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Abstract: In this paper we introduce theI− of χ2 sequence spaces overp− metric spaces using Zweier transform and defined by
Musielak function. We also examine some topological properties and prove some inclusion relation between these spacesand the Fatou

property and the Banach-Saks property of the new space and
[
Zα

Λ 2 f λ ,‖(d(x1) ,d(x2) , · · · ,d(xn−1))‖p

]I
.
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1 Introduction

Throughoutw,χ andΛ denote the classes of all, gai
and analytic scalar valued single sequences, respectively.
We write w2 for the set of all complex double sequences
(xmn), wherem,n ∈ N, the set of positive integers. Then,
w2 is a linear space under the coordinate wise addition
and scalar multiplication.

Let (xmn) be a double sequence of real or complex
numbers. Then the series∑∞

m,n=1xmn is called a double
series. The double series∑∞

m,n=1xmn give one space is said
to be convergent if and only if the double sequence
(Smn)is convergent, where

Smn= ∑m,n
i, j=1xi j (m,n= 1,2,3, ...) .

A double sequencex = (xmn)is said to be double
analytic if

supm,n |xmn|
1

m+n < ∞.

The vector space of all double analytic sequences are
usually denoted byΛ2. A sequencex = (xmn) is called
double entire sequence if

|xmn|
1

m+n → 0 asm,n→ ∞.

The vector space of all double entire sequences are
usually denoted byΓ 2. Let the set of sequences with this
property be denoted byΛ2 andΓ 2 is a metric space with
the metric

d(x,y) = supm,n

{
|xmn− ymn|

1
m+n : m,n : 1,2,3, ...

}
, (1)

forall x = {xmn}andy = {ymn} inΓ 2. Let
φ = { f inite sequences} .

Consider a double sequencex = (xmn). The (m,n)th

section x[m,n] of the sequence is defined by
x[m,n] = ∑m,n

i, j=0xi j δi j for all m,n∈N,

δmn=




0 0 ...0 0 ...
0 0 ...0 0 ...
.
.
.
0 0 ...1 0 ...
0 0 ...0 0 ...




with 1 in the(m,n)th position and zero otherwise.
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A double sequencex = (xmn) is called double gai

sequence if((m+n)! |xmn|)
1

m+n → 0 as m,n → ∞. The
double gai sequences will be denoted byχ2.

Let M and Φ are mutually complementary Orlicz
functions. Then, we have:
(i) For all u,y≥ 0,

uy≤ M (u)+Φ (y) ,(Young′s inequality)[See[1]] (2)

(ii) For all u≥ 0,

uη (u) = M (u)+Φ (η (u)) . (3)

(iii) For all u≥ 0, and 0< λ < 1,

M (λu)≤ λM (u) (4)

Lindenstrauss and Tzafriri [2] used the idea of Orlicz
function to construct Orlicz sequence space

ℓM =
{

x∈ w : ∑∞
k=1M

(
|xk|
ρ

)
< ∞, f or someρ > 0

}
,

The spaceℓM with the norm

‖x‖= in f
{

ρ > 0 : ∑∞
k=1 M

(
|xk|
ρ

)
≤ 1

}
,

becomes a Banach space which is called an Orlicz
sequence space. ForM (t) = t p(1≤ p< ∞) , the spaces
ℓM coincide with the classical sequence spaceℓp.

A sequencef = ( fmn) of modulus function is called a
Musielak-Orlicz function. A sequenceg = (gmn) defined
by

gmn(v) = sup{|v|u− ( fmn) (u) : u≥ 0} ,m,n= 1,2, · · ·

is called the complementary function of a
Musielak-Orlicz functionf . For a given Musielak Orlicz
function f , the Musielak-Orlicz sequence spacet f is
defined as follows

t f =
{

x∈ w2 : M f (|xmn|)
1/m+n → 0as m,n→ ∞

}
,

whereM̃ f is a need not convex modular defined by

M̃ f (x) = ∑∞
m=1 ∑∞

n=1 f̃mn(|xmn|)
(1/m)+n ,x= (xmn) ∈ t f .

