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Abstract: In this paper we give local characterisations for basic connections adapted to vertical foliation and subfoliations onthe
big-tangent manifoldT M of a Riemannian space(M,g). Using some associated Vrănceanu connections we identifya triple of basic
connections adapted to vertical subfoliations. Finally, we give an application of these connections in study of Lagrangians on the
big-tangent manifold and also, we write in a simple form the equation of motion for scalar fields on the big-tangent manifold.
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1 Introduction and preliminary notions

1.1 Introduction

In the generalized geometryintitiated in [7], the tangent
bundle TM of a smoothn-dimensional manifoldM is
replaced by thebig-tangent bundle(or Pontryagin bundle)
TM⊕T∗M. On its total space the velocities and momenta
are considered as independent variables. This idea was
proposed and developed in [16], [17] and later was used
in the study of Hamiltonian-Jacobi theory for singular
Lagrangian systems [10]. On the other hand, very
recently, the geometry of the total space of the big-tangent
bundle, calledbig-tangent manifold, is intensively studied
in [20], where as for instance are investigate several linear
connections like Vrănceanu-Bott connection, connections
with no multimixed torsion, projectable connections.
These are linear connections on big-tangent manifold
with certain properties. Another studies about the
geometry of big-tangent bundle with some applications to
mechanical systems can be found in [6].

On a foliated manifold, basic connections are partial
connections on the transversal bundle, whose restriction
along the leaves works like Bott connection, [15]. The
study of basic connections was extended to manifolds
which admits subfoliations (also called 2-flags), [5].
In [8], [11] we have studied some basic connections both
on the tangent bundle of a Finsler space and on the
cotangent bundle of a Cartan space, adapted to

vertical-Liouville subfoliations defined by usual vertical
foliation and the line foliation spanned by a vertical
Liouville vector field. Using the framework of the
geometry on the big-tangent manifold, in a recent
paper [9], there is introduced the Liouville foliation on
the big-tangent manifold of a Finsler space and some
geometric properties in relation with some classical
ones, [1], are studied.

In this paper we are interested by basic connections
adapted to the vertical subfoliations on the big-tangent
manifoldT M whenM is Riemannian manifold. The first
section of paper presents some elementary notions about
basic connections on foliated manifolds, [15], and about
geometry of big-tangent manifolds, following [20]. We
are interested about foliations onT M, the vertical
foliation V , and the foliationsV1, V2, by fibres of
projections onT∗M, TM, respectively. In the second
section we consider the big-tangent manifold of a
Riemannian manifold (M,g) and we give locally
conditions for connections on the normal bundles ofT M
foliated byV , V1, V2, respectively, to be basic. In order to
give examples of such connections, we determine the
Levi-Civita connection of the Sasaki-type metricG
defined on T M and the coefficients of Vrănceanu
connections onT M foliated byV , V1, V2, respectively
(subsection 2.1.1). Next, after a briefly recall of notion of
subfoliation, in subsection 2.3, for the(n,2n)-subfoliation
(V ,V1) on (T M,G) a triple of basic connections adapted
to this subfoliation is obtained. In section 3, following
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some ideas from [4], we give an aplication of the
Vrănceanu connection on the foliated manifold(T M,V )
in study of a Lagrangian and the equation of motion for
scalar fiels on the big-tangent manifold.

1.2 Basic connections on a foliated manifold

A q-codimensional foliationF of a m-dimensional
manifoldM is a partition ofM into (m− q)-dimensional
submanifolds, called leaves. The set of vector fields
tangent to leaves form an integrable subbundleF of TM,
called the structural bundle of(M,F ). The transversal
bundleQF = TM/F is exactly the normal bundle ofF in
TM whenM is a Riemannian manifold.

On the foliated manifold(M,F ) there is an adapted
atlas whose coordinate system on the open setV ⊂ M is(
xi
)
= (xa,xu), wherea= 1,q, u= q+1,m, such that the

points in the same leafL ∩ V have their first q
coordinates equal, and are distinguished by their last
(m− q) coordinates. Locally, the structural bundleF is

spanned by
{

∂
∂xu

}
u
.

Also, if we consider the canonical exact sequence
associated to the foliation given by an integrable
subbundleF , namely

0−→ F
iF−→ TM

πQF
−→ QF −→ 0,

then we recall that a connection∇ : Γ (TM)×Γ (QF) →
Γ (QF) on the normal bundleQF is said to bebasicif

∇XY = πQF[X,Ỹ] (1)

for any X ∈ Γ (F), Ỹ ∈ Γ (TM) such thatπQF(Ỹ) = Y.
Obviously, the right-hand side of (1) does not depend by
choice of vector field̃Y, because the integrability ofF.

Let g be a Riemannian metric onM and∇M the Levi-
Civita connection on(M,g).

According to [3], the Vrănceanu connection∇∗ on
(M,g,F ) is defined by

∇∗
XY = πF ∇M

πF XπFY+πQF∇M
πQFXπQFY

+πF [πQFX,πFY]+πQF [πFX,πQFY] , (2)

for any X,Y ∈ Γ (TM), where πF and πQF are the
projection morphisms ofΓ (TM) on Γ (F) and Γ (QF),
respectively.

