet S be an ordered ternary semigroup aamtie a
left regular element 06. Thena < xaafor somex € S. It
follows that a < xaa < xa(xaa) < x(xaa)(xaa)
(xxa)(axa)a < (xxa)(axa)(xaa). Thusa € ((SSa°].

Lemma 7 Let S be an ordered ternary semigroup. Fora
S the following are equivalent:

(1)a is left weakly regular;
(2)ae (SaSSp
(3)ac (ST(a)L(a)].

ProofSince((SSa%] C (SaSSkC (ST(a)L(a)], it suffices
to prove(3) = (1). To do this, note that

(ST(a)L(a)] = (S(auaSSJSSaJSSaSKauU SS3|
C (SaaJSaSSh

Thusac (Sag orac (SaSSplf ac (Sag thenais left

weakly regular by Lemma@. If a € (SaSSgthena < xayza
for somex,y,z€ S. So

a < xayza= x(xayzayza= (xxa)(yza)(yza),

which implies thata € ((SS3%. Hencea is left weakly
regular.

Lemma 8Let S be an ordered ternary semigroup and a
S. Ifae (Sa$, then

M(a) =T(a) =1(a) = (Sa$= (SSaSp

ProofSince (Sa$ is a two-sided ideal, we hawSSau
(aS$ C (Sa$ and so(SSaSBSC (Sas. By a€ (Sagwe
have(Sa$ C (SSaSpThus(Sa$= (SSaSSNow by the
definitions we can see thkt(a) = T(a) = 1(a) = (Sa$.

Lemma 9Let S be an ordered ternary semigroup. If S is
left weakly regular then & (SS&C (Sa$ = (SSaSSor
any ac S. Moreover, a similar conclusion holds if S is right
weakly regular.

ProofLet Sbe a left weakly regular and e S. Thena €
(SaSShC (Sa$, whence(Sa$ = (SSaSsSby Lemma8
and(SSacC (Sa$since(SaSis a leftideal.

Remarkemma8 and Lemmad show that lateral ideals,
two-sided ideals and ideals are the same in left weakly
regular ordered ternary semigroups.

Recall that a subsét of an ordered ternary semigroup
is called idempotent iA = (A3).

A fuzzy subsetf of an ordered ternary semigroup is
called idempotentif o fo f = f.

Lemma 10([22]) An ordered ternary semigroup S is left
(resp. right) weakly regular if and only if every fuzzy left
(resp. right) ideal f is idempotent.

Lemma 1llet S be an ordered ternary semigroups and
</ be a collection of subsets of S containing all left ideals
of S. Then the following are equivalent:

(2)S is left weakly regular;

(2)JdJNKNL C (IKL] for any left ideals JK, L;

(B)LNTNAC (LTA] for any left ideal L and two-sided
ideal T, and for any A& «/;

(4)TNRNAC (TRA for any right ideal R and two-sided
ideal T, and for any A <7

(5)TNANL C (TAL for any left ideal L and two-sided
ideal T, and for any A <7

(6)TNA C (STA for any two-sided ideal T and for any
Ac o,

(7)RNAC (SRAfor any rightideal R and for any & </’;

(8)ANL C (SAL for any left ideals L and for any A <.

Proof.(1) < (2) was proved in22].

To complete the remainder of the proof, we note that
(6) through (8) are special cas€s= Sof (3) through (5),
respectively. To prove (1) implying (3) through (8), it is
enough to prove (1) implying (3) through (5) for the case
whereg7 is the collection of all subsets &

(1) = (3) Foranyae LNT NA, we have

ac ((SSa(Ssasw C (LTA.
(1) = (4) Foranyae TNRNA, we have
ac ((SsaSgasga) C (TRA.
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(1) = (5) Foranyac TNANL, we have Hence we havé AgAu< fogou.
(1) = (4) and(1) = (5) can be proved similarly, and
ac ((SSasm(Ssg] c (TAL. (6) through (8) are special cases of (3) through (5),
To prove (3)-(8) implying (1), it is enough to prove (6) respecuvely: (3)—(8)z> (1) follpw by considering the
implying (1) for the case wherg’ is the collection of all ~ characteristic functions and using Lemtia
left ideals ofS, since (6) in this case is the weakest one

among all conditions. in TheorenBimpliesu= 1ou=1o1louforany fuzzy left

(6) = (1) For anyac S, we haveac T(a)NnL(a) C idealu of S. Thus Theoren® : ;
A, . generalizes corresponding
(ST(a)L(a)], from which it follows thata is left weakly  oq its in 1.3,26,27,28,29.

regular by Lemm&.

Remarkf Sis an ordered semigroup. Then every condition

Corollary 1.An ordered ternary semigroup S is left weakly
regular if and only if g\ f = 1ogo f for any fuzzy two-
sided ideal g and fuzzy left ideal f.