We considert f equipped with the Luxemburg metric

d (x,y) =

supmn

{
in f

(
∑∞

m=1 ∑∞
n=1 f̃mn

(
|xmn|

(1/m)+n

mn

))
≤ 1

}

If X is a sequence space, we give the following
definitions:

(i)X
′
= the continuous dual ofX;

(ii)Xα =

{
a= (amn) : ∑ ∞

m,n=1 |amnxmn|< ∞, f or each x∈ X
}

;

(iii) Xβ ={
a= (amn) : ∑ ∞

m,n=1amnxmn is convegent, f oreach x∈ X
}

;

(iv)Xγ ={
a= (amn) : supmn≥1

∣∣∣∑M,N
m,n=1amnxmn

∣∣∣< ∞, f oreachx∈ X
}

;

(v)let X be an FK − space ⊃ φ ; then Xf ={
f (ℑmn) : f ∈ X

′
}

;

(vi)Xδ ={
a= (amn) : supmn|amnxmn|

1/m+n < ∞, f oreach x∈ X
}

;

Xα .Xβ ,Xγ are calledα − (orKöthe− Toeplitz)dual of
X,β − (or generalized−Köthe−Toeplitz)dual o f X,γ −
dual o f X, δ − dual o f X respectively.Xα is defined by
Gupta and Kamptan [1] . It is clear thatXα ⊂ Xβ and
Xα ⊂ Xγ , but Xβ ⊂ Xγ does not hold, since the sequence
of partial sums of a double convergent series need not to
be bounded.

The notion of difference sequence spaces (for single
sequences) was introduced by Kizmaz [4] as follows

Z(∆) = {x= (xk) ∈ w : (∆xk) ∈ Z}

for Z = c,c0 andℓ∞, where∆xk = xk−xk+1 for all k∈
N.
Herec,c0 andℓ∞ denote the classes of convergent,null and
bounded sclar valued single sequences respectively. The
difference sequence spacebvp of the classical spaceℓp is
introduced and studied in the case 1≤ p ≤ ∞ by Başar
and Altay and in the case 0< p < 1 by Altay and Başar
[3]. The spacesc(∆) ,c0 (∆) , ℓ∞ (∆) andbvp are Banach
spaces normed by

‖x‖= |x1|+ supk≥1 |∆xk| and

‖x‖bvp
= (∑∞

k=1 |xk|
p)1/p ,(1≤ p< ∞) .

Later on the notion was further investigated by many
others. We now introduce the following difference double
sequence spaces defined by

Z(∆) =
{

x= (xmn) ∈ w2 : (∆xmn) ∈ Z
}

where Z = Λ2,χ2 and
∆xmn = (xmn− xmn+1) − (xm+1n− xm+1n+1) =
xmn− xmn+1− xm+1n+ xm+1n+1 for all m,n∈ N.

Let λ andµ be two sequence spaces andA=
(
amn

kℓ

)
is

an infinite four dimensional matrix of real or complex
numbersamn

kℓ , wherek, ℓ,m,n ∈ N. Then we say thatA
defines a matrix mapping fromλ to µ , and we denot it by
writing A : λ → µ .

If for every sequencex = (xmn) ∈ λ the sequence
Ax= {A(Ax)mn} ∈ µ , thenA transform ofx ∈ µ , where
(Ax)mn= ∑m∑namn

kℓ xmn,(k, ℓ ∈N) .
By (λ : µ) , we denote the class of matricesA such

that A : λ → µ . Thusa ∈ (λ ,µ) if and only if (Ax) ∈ µ
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for everyx∈ λ .
The approach of constructing the new sequence

spaces by means of the matrix domain of a particular
limitation method.

The Zp− transformation of the sequencex = (xmn) ,
(i.e) yi j = p xi j +(1− p)xi−1 j−1.