The linear connection∇∗ was defined first, using local
coordinates, by Vrănceanu [21] on a non-holonomic
manifold endowed with a linear connection, where by a
non-holonomic manifold we mean a manifold that is
endowed with two complementary distributions, at least
one of which is non-integrable.

Remark.The restriction of the Vrănceanu connection to the
normal bundleQF is an example of basic connection.

Remark.We notice that many of the connections that are
used in the literature to study foliated manifolds can be
related to the Vrănceanu connection in one way or the
other. For example, Bott connection [15] is the restriction
of the Vrănceanu connection to transversal distribution.
Also, the adapted connection of Reinhart [14] or Vaisman
connection (also called second connection) [19] are the
Vrănceanu connection on that foliated manifold.

On a Riemannian foliated manifold(M,g,F), the
holonomy invariance of the induced metricgQ on the
normal bundle is the condition for this foliation to be
Riemannian. In this case the metricg is called
bundle-like. We have the following property, [15]:

Proposition 1.1. The foliation F is Riemannian iff the
restriction of the Vrănceanu connection on the normal
bundle,∇ = ∇∗|Γ (TM)×Γ (QF), is satisfying∇XgQ = 0 for
all X ∈ Γ (F).

1.3 The big-tangent manifold

Let us consider the big tangent bundleTM ⊕ T∗M
associated to a smoothn-dimensional manifoldM. The
total space of the big-tangent bundle, calledbig-tangent
manifold, is a 3n-dimensional smooth manifold denoted
here by T M. Let us briefly recall some elementary
notions about the geometry of big-tangent manifoldT M.
For a detalied discussion about this geometry we
refer [20].

The points ofT M are triples(x,y, p), x∈ M, y∈ TxM,
p∈ T∗

x M, and one has local coordinates(xi ,yi , pi), where
i = 1, . . . ,n= dimM, (xi) are local coordinates onM, (yi)
are vector coordinates and(pi) are covector coordinates.
The change rules of these coordinates are:

x̃i = x̃i(x j ) , ỹi =
∂ x̃i

∂x j y
j , p̃i =

∂x j

∂ x̃i p j . (3)

OnT M, a vector fieldX and a 1-formϕ have the local
expressions

X = ξ i ∂
∂xi +η i ∂

∂yi + ζi
∂

∂ pi
, ϕ = αidxi +βidyi + γ idpi ,

(4)
and the coordinate transformation (3) leads to the
following transformation of vector and covector
coordinates:

ξ̃ i =
∂ x̃i

∂x j ξ j , η̃ i =
∂ ỹi

∂x j ξ j +
∂ x̃i

∂x j η j , ζ̃i =
∂ p̃i

∂x j ξ j +
∂x j

∂ x̃i ζ j ,

α̃i =
∂x j

∂ x̃i α j +
∂y j

∂ x̃i β j +
∂ p j

∂ x̃i γ j , β̃i =
∂x j

∂ x̃i β j , γ̃ i =
∂ x̃i

∂x j γ j .(5)

Also, for the big-tangent manifoldT M we have the
following projections

p : T M → M , p1 : T M → TM , p2 : T M → T∗M
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on M and on the total spaces of tangent and cotangent
bundle, respectively.

As usual, we denote byV = V(T M) the vertical
bundle on the big-tangent manifoldT M and it has the
decomposition

V =V1⊕V2, (6)

whereV1 = p−1
1∗ (V(TM)), V2 = p−1

2∗ (V(T∗M)) and have
the local frames{ ∂

∂yi }, { ∂
∂ pi

}, respectively.
The subbundlesV1, V2 are structural bundles of the

vertical foliations V1, V2 of T M by fibers of p2, p1,
respectively, andT M has a multi-foliate structure [18].

As usual, for tangent bundle and like in foliation
theory, the geometry of the big-tangent manifoldT M
may be developed by considering ahorizontal bundle H
such that

T(T M) = H ⊕V = H ⊕V1⊕V2. (7)

The first equality of (7) produces a double grading of
forms and multivectors onT M of bidegree of type(p,q)
that meansH-degreep and V-degreeq. The exterior
diferential admits the decomposition

d = d1,0+d0,1+d2,−1, (8)

whered0,1 means the exterior differential along the leaves
of V [19]. The second equality of (7), leads to a double
grading(r,s) (q= r+s) of V-degreeq,V1-degreer andV2-
degrees, respectively. This give a further decomposition of
the terms of (8), for instanced0,1 = d0,1,0+d0,0,1.