Lemma 12Let S be an ordered ternary semigroup. If S is
left weakly regular then

f <lolof<1lofol=1olofolol

for any fuzzy subset f of S. In addition, a similar

conclusion holds if S is right weakly regular. > Characterizations of weakly regular

ordered ternary semigroups in terms of fuzzy
ProofFora e S, we havea < sjas,sza for somes;, s, 53 € ideals
Shy Lemma9. Thus by Lemma,

: _ Lemma 13Let S be a weakly regular ordered ternary
> =
(lolof)(a) > min{l(s;as), 1(s3), f(a)} = f(a), semigroup. Then a subset Q of S is a quasi-ideal if and

whencef <1010 f. Applying LemmalOto the fuzzy left — only if Q= (SSQnN (QS$.
ideal lolofwegetlblof=(lolofolol)ofo(lolo . i )
f) < 1ofol. Note that b f o1l is also a fuzzy left ideal ProofThe sufficiency is clear. Now we prove the necessity.
by Lemmal and it is idempotent by Lemm&0 . Thus ~ SUPPOse thaRis a quasi-ideal of. By Lemma9, we have
lofol=(lofol)olofolo(lofol)<lolofolol, QS (SSQby left weak regularity oSandQ C (QS$ by
from which it follows that o 1o folol<1lololofo  fghtweakregularity of ThusQC (SSQN(QSS. Onthe
lolol=<lofol.Hencebfol=1lolofolol. other hand by Lemma again we havgSSQN (QS$ =

- (SSQN (SSQSB(QS$C Q. HenceQ = (SSQN (QSS.
Theorem 3Let S be an ordered ternary semigroup a#d

be a collection of fuzzy subsets of S containing all fuzzyTheorem4Let S be a weakly regular ordered ternary

left ideals of S. Then the following are equivalent. semigroup. Then a fuzzy subset f of S is a fuzzy

(1)S is left weakly regular: quasi-ideal of Sifand only if = (lolo f)A(folol).

@Ff AT AT" < fof of” for any fuzzy left ideals ProofThe sufficiency is clear. Now we prove the necessity.

f 7 Let f be a fuzzy quasi-ideal d&. By Lemmal, 1o1lo f
(3)f AgAu =< fogou forany fuzzy left ideal f and fuzzy is a fuzzy leftideal ofSandf o101 is a fuzzy right ideal
two-sided ideal g, and for anya % ; of S By Lemmal0, lolof = (lolofolol)ofo(lo
(4)gnhAu=gohouforany fuzzy two-sided idealgand 1o f) <10 fol. It follows that(lolo f)A(folol) =
fuzzy right ideal h, and for any @ % ; (lolof)A(lofol)A(folol)=< f.Onthe other hand,
(5)gAuA f < gouo f for any fuzzy two-sided ideal g and for anyain S, there exiss, tj in Sfori = 1,2,3 such that
fuzzy left ideal f, and for anya % ; a < (sit1a)(sptoa)(sstza). By Lemmad, (1olo f)(a) >
(6)gnu = 1ogouforany fuzzy two-sided ideal g and for 1(sitia) A 1(sptrassts) A f(a) = f(a). Hencef < 1olof.
any ue %, Similarly we can prove that < folol. Thusf < (lolo

(7)hAu = lohouforany fuzzy right ideal h and for any f) A (f o101). Hence the result is proved.
ue,; . .
(8)uA f < Louo f for any fuzzy left ideals f and for any RemarkTheorem4 shows that every fuzzy quasi-ideal is

ue . the intersection of a fuzzy left ideal and a fuzzy right
. ideal in a weakly regular ordered ternary semigroup.
Proof(1) < (2) are proved in22. Particularly, that is true for ordinary ideals as shown in

To prove (1) implying (3) through (8), it suffices to | emmal3.
consider the case whe# is the fuzzy subsets @& _

(1) = (3) For a € Sthere exists, $,Ss,t1,to,t3 € S~ Lemma 14Let S be an ordered ternary semigroup. Then
such thaia < (syt1a)(strassts)a. Thus by Lemmat and  the following are equivalent.

the definitions of fuzzy ideals (1)S is weakly regular;

(fogou)(a) > min{f(sit:a), g(sstrasts), u(a)} (2)Forany quast-ideal Q we have

>min(f(a),g(a),u(@)) = (f AgAU)(a). Q= ((SsQ*N((QsS?;
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(3)For every quasi-ideal Q we have

Q= ((QS9YN((SQs’N((SSQ?

= ((Qs°|n((sSQsEIN((sSQY.
Proof(1) = (2) By Lemmal3 and LemmalO we have
Q= (SSQN (QS$= ((SSQ® N ((QSS? for any quasi-
idealQ.
(2) = (3) By Lemma®,

(QSSU(SSQC (SQ9=(SSQSE

Then by (2),

((QSS°IN((SQFIN((SSQ° = ((QSF*N((SSQ*=Q

and

((Qs9% N ((SSQSFIN((SSQ?)
= ((Qsg°n((ssQ’| = Q.
(3) = (1) LetL be aleft ideal ofS. ThenL is a quasi-
ideal of Sby Lemma3, and soL = ((LSS3 N ((SLS3| N
((SSL?] C ((SSL3) C (L3 C (L] =L, implyingL = (L3].
HenceSis left weakly regular by LemmaO0 . Similarly
we can prove thabis right weakly regular.

6 Conclusion

Ternary ordered semigroups are a unified extension of
ordered semigroups and ternary semigroups. Like the
case of ordered semigroups, the fuzzy subsets of an
ordered ternary semigroup is proved to be an ordered
ternary semigroup. Relationship between the fuzzy sets of
weakly regular ordered semigroups and its ordered
ternary semigroups is established. Technique of
fuzzification is applied to ordered ternary semigroups to
characterize weak regularity, which generalizes and
unifies results of ordered semigroups and ternary
semigroups. Unlike the case of ordered semigroups, either
of regularity and weak regularity for ordered ternary

semigroups does not imply another.
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