Zp denotes the matrixZp =
(

Zi j
mn

)
defined by

Zi j
mn=





p, if (mn= i j ) ;
1− p, if (i −1= m, j −1= n) ;
0,otherwise

The Zweier sequence spacesZΛ2 andZχ2 as follows:

ZΛ2 =
{

x= (xmn) ∈ w2 : Zpx∈ Λ2
}

and
Zχ2 =

{
x= (xmn) ∈ w2 : Zpx∈ χ2

}
.

2 Definition and Preliminaries

Let n ∈ N andX be a real vector space of dimensionw,
where n ≤ m. A real valued function
dp(x1, . . . ,xn) = ‖(d1(x1), . . . ,dn(xn))‖p on X satisfying
the following four conditions:
(i) ‖(d1(x1), . . . ,dn(xn))‖p = 0 if and and only if
d1(x1), . . . ,dn(xn) are linearly dependent,
(ii) ‖(d1(x1), . . . ,dn(xn))‖p is invariant under
permutation,
(iii) ‖(αd1(x1), . . . ,dn(xn))‖p =
|α|‖(d1(x1), . . . ,dn(xn))‖p,α ∈ R

(iv) dp((x1,y1),(x2,y2) · · · (xn,yn)) =

(dX(x1,x2, · · ·xn)
p+dY(y1,y2, · · ·yn)

p)1/p f or1 ≤ p < ∞;
(or)
(v) d ((x1,y1),(x2,y2), · · · (xn,yn)) :=
sup{dX(x1,x2, · · ·xn),dY(y1,y2, · · ·yn)} ,
for x1,x2, · · ·xn ∈ X,y1,y2, · · ·yn ∈ Y is called the p
product metric of the Cartesian product ofn metric spaces
is the p norm of the n-vector of the norms of then
subspaces.

A trivial example of p product metric ofn metric
space is thep norm space isX = R equipped with the
following Euclidean metric in the product space is thep
norm:

‖(d1(x1), . . . ,dn(xn))‖E = sup(|det(dmn(xmn))|) =

sup




∣∣∣∣∣∣∣∣∣∣∣

d11(x11) d12(x12) ... d1n(x1n)
d21(x21) d22(x22) ... d2n(x1n)

.

.

.
dn1(xn1) dn2(xn2) ... dnn(xnn)

∣∣∣∣∣∣∣∣∣∣∣




wherexi = (xi1, · · ·xin) ∈ Rn for eachi = 1,2, · · ·n.
If every Cauchy sequence inX converges to someL ∈ X,
then X is said to be complete with respect to thep−
metric. Any completep− metric space is said to bep−
Banach metric space.

Let X be a linear metric space. A functionρ : X → R

is called paranorm, if
(1) ρ (x)≥ 0, for all x∈ X;
(2) ρ (−x) = ρ (x) , for all x∈ X;
(3) ρ (x+ y)≤ ρ (x)+ρ (y) , for all x,y∈ X;
(4) If (σmn) is a sequence of scalars withσmn → σ as
m,n → ∞ and (xmn) is a sequence of vectors with
ρ (xmn− x) → 0 asm,n → ∞, thenρ (σmnxmn−σx) → 0
asm,n→ ∞.
A paranormw for which ρ (x) = 0 impliesx= 0 is called
total paranorm and the pair(X,w) is called a total
paranormed space. It is well known that the metric of any
linear metric space is given by some total paranorm (see
[5], Theorem 10.4.2, p.183).

The notion of deal convergence was introduced first
by Kostyrko et al.[8] as a generalization of statistical
convergence which was further studied in toplogical
spaces by Kumar et al.[6,7] and also more applications of
ideals can be deals with various authors by B.Hazarika
[9-21] and B.C.Tripathy and B. Hazarika [22-24].