For a chosen horizontal bundleH, a vectorX ∈ TxM
has ahorizontal lift Xh defined byXh ∈H(x,y,p), p∗Xh = X,
andT(T M) has local canonical bases

{
δ

δxi =

(
∂

∂xi

)h

=
∂

∂xi − t j
i

∂
∂y j + ti j

∂
∂ p j

,
∂

∂yi ,
∂

∂ pi

}
,

(9)
where t j

i and ti j are local functions of(x,y, p). The
corresponding dual bases are given by

{dxi , δyi = dyi + t i
jdxj , δ pi = dpi − ti j dxj}. (10)

A change of coordinates (3) implies the following
transformation rules

δ
δ x̃i =

∂x j

∂ x̃i

δ
δx j , δ ỹi =

∂ x̃i

∂x j δy j , δ p̃i =
∂x j

∂ x̃i δ p j , (11)

t̃ i
j =

∂ x̃i

∂xh

∂xk

∂ x̃ j t
h
k −

∂xk

∂ x̃ j

∂ 2x̃i

∂xl ∂xk yl ,

t̃i j =
∂xh

∂ x̃i

∂xk

∂ x̃ j thk−
∂ 2xh

∂ x̃i∂ x̃ j ph. (12)

Conversely, every local functionst j
i andti j which satisfies

the local change rules from(12) leads to a direct
decomposition as in (7).

According to Proposition 4.1 [20], every horizontal
bundle onTM has a canonical lift to a horizontal bundle
on T M and every horizontal bundle on the cotangent
bundleT∗M has a canonical lift to a horizontal bundle on
T M. More exactly, if{ ∂

∂xi − t j
i (x,y)

∂
∂yj } is the local basis

of the horizontal bundle onTM then the local horizontal
basis of the canonical lift on T M is
{ ∂

∂xi − t j
i (x,y)

∂
∂yj + ph

∂ thi
∂yj

∂
∂ p j

} and if { ∂
∂xi + ti j (x, p) ∂

∂ p j
}

is the local basis of the horizontal bundle onT∗M then the
local horizotal basis of the canonical lift onT M is
{ ∂

∂xi − ph
∂ tih
∂ p j

∂
∂yj + ti j ∂

∂ p j
}.

As an usual example, see [20], every linear
connectionΓ onM with local coefficientsΓ i

jk locally span
a complement of the vertical distribution, that is a
horizontal bundle onT M, which has local basis

δ
δxi =

∂
∂xi − ykΓ j

ik
∂

∂y j + pkΓ k
i j

∂
∂ p j

. (13)

2 Basic connections on the big-tangent
manifold of a Riemannian space

In this section we consider the big-tangent manifold of a
Riemannian manifold(M,g), and firstly give some local
characterizations for a connection to be basic on the
manifoldT M foliated byV , V1, respectively. Then, we
determine the Levi-Civita connection of the Sasaki-type
metricG defined onT M and the Vrănceanu connections
on T M foliated by V , V1, V2, respectively, in order to
give examples of basic connections. Next, after a briefly
recall of notion of subfoliation, we make a general
aproach about basic connections on the
(n,2n)-subfoliation on(T M,G) defined byV and V1
and we give a triple of basic connections adapted to this
subfoliation.

2.1 Basic connections adapted to vertical
foliations

Let us consider a Riemannian space(M,g), Γ i
jk(x) its

Christoffel symbols and{dxi,δyi ,δ pi} the corresponding
cobasis of{ δ

δxi ,
∂

∂yi ,
∂

∂ pi
}, where δ

δxi are given by (13).
Then, the formula

G= gi j (x)dxi ⊗dxj +gi j (x)δyi ⊗ δy j +gi j (x)δ pi ⊗ δ p j ,
(14)

defines a metric on the big-tangent manifoldT M, which
is non degenerate onV and called theSasaki-type metric.
Here(gi j (x)) denotes the inverse matrix of(gi j (x)).

Firstly, we give a local description of a basic
connections associated to Riemannian manifold(T M,G)
with respect to foliationsV , V1, respectively.
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For this purpose, let us begin with the calculus of Lie
brackets of the vector fields of adapted basis
{ δ

δxi ,
∂

∂yi ,
∂

∂ pi
}. We have

[
∂

∂yi ,
∂

∂y j

]
= 0,

[
∂

∂yi ,
∂

∂ p j

]
= 0,

[
∂

∂ pi
,

∂
∂ p j

]
= 0,

[
δ

δxi ,
∂

∂y j

]
= Γ k

i j
∂

∂yk ,

[
δ

δxi ,
∂

∂ p j

]
=−Γ j

ik
∂

∂ pk
,

[
δ

δxi ,
δ

δx j

]
= ykRl

ik j
∂

∂yl
− pkR

k
il j

∂
∂ pl

(15)

where

Rl
ik j =

∂Γ l
ik

∂x j −
∂Γ l

jk

∂xi +Γ m
ik Γ l

jm−Γ m
jk Γ l

im.

Let us consider the following exact sequences
associated to foliationsV andV1, respectively

0−→V
i

−→ T(T M)
π

−→ H −→ 0,

0−→V1
i1−→ T(T M)

π1−→ H ⊕V2 −→ 0,

where i, i1, π ,π1 are the canonical inclusions and
projections, respectively.

According to (1), a connectioñ∇ on H is basic with
respect to the vertical foliation if

∇̃XZ = π [X, Z̃], (16)

for all X ∈ Γ (V), Z̃ ∈ Γ (T(T M)) andπ(Z̃) = Z.

Proposition 2.1.A connectioñ∇ onH is basic if and only
if in a local adapted basis{ δ

δxi ,
∂

∂yi ,
∂

∂ pi
}, we have

∇̃ ∂
∂yi

δ
δx j = 0, ∇̃ ∂

∂ pi

δ
δx j = 0,∀ i, j ∈ {1,2, . . . ,n}. (17)

Proof. Let ∇̃ : Γ (T(T M)) × Γ (H) → Γ (H) be a
connection onH with property (17). Let X ∈ Γ (V),
Z ∈ Γ (H), so their local form isX = ai

∂
∂yi + b j

∂
∂ p j

,

Z = ck
δ

δxk with ai, b j , ck local differentiable functions on
T M. Then, we can compute

∇̃XZ = ai∇̃ ∂
∂yi

Z+b j∇̃ ∂
∂ pj

Z = X(ck)
δ

δxk . (18)

An arbitrary vector field̃Z which projects intoZ ∈ H is by
the form

Z̃ = Z+ZV ,

according to decompositionT(T M) = H ⊕V. SinceV is
an integrable subbundle and, by(15), the Lie brackets

[
∂

∂yi ,
δ

δxk

]
,
[

∂
∂ p j

, δ
δxk

]
are vertical vector fields, we obtain

π([X, Z̃]) = π ([X,Z])

= π
(

X(ck)
δ

δxk −Z(ai)
∂

∂yi −Z(b j)
∂

∂ p j

)

+π
(

ckai

[
∂

∂yi ,
δ

δxk

]
+ ckb j

[
∂

∂ p j
,

δ
δxk

])

= X(ck)
δ

δxk .

By the last equality and (18), we obtain (16), so ∇̃ is a
basic connection onH.

Conversely, by direct calculation, in the adapted basis
{ δ

δxi ,
∂

∂yi ,
∂

∂ pi
} in T M, every basic connectioñ∇ on H is

locally satisfying (17). �

Also, a connection∇ on the normal bundleH ⊕V2 of
foliation V1 is basic if

∇XZ = π1[X, Z̃], (19)

for all X ∈ Γ (V1), Z̃ ∈ Γ (T(T M)) andπ1(Z̃) = Z.

Proposition 2.2.A connection∇ onH ⊕V2 is basic if and
only if in a local adapted basis{ δ

δxi ,
∂

∂yi ,
∂

∂ pi
}, we have

∇ ∂
∂yi

δ
δx j = 0, ∇ ∂

∂yi

∂
∂ p j

= 0, ∀ i, j ∈ {1,2, . . . ,n}. (20)

Proof. Let ∇ : Γ (T(T M))×Γ (H ⊕V2)→ Γ (H ⊕V2) be
a connection on H ⊕ V2 with property (20). Let
X ∈ Γ (V1), Z ∈ Γ (H ⊕ V2), so their local form is
X = ai

∂
∂yi , Z = ck

δ
δxk + b j

∂
∂ p j

with ai , b j , ck local

differentiable functions onT M. Then we can compute

∇XZ = ai∇ ∂
∂yi

ck
δ

δxk +ai∇ ∂
∂yi

b j
∂

∂ p j

= X(ck)
δ

δxk +X(b j)
∂

∂ p j
. (21)

An arbitrary vector fieldZ which projects intoZ ∈ H ⊕V2
is by the form

Z = Z1+Z,

according to decompositionT(T M) =V1⊕H⊕V2. Since
V1 is an integrable subbundle and, by(15), the Lie brackets[

∂
∂yi ,

δ
δxk

]
∈ Γ (V1), we obtain

π1([X, Z̄]) = π1 ([X,Z])

= π1

(
X(ck)

δ
δxk −Z(ai)

∂
∂yi + ckai

[
∂

∂yi ,
δ

δxk

])

= X(ck)
δ

δxk +X(b j)
∂

∂ p j
.

By the last equality and(21), we obtain (19), so ∇ is a
basic connection onH ⊕V2.

Conversely, by direct calculation, in the adapted basis
{ δ

δxi ,
∂

∂yi ,
∂

∂ pi
} in T M, every basic connection∇ onH⊕V2

is locally satisfying (20). �.
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2.2 Vr̆anceanu connections

In order to give some examples of basic connections, in
this subsection we are interested about the Vrănceanu
connection on the foliated manifoldT M with respect to
vertical foliationsV , V1 andV2, respectively.

Firstly, we give a local description of the Levi-Civita
connection associated to Riemannian manifold(T M,G).