A family I ⊂ 2Y of subsets of a non empty setY is
said to be an ideal inY if
(1) φ ∈ I
(2) A,B∈ I imply A

⋃
B∈ I

(3) A∈ I ,B⊂ A imply B∈ I .
A sequence of positive integersθ = (krs) is called

double lacunary if k00 = 0, 0 < krs < kr+1,s+1 and
ϕrs = krs − kr−1s−1 → ∞ as r,s → ∞. The intervals
determined byθ will be denoted byJrs = (kr−1s−1,krs)

andqrs =
krs

kr−1s−1
.

Let λ = (λrs) be an increasing sequence of positive
real numbers tending to∞ such thatλrs ≤ λrs+1,λ11= 1.
The generalized de la Vall ´ee-Poussin mean is defined by
trs = 1

λrs
∑m∈Irs ∑n∈Irs xmn, whereIrs = [(r,s)−λrs+1, r,s]

for r,s= 1,2,3, · · · . A sequencex = (xmn) is said to be
(V,λ )− summable to a numberL if trs (x) → L as
r,s→ ∞. If λrs = r,s then(V,λ )− summability is reduced
to Ces ´aro summability.

We denoteΛ the set of all increasing sequences of
positive real numbers tending to∞ such that
λrs ≤ λrs+1,λ11= 1.

Let I be an admissible ideal ofN×N, f = ( fmn) be a
Musielak-Orlicz function,(

X,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

)
be a p−metric

space. By w2 (p−X) we denote the space of all
sequences defined over(

X,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

)
.

The following inequality will be used throughout the
paper. If 0≤ qmn≤ supqmn= H,K = max

(
1,2H−1

)
then

|amn+bmn|
qmn ≤ K {|amn|

qmn+ |bmn|
qmn} (5)

for all m,n andamn,bmn∈ C. Also |a|qmn ≤ max
(

1, |a|H
)

for all a∈ C.
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3 χ2 sequence space of orderα

In this section letα ∈ (0,1] be any real number, let
λ = (λrs) be an increasing sequence of positive real
numbers tending to∞ such thatλrs ≤ λrs+1,λ11= 1, and
q be a positive real number such that 1≤ q< ∞. Now we
define the following class of sequence spaces:

[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
=

{
x= (xmn) :

{
1

λ α
rs

∑m∈Irs ∑n∈Irs [ fmn(‖µmn(x) ,(d (x1) ,

d (x2) , · · · ,d (xn−1))‖p

)]qmn
≥ ε

}
∈ I

}
,

whereµmn(x) =
[
(m+n)!

(
Zix

)
mn

](1/m)+n

[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
=

{
x= (xmn) : ∃K > 0,

{
supr,s

1
λ α

rs
∑m∈Irs ∑n∈Irs [‖ηmn(x) ,

(d (x1) , d (x2) , · · · ,d (xn−1))‖p

)]qmn
≥ K

}
∈ I

}
,

whereηmn(x) =
[(

Zix
)

mn

](1/m)+n

In the present paper we plan to study some topological
properties and inclusion relation between the above
defined sequence spaces.[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
and

[
Zα

Λ2 f ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
which we shall

discuss in this paper.

4 Main Results

4.1 Theorem

Let f̃ =
(

f̃mn

)
be a Zweier Musielak-Orlicz function, the

sequence spaces[
Zα

χ2 f̃ λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I

and
[
Zα

Λ2 f̃ λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
are linear

spaces.
Proof: It is routine verification. Therefore the proof is
omitted.

4.2 Theorem

Let f̃ =
(

f̃mn

)
be a Zweier Musielak-Orlicz function, the

sequence space

[
Zα

χ2 f̃ λ
,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I

is a paranormed space with respect to the paranorm
defined by
g(x) =

in f
{[

f̃mn

(
‖µmn(x) ,(d(x1) ,d(x2) , · · · ,d(xn−1))‖p

)]
≤ 1

}
.