Let ∇ be the Levi-Civita connection on the
Riemannian manifold(T M,G). Then we have

Lemma 2.1.Let (M,g) be a Riemannian space. Then the
Levi-Civita connection∇ on(T M,G) is locally expressed
as follows:

∇ δ
δxi

δ
δx j = Γ k

i j
δ

δxk
+

1
2

yl Rk
il j

∂
∂yk

−
1
2

pl R
l
ik j

∂
∂ pk

∇ ∂
∂yi

δ
δx j =−

1
2

yhRl
jhmgli g

mk δ
δxk

+
1
2

gmk
(

∂gim

∂x j −Γ l
jiglm−Γ l

jmgli

)
∂

∂yk

= ∇ δ
δxj

∂
∂yi −Γ k

ji
∂

∂yk

∇ ∂
∂ pi

δ
δx j =

1
2

phRh
jlmgli gmk δ

δxk

+
1
2

gmk

(
∂gim

∂x j +Γ i
jl g

lm−Γ m
jl gli

)
∂

∂ pk

= ∇ δ
δxj

∂
∂ pi

+Γ i
jk

∂
∂ pk

∇ ∂
∂yi

∂
∂y j =−

1
2

gmk
(

∂gi j

∂xm −Γ l
m jgli −Γ l

migl j

)
δ

δxk

∇ ∂
∂ pi

∂
∂y j = 0, ∇ ∂

∂yj

∂
∂ pi

= 0,

∇ ∂
∂ pi

∂
∂ p j

=−
1
2

gmk
(

∂gi j

∂xm +Γ j
mlg

li +Γ i
mlg

l j
)

δ
δxk .

Proof. Recall that the Levi-Civita connection on the
Riemannian manifold(T M,G) is given by the Koszul
formula

2G(∇XY,Z) = X(G(Y,Z))+Y(G(Z,X))−Z(G(X,Y))

+G([X,Y],Z)−G([Y,Z],X)+G([Z,X],Y)

for everyX,Y,Z ∈ Γ (T M). Now, taking into account the
relations

G

(
δ

δxi ,
δ

δx j

)
= G

(
∂

∂yi ,
∂

∂y j

)
= gi j (x),

G

(
∂

∂ pi
,

∂
∂ p j

)
= gi j (x),

G

(
δ

δxi ,
∂

∂y j

)
= G

(
δ

δxi ,
∂

∂ p j

)
= G

(
∂

∂yi ,
∂

∂ p j

)
= 0

by direct calculations using(15) we deduce that

G

(
∇ δ

δxi

δ
δx j ,

δ
δxk

)
=

1
2

(
∂g jk

∂xi +
∂gik

∂x j −
∂gi j

∂xk

)
,

G

(
∇ δ

δxi

δ
δx j ,

∂
∂yk

)
=

1
2

yhRl
ih jglk,

G

(
∇ δ

δxi

δ
δx j ,

∂
∂ pk

)
=−

1
2

phRh
il j g

lk

and then we obtain the local expression of the first relation.
Similarly, we get the other expressions of the Levi-Civita
connection.�.

Using relation(2) and the Levi-Civita connection∇
on the Riemannian manifold(T M,G) given above with
respect to the adapted basis{ δ

δxi ,
∂

∂yi ,
∂

∂ pi
}, we obtain the

following local expression for the Vrănceanu connection
∇∗ on the big-tangent manifoldT M of a Riemannian
space(M,g), endowed with the metric (14) and with
vertical foliationV :

∇∗
δ

δxi

δ
δx j = Γ k

i j
δ

δxk , ∇∗
∂

∂yi

δ
δx j = 0, ∇∗

∂
∂ pi

δ
δx j = 0,

∇∗
δ

δxi

∂
∂y j = Γ k

i j
∂

∂yk , ∇∗
∂

∂yi

∂
∂y j = 0, ∇∗

∂
∂ pi

∂
∂y j = 0,

∇∗
δ

δxi

∂
∂ p j

=−Γ j
ik

∂
∂ pk

, ∇∗
∂

∂yi

∂
∂ p j

= 0, ∇∗
∂

∂ pi

∂
∂ p j

= 0.

Similarly, we obtain the local expression of the Vrănceanu
connections∇∗

1 and∇∗
2 on the big-tangent manifoldT M

of a Riemannian space(M,g), endowed with the metric
(14) and with vertical foliationsV1 andV2, respectively:

∇∗
1 δ

δxi

δ
δx j = Γ k

i j
δ

δxk −
1
2

pl R
l
ik j

∂
∂ pk

, ∇∗
1 ∂

∂yi

δ
δx j = 0

∇∗
1 δ

δxi

∂
∂y j = Γ k

i j
∂

∂yk ,

∇∗
1 ∂

∂ pi

δ
δx j =

1
2

phRh
jlmgli gmk δ

δxk

+
1
2

gmk

(
∂gim

∂x j +Γ i
jl g

lm−Γ m
jl gli

)
∂

∂ pk

= ∇∗
1 δ

δxj

∂
∂ pi

+Γ i
jk

∂
∂ pk

,

∇∗
1 ∂

∂yi

∂
∂y j = 0, ∇∗

1 ∂
∂ pi

∂
∂y j = 0, ∇∗

1 ∂
∂yi

∂
∂ p j

= 0,

∇∗
1 ∂

∂ pi

∂
∂ p j

=−
1
2

gmk
(

∂gi j

∂xm +Γ j
mlg

li +Γ i
mlg

l j
)