Proof: Clearly g(x) ≥ 0 for

x = (xmn) ∈

[
Zα

χ2 f̃ λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I

Since f̃mn(0) = 0, we getg(0) = 0.
Conversely, suppose thatg(x) = 0, then

in f
{[

f̃mn

(
‖µmn(x) ,(d(x1) ,d(x2) , · · · ,d(xn−1))‖p

)]
≤ 1

}
.

Suppose thatµmn(x) 6= 0 for each m,n ∈ N. Then
‖µmn(x) ,(d (x1) ,d (x2) , · · · ,d (xn−1))‖p → ∞. It follows
that([

f̃mn

(
‖µmn(x) ,(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

)])1/H
→

∞ which is a contradiction. Thereforeµmn(x) = 0. Let([
f̃mn

(
‖µmn(x) ,(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

)])1/H
≤

1
and([

f̃mn

(
‖µmn(y) ,(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

)])1/H
≤

1

Then by using Minkowski’s inequality, we have([
f̃mn

(
‖µmn(x+ y) ,(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

)])1/H
≤

([
f̃mn

(
‖µmn(x) ,(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

)])1/H
+

([
f̃mn

(
‖µmn(y) ,(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

)])1/H
.

So we have
g(x+ y) =

in f
{[

f̃mn

(
‖µmn(x+ y) ,(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

)]

≤ 1} ≤
in f{[

f̃mn

(
‖µmn(x) ,(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

)]
≤ 1

}
+

in f{[
f̃mn

(
‖µmn(y) ,(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

)]
≤ 1

}
.

Therefore,

g(x+ y)≤ g(x)+g(y) .

Finally, to prove that the scalar multiplication is
continuous. Letλ be any complex number. By definition,
g(λx) =

in f
{[

f̃mn

(
‖µmn(λx) ,(d(x1) ,d(x2) , · · · ,d(xn−1))‖p

)]
≤ 1

}
.

Then
g(λ x) = in f{
((|λ | t)1/H :

[
f̃mn(‖µmn(λx) ,(d (x1) ,d (x2) , · · · ,

d (xn−1))‖p

)]
≤ 1 }where t = 1

|λ | . Since

|λ | ≤ max(1, |λ |) , we have
g(λ x)≤ max(1, |λ |) in f{

t1/H :
[

f̃mn

(
‖µmn(λx) ,(d(x1) ,d(x2) , · · · ,d(xn−1))‖p

)]
q1
}

This completes the proof.
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4.3 Theorem

Theβ− dual space of[
Zα

χ2 f̃ λ
,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I

=
[
Zα

Λ2 f̃ λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I

Proof: First, we observe that

[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
⊂

[
Zα

Γ 2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
.

Therefore

[
Zα

Γ 2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]Iβ
⊂

[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]Iβ
.

Hence
[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
(6)

⊂
[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]Iβ
. (7)

Next we show that[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]Iβ
⊂

[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I

Let

y= (ymn) ∈
[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]Iβ

Considerf (x) = ∑∞
m=1 ∑∞

n=1xmnymn with

x= (xmn) ∈
[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I

x= [(λmn−λmn+1)− (λm+1n−λm+1n+1)]

=




0 0 ...0 0 ... 0
0 0 ...0 0 ... 0
.
.
.

0 0 ... λrs
(m+n)!

−λrs
(m+n)! ... 0

0 0 ...0 0 ... 0




−




0 0 ...0 0 ... 0
0 0 ...0 0 ... 0
.
.
.

0 0 ... λrs
(m+n)!

−λrs
(m+n)! ... 0

0 0 ...0 0 ... 0




[
fmn

(
‖µmn(x) ,(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

)]
=




0 0 ...0 0 ... 0
0 0 ...0 0, ... 0
.
.
.

0 0 ... fmn

(
λrs

(m+n)!

)
fmn

(
λrs

(m+n)!

)
... 0

0 0 ... fmn

(
−λrs

(m+n)!

)
fmn

(
λrs

(m+n)!

)
... 0

0 0 ...0 0, ... 0




. Hence

converges to zero.

Therefore[(λmn−λmn+1)− (λm+1n−λm+1n+1)] ∈[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
.

Hence d ((λmn−λmn+1)− (λm+1n−λm+1n+1) ,0) = 1.
But

|ymn| ≤ ‖ f‖d ((λmn−λmn+1)− (λm+1n−λm+1n+1) ,0) ≤
‖ f‖ ·1< ∞ for eachm,n. Thus(ymn) is a double analytic
sequence and hence anp− metric space of Zweier
Musielak Orlicz function is a double analytic sequence.
In other words

y ∈
[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
. But

y = (ymn) is arbitrary in[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]Iβ
.

Therefore
[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]Iβ

⊂
[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
(8)

hTo prove the inclusion From (4.1) and (4.2) we get

[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]Iβ
=

[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]Iβ
.

4.4 Theorem

The dual space of[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
is

[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]Iβ
. In other

words[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I∗

=
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[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I

Proof: We recall thatδmn=




0 0 ...0 0 ...
0 0 ...0 0 ...
.
.
.

0 0 ... λrs
(m+n)! 0 ...

0 0 ...0 0 ...




with λrs
(m+n)! in the(m,n)th position and zero’s else where,

[
Zχ2 f ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
=




0. . . 0
.
.
.

0 f
(

λrs
(m+n)!

)1/m+n
. 0

(m,n)th

0 . . 0




which is a p− metric of double gai sequence of Zweier
Musielak Orlicz function. Hence,

x∈
[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
.

f (x) = ∑∞
m,n=1xmnymn with

x ∈
[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
and

f ∈
[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
, where

[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I∗

is the dual

space of[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I

Take

x = (xmn) ∈
[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
.

Then,
|ymn| ≤ ‖ f‖d(ϕrs,0)< ∞ ∀m,n (9)

Thus,(ymn) is a double analytic sequence and hence an
p− metric is a Zweier Musielak Orlicz function of double
analytic sequence. In other words,

y∈
[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
. Therefore

[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I∗

=
[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
. This

completes the proof.

4.5 Theorem

(i) If the sequence( fmn) satisfies∆2− condition, then[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
=

[
Zα

χ2gλ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
.

(ii) If the sequence(gmn) satisfies∆2− condition, then[
Zα

χ2gλ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
=

[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I

Proof: Let the sequence( fmn) satisfies∆2− condition, we
get

[
Zα

χ2gλ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I

⊂
[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
(10)

To prove the inclusion[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
⊂

[
Zα

χ2gλ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
,

let a ∈
[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
. Then

for all {xmn} with

(xmn) ∈
[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
we

have
∞

∑
m=1

∞

∑
n=1

|xmnamn|< ∞. (11)

Since the sequence( fmn) satisfies∆2− condition, then

(ymn) ∈
[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
,

we get∑∞
m=1 ∑∞

n=1

∣∣∣ ymnamnλrs
(m+n)!

∣∣∣< ∞. by (4.5). Thus

(amn) ∈
[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
=

[
Zα

χ2gλ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
and hence

(amn) ∈
[
Zα

χ2gλ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
. This

gives that
[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I

⊂
[
Zα

χ2gλ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
(12)

we are granted with (4.4) and (4.6)[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
=

[
Zα

χ2gλ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I

(ii) Similarly, one can prove that[
Zα

χ2gλ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
⊂

[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
if the sequence

(gmn) satisfies∆2− condition.

4.6 Proposition

If 0 < qmn< rmn< ∞ for eachm andm, then[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖
q
p

]I
⊆

c© 2016 NSP
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[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖
r
p

]I

Proof:Let

x = (xmn) ∈
[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖
q
p

]I
.