δ
δxk
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and

∇∗
2 δ

δxi

δ
δx j = Γ k

i j
δ

δxk +
1
2

yl Rk
il j

∂
∂yk , ∇∗

2 ∂
∂ pi

δ
δx j = 0,

∇∗
2 ∂

∂yi

δ
δx j =−

1
2

yhRl
jhmgli g

mk δ
δxk

+
1
2

gmk
(

∂gim

∂x j −Γ l
jiglm−Γ l

jmgli

)
∂

∂yk

= ∇∗
2 δ

δxj

∂
∂yi −Γ k

ji
∂

∂yk ,

∇∗
2 ∂

∂yi

∂
∂y j =−

1
2

gmk
(

∂gi j

∂xm −Γ l
m jgli −Γ l

migl j

)
δ

δxk
,

∇∗
2 ∂

∂ pi

∂
∂y j = 0, ∇∗

2 δ
δxi

∂
∂ p j

=−Γ j
ik

∂
∂ pk

,

∇∗
2 ∂

∂yi

∂
∂ p j

= 0, ∇∗
2 ∂

∂ pi

∂
∂ p j

= 0.

Finally, we obtain

Proposition 2.3.a) The restiction of the connection∇∗

to Γ (T(T M))×Γ (H) is a connection onH, denoted by
∇̃∗, which satisfies conditions (17), so it is basic with
respect to vertical foliationV .

b) The restriction of the connection∇∗
1 to

Γ (T(T M)) × Γ (H ⊕ V2) is a connection onH ⊕ V2,
denoted by∇∗

1, which satisfies conditions (19), so it is
basic with respect to foliationV1.

Moreover, using local expression of Vrănceanu
connections∇∗, ∇∗

1, we obtain the following nonzero

local coefficients of̃∇∗, ∇∗
1:

∇̃∗
δ

δxi

δ
δxi = Γ k

i j
δ

δxk , ∇∗
1 δ

δxi

δ
δx j = Γ k

i j
δ

δxk −
1
2

pl R
l
ik j

∂
∂ pk

,

∇∗
1 ∂

∂ pi

δ
δx j =

1
2

phRh
jlmgli gmk δ

δxk

+
1
2

gmk

(
∂gim

∂x j +Γ i
jl g

lm−Γ m
jl gli

)
∂

∂ pk
,

∇∗
1 ∂

∂ pi

∂
∂ p j

=−
1
2

gmk
(

∂gi j

∂xm +Γ j
mlg

li +Γ i
mlg

l j
)

δ
δxk .

Now we can verify the condition from Proposition 1.1 to
check if the foliationsV , V1 are Riemannian foliations.

The metric induced in the normal bundle ofV , H, is
GH = gi j (x)dxi ⊗dxj and∇̃∗

XGH = 0 for everyX ∈ Γ (V)
is equivalent to

GH

(
∇̃∗

∂
∂yi

δ
δx j ,

δ
δxk

)
+GH

(
δ

δx j , ∇̃
∗

∂
∂yi

δ
δxk

)
= 0,

GH

(
∇̃∗

∂
∂ pi

δ
δx j ,

δ
δxk

)
+GH

(
δ

δx j , ∇̃
∗

∂
∂ pi

δ
δxk

)
= 0,

which are true sincẽ∇∗
∂

∂yi

δ
δxj = 0, ∇̃∗

∂
∂ pi

δ
δxj = 0, for all

i, j,k = 1,n.

The metric induced in the normal bundle ofV1, H⊕V2,
is G1 = gi j (x)dxi ⊗dxj +gi j (x)δ pi ⊗ δ p j and∇∗

1XG1 = 0
for everyX ∈ Γ (V1) is equivalent to

G1

(
∇∗

1 ∂
∂yi

δ
δx j ,

δ
δxk

)
+G1

(
δ

δx j ,∇
∗
1 ∂

∂yi

δ
δxk

)
= 0,

G1

(
∇∗

1 ∂
∂yi

δ
δx j ,

δ
δ pk

)
+G1

(
δ

δx j ,∇
∗
1 ∂

∂yi

δ
δ pk

)
= 0,

G1

(
∇∗

1 ∂
∂yi

δ
δ p j

,
δ

δ pk

)
+GH

(
δ

δ p j
,∇∗

1 ∂
∂yi

δ
δ pk

)
= 0,

which is true because∇∗
1 is a basic connection. It follows

that:
Proposition 2.4.The foliationsV andV1 are Riemannian
foliations and the Sasaki-type metric (14) is bundle-like
with respect to both foliations onT M.

Remark.By similar arguments, the foliationV2 is
Riemannian, too.

2.3 Basic connections adapted to vertical
subfoliations

In this subsection, following [5], we briefly recall the
notion of a (q1,q2)-codimensional subfoliation on a
manifold and we identify the(n,2n)-codimensional
subfoliation (V ,V1) on the big tangent manifoldT M
whereV is the vertical foliation andV1 is the foliation by
fibers of projectionp2 on TM. Firstly we make a general
approach about basic connections on the normal bundles
related to this subfoliation and next a triple of adapted
basic connections with respect to this subfoliation is
given.
Definition 2.1. [5] Let M be a n-dimensional manifold
and TM its tangent bundle. A(q1,q2)-codimensional
subfoliation on M is a couple (F1,F2) of integrable
subbundlesFk of TM of dimensionn−qk, k= 1,2 andF2
being at the same time a subbundle ofF1.

For a subfoliation (F1,F2), its normal bundle is
defined asQ(F1,F2) = QF21⊕ QF1, whereQF21 is the
quotient bundleF1/F2 andQF1 is the usual normal bundle
of F1. So, an exact sequence of vector bundles

0−→ QF21
i

−→ QF2
π

−→ QF1 −→ 0 (22)

appears in a canonical way.
For a(q1,q2)-subfoliation(F1,F2) we can consider the

following exact sequence of vector bundles

0−→ F2
i0−→ F1

π0−→ QF21−→ 0 (23)

and, according to [5], a connection∇ onQF21 is said to be
basic with respect to the subfoliation(F1,F2) if

∇XY = π0[X,Ỹ] (24)

for anyX ∈ Γ (F2) andỸ ∈ Γ (F1) such thatπ0(Ỹ) =Y.
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2.3.1 The(n,2n)-codimensional subfoliation(V ,V1) of
(T M,G)

Taking into account the discussion from the previous
section, we have on the 3n-dimensional big tangent
manifold T M the (n,2n)-codimensional subfoliation
(V ,V1). We also notice that the metric structureG on
T M given by (14) is compatible with the subfoliated
structure, that is

QV ∼= H, QV1
∼= H ⊕V2,V/V1

∼=V2.

Let us consider the following exact sequences associated
to the subfoliation(V ,V1)

0−→V1
i0−→V

π0−→V2 −→ 0,

where i0, π0 are the canonical inclusion and projection,
respectively.

A triple (∇2,∇, ∇̃) of basic connections on normal
bundlesV2, H ⊕V2, H, respectively, is called (according
to [5]) adaptedto the subfoliation(V ,V1) if, considering
the exact sequence

0−→V2
i′

−→ H ⊕V2
π ′

−→ H −→ 0,

there are the relations:

i′(∇2
XZ2) = ∇X i′(Z2), π ′(∇XZ) = ∇̃Xπ ′(Z), (25)

for anyX ∈ Γ (V1), Z2 ∈ Γ (V2), Z ∈ Γ (H ⊕V2).
By (24) a connection∇2 onV2 is basic with respect to

the subfoliation(V ,V1) if

∇2
XZ2 = π0[X, Z̃], (26)

for all X ∈ Γ (V1), Z̃ ∈ Γ (V) with π0(Z̃) = Z2.
Proposition 2.5.A connection∇2 on V2 is basic if and
only if in a local adapted basis{ δ

δxi ,
∂

∂yi ,
∂

∂ pi
},

∇2
∂

∂yi

∂
∂ p j

= 0, ∀ i, j ∈ {1,2, . . . ,n}. (27)

Proof. Let ∇2 be a connection onV2 with property (27).
Let X ∈ Γ (V1), Z2 ∈ Γ (V2), so their local forms areX =

ai
∂

∂yi , Z2 = b j
∂

∂ p j
with ai , b j local differentiable functions

onT M. Then we can compute

∇2
XZ2 = ai∇2

∂
∂yi

Z2

= aib j∇2
∂

∂yi

∂
∂ p j

+ai
∂b j

∂yi

∂
∂ p j

= X(b j)
∂

∂ p j
. (28)

An arbitrary vertical vector field̃Z which projects intoZ2 ∈
V2 is by the form

Z̃ = Z1+Z2,

according to decomposition (6), and, sinceV1 is an
integrable subbundle, we have

π0([X, Z̃]) = π0 ([X,Z2])

= π0

(
X(b j)

∂
∂ p j

−Z2(ai)
∂

∂yi

)

= X(b j)
∂

∂ p j
.

By the last equality and(28), we obtain (26), so ∇2 is a
basic connection onV2.

Conversely, by direct calculation, in the adapted basis
{ δ

δxi ,
∂

∂yi ,
∂

∂ pi
} in T M, every basic connection∇2 onV2 is

locally satisfying (27). �.

Proposition 2.6.The restriction of∇∗
2 to Γ (V)×Γ (V2) is

a connection onV2, denoted by∇∗2
2 , which satisfies

conditions (27), so it is a basic connection with respect to
subfoliation(V ,V1).

2.3.2 A triple of basic connections adapted to subfoliation
(V ,V1)

In order to identify a triple of basic connections adapted
to subfoliation (V ,V1), we consider the Vrănceanu
connections introduced in subsection 2.1.1, and the basic
connections̃∇∗, ∇∗

1, ∇∗2
2 from Propositions 2.3 and 2.6.

The relations (25) are satisfied:

i′(∇∗2
2 ∂

∂yi
Z2) =

∂Z j

∂yi

∂
∂ p j

= ∇∗
1 ∂

∂yi
Z2 = ∇∗

1 ∂
∂yi

i′(Z2),

π ′(∇∗
∂

∂yi
Z) =

∂Zh
j

∂yi

δ
δx j = ∇̃∗

∂
∂yi

Zh,

for anyZ = Zh +Z2 ∈ Γ (H ⊕V2), locally given byZh =

Zh
j

δ
δxj , Z2 = Zi

∂
∂ pi

.