We have

suprs

[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖
q
p

]I
< ∞

for sufficiently large value ofm andn. Since fmn’s are
non-decreasing, we get

suprs

[
Zχ2 f ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖

r
p

]I
⊂

[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖
q
p

]I

Thus,

x= (xmn) ∈
[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖
r
p

]I
.

This completes the proof.

4.7 Proposition

(i) If 0 < in f qmn≤ qmn< 1 then[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖
q
p

]I
⊂

[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
.

(ii) If 1 ≤ qmn ≤ supqmn < ∞, then[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
⊂

[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖
q
p

]I

Proof: Let

x= (xmn) ∈
[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖
q
p

]I
.

Since 0< inf qmn≤ 1, we have

suprs

[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
⊂

[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖
q
p

]I
, and hence

x= (xmn) ∈
[
Zα

χ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
.

(ii) Let qmn for each(m,n) andsuprsqmn< ∞.
Let

x = (xmn) ∈
[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
.

Then for each 0< ε < 1, there exists a positive integerN
such that

suprs

[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
≤ ε < 1,

for all m,n≥ N. This implies that

suprs

[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖
q
p

]I
⊂

suprs

[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
.

Thus x = (xmn) ∈[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖
q
p

]I
.This completes

the proof.

4.8 Theorem

The space
[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
is

not Fatou property.
Proof: Let x= (xmn) be a real sequence and(xmn) be any
non-decreasing sequence of non-negative elements form[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
such that

xmn(i j )→ x(i j ) asi, j → ∞ coordinatewisely and

d (x,y) = supi, j

{∣∣xi j −0
∣∣1/i+ j
α : i, j = 1,2,3, · · ·

}
.

Let us denote
T = d (x,y) = supi, j

{∣∣xi j −0
∣∣1/i+ j
α : i, j = 1,2,3, · · ·

}
.

Since the supremum is homogeneous, then we have
1
T supr,s 1

λ α
rs

∑m∈Irs ∑n∈Irs

[
‖ηmn(x) ,(d(x1) ,d(x2) , · · · ,d(xn−1))‖p

]
≤

supr,s 1
λ α

rs

(
∑m∈Irs ∑n∈Irs[‖ηmn(x),(d(x1),d(x2),··· ,d(xn−1))‖p]

d(x,y)

)
=

d(x,y)
d(x,y) =

1 Also by the assumptions that(xmn) is non-dreceasing
and convergent tox coordinatewisely and by the
Beppo-Levi theorem, we have
1
T limmn→∞supr,s

1
λ α

rs
∑m∈Irs ∑n∈Irs [‖ηmn(x) ,(d (x1) ,d (x2) ,

· · · ,d (xn−1))‖p

]
=

supr,s
1

λ α
rs

(
∑m∈Irs ∑n∈Irs[‖ηmn(x),(d(x1),d(x2),··· ,d(xn−1))‖p]

T

)
≤ 1.

whence
d (x,y)≤ T = supi, j

{∣∣xi j −0
∣∣1/i+ j
α : i, j = 1,2,3, · · ·

}
=

limi, j→∞

{∣∣xi j −0
∣∣1/i+ j
α : i, j = 1,2,3, · · ·

}
< ∞.

Thereforex ∈
[
Zα

Λ2 f λ ,‖(d (x1) ,d (x2) , · · · ,d (xn−1))‖p

]I
.

On the other hand, since 0≤ x for any natural numberi, j
and the sequence(xi j ) is non-decreasing, we obtain the

sequence
({∣∣xi j −0

∣∣1/i+ j
α : i, j = 1,2,3, · · ·

})
is bounded

form above by d (x,y) . Therefore

limi, j→∞

{∣∣xi j −0
∣∣1/i+ j
α : i, j = 1,2,3, · · ·

}
≤ d (x,y)

which contradicts the above inequality proved already,
yields that

d (x,y) = limi, j→∞

{∣∣xi j −0
∣∣1/i+ j
α : i, j = 1,2,3, · · ·

}
. This

completes the proof.
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