Hence we have the following result:

Proposition 2.7. The triple (∇∗2
2 ,∇∗

1, ∇̃∗) of basic
connections on normal bundlesV2, H ⊕ V2, H,
respectively, is adapted to the subfoliation(V ,V1) of
big-tangent manifold(T M,G).

Remark.If we consider the (n,2n)-codimensional
subfoliation (V ,V2), by some analogous considerations
we obtain that the restrictions of connections∇∗

2, ∇∗
1 to

Γ (T(T M)) × Γ (H ⊕ V1), Γ (V) × Γ (V1), respectively,
are basic connections with respect to foliationV2 and to
subfoliation (V ,V2), respectively. These restrictions
together with ∇̃∗ represent also a triple of basic
connections on(T M,G), adapted now to subfoliation
(V ,V2).
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3 Lagrangians and equation of motion for
scalar fields on the big tangent manifold

In [4], the equation of motion forp scalar fieldsQA,
A = 1, p, on a foliated manifoldM, are expressed using
covariant derivative with respect to Vrănceanu connection
on that manifold. In this section we apply that ideea for
the case of big tangent manifold,(T M,V ) of a
Riemannian manifold(M,g), introduced in Section 1.3.

We start with a Lagrangian depending byr scalar fields
QA = QA(x,y, p), A= 1, r, onT M:

L = L

(
gi j ,Q

A,
δQA

δxi ,
∂QA

∂yi ,
∂QA

∂ pi

)
, (29)

which is invarinat under the coordinate transformations
(3).

Considering the functionH locally defined by

H(x) =
√
|det(gi j (x)|,

from direct calculation we have the following
transformation law in the intersection of two domains of
local chart

H̃ =

∣∣∣∣det

(
∂xi

∂ x̃i1

)∣∣∣∣ ·H.

Then
L0 = H ·L , (30)

is a Lagrangian density onT M.
The Euler-Lagrange equations for fieldsQA are

∂L0

∂QA −
∂

∂xi


 ∂L0

∂
(

∂QA

∂xi

)




−
∂

∂yi



 ∂L0

∂
(

∂QA

∂yi

)



−
∂

∂ pi



 ∂L0

∂
(

∂QA

∂ pi

)



= 0 (31)

Taking into account relation (13), we obtain

∂L0

∂
(

∂QA

∂xi

) =
∂L0

∂
(

∂QA

∂yi

) | δQA

δxi =ct.
− ykΓ i

jk
∂L0

∂
(

δQA

δxi

) , (32)

∂L0

∂
(

∂QA

∂ pi

) =
∂L0

∂
(

∂QA

∂ pi

) | δQA

δxi =ct.
− pkΓ k

ji
∂L0

∂
(

δQA

δxi

) . (33)

Equation(31) becomes

∂L0

∂QA −
δ

δxi


 ∂L0

∂
(

δQA

δxi

)




−
∂

∂yi


 ∂L0

∂
(

∂QA

∂yi

)


−

∂
∂ pi


 ∂L0

∂
(

∂QA

∂ pi

)


= 0, (34)

and, from (30), it results

∂L

∂QA −
δ

δxi


 ∂L

∂
(

δQA

δxi

)


−

∂
∂yi


 ∂L

∂
(

∂QA

∂yi

)




−
∂

∂ pi



 ∂L

∂
(

∂QA

∂ pi

)



=
1
H

δH
δxi ·

∂L

∂
(

δQA

δxi

) . (35)

Now we denote

L
i
A :=

∂L

∂
(

δQA

δxi

) ,

which, from (11), are components of a horizontal vector
field and

L
′ i
A :=

∂L

∂
(

∂QA

∂yi

) , L
′′ i

A :=
∂L

∂
(

∂QA

∂ pi

)

which are components of vertical vector fields.
The derivatives ofL i

A, L ′ i
A, L ′′ i

A with respect to
Vrănceanu connection∇∗, given locally in subsection 2.2,
are

L
i
A| j =

δL i
A

δx j +L
k
AΓ i

k j , L
′ i
A| j =

∂L ′ i
A

∂y j , L ′′ i
A| j =

∂L ′′ i
A

∂ p j
.

Then equation(35) could be written by the form

∂L

∂QA −L
i
A|i −L

′ i
A|i −L

′′ i
A|i =

1
H

δH
δxi ·L

i
A−L

k
AΓ i

ki.

(36)
But H = H(x), so we obtain by direct calculation

1
H

δH
δxi =

1
H

∂H
∂xi =

1
2

g js ∂g js

∂xi .

Taking into account thatΓ k
i j are the Christoffel symbols on

the Riemannian manifold(M,g), it follows

1
H

δH
δxi = Γ j

i j .

Finally, the equation of motion for the scalar fieldsQA have
the following nice form

∂L

∂QA −L
i
A|i −L

′ i
A|i −L

′′ i
A|i = 0.

Remark.Generally, the Lagrangian (29) is also considered
invariant to the action of a Lie group on the fieldsQA. In
this case equations of motions also could be calculated by
the means of Vrănceanu connection, but this is not the
purpose of the present paper.
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