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1 Introduction 2 Preliminaries

We will need the following definitions and results in this

The notion of cone metric space was introduced bypaper.

Haung and Zhangllg] in 2007. They replace an ordered Definition 2.1[18] LetQ be a real Banach space and P be
Banach space for the real numbers and proved some fixesl subset of). Then P is called cone if and only if:

point theorems of contractive mappings in cone metric(i) P is closed, nonempty and-P{0};

space. In 2003, Mustafa and Sin&] introduced a new (i) cp + dq € Pforallp,qg € P where ¢d are
concept of generalized metric spaces, which are known agon-negative real numbers;

G-metric spaces. In 2000, Dhagdd] defined the concept  (iii) PN —P = {0}.

of D-metric spaces as a generalization of metric spaces

and proved some important results in such spacesDefinition 2.2[18 Suppose P be a cone in real Banach
Shabnam et al 29 modify D-metric space and thus gave spaceQ, we define a partial orderingc with respect to P
the idea ofD*-metric spaces. In 2010, Aage and Salunkeby p< q iff g— p € P. We shall write p< g to indicate
introduced generalized*-metric space by replacifigby  that p < g but p# g, while p< g will stand for

a real Banach space bi-metric spaces and proved some g— p € intP.

fixed point theorems in generalizeld*-metric space. . ) . .
Moreover, In 2002, BranciarB| gave the idea of integral Definition 2.3[18] The cone P is called normal if there is
type contractive mappings in complete metric spaces anumpPer K> 0 such that for all pg € Q, 0< p<q
study the existence of fixed points for mappings which isMPlies|pll < K|al[. oy

defined on complete metric space satisfies integral typ least positive number K satisfying the above
contraction. Recently R. Shah et ap5], proved some inequality is called the normal constant of cone.

fixed point theorems in cone b-metric space by using thg, o following we always suppose that is a Banach

idea of A. Branciari 8] of integral type contraction. In Pi ; ith intP < i tial
this paper, by using the same idea given by A. Branciarizfggre“l]gI&?ﬁgggég‘%g' intP 7 0 and< is a partia

[8] of integral type contraction we prove some fixed point
and common fixed point theorems of integral type Definition 2.4{1] LetY be a non-empty set. A generalized
contractive mappings in setting of generaliZettmetric D*-metric space onY is a function,DY xY xY — Q,
space. We recommend some other references to the readiat satisfies the following conditions for all\yw,a € Y :
see, B,2,4,5,6,7,8,9,10,12,13,14,17,20,21,24,26,27, (1) D*(u,v,w) > 0,

28,30,31]. (2) D*(u,v,w) =0ifand only if u=v=w,
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(3) D*(u,v,w) = D*(p{u,v,w}), where p is a permutation
function,

(4) D*(u,v,w) < D*(u,v,@) + D*(a,w,w),

Then the function Dis called a generalized Dmetric and
the pair(Y,D*) is called a generalized Dmetric space.

Example 2.51] LetQ = R?, P= {(u,v) € Q : u,v > 0},
Y=Rand D :Y xY xY — Q defined by D(u,v,w) =
(U= + V=Wl + [u—w], a(ju—V]+[v—w|+ |u—w)),
wherea > 0is constant. TheriY,D*) is generalized D-
metric space.

In 2002, Branciari in §] gave the idea of integral type
contraction and introduced a general contractive conditio

of integral type as follows.

Theorem 2.68] Let(Y,d) be a complete metric spaae,c
(0,1)and f:Y —Y isamapping such that for allxe Y,

d(f(x),f(y)) d(xy)
/ pdt=a [ gt
0 0

We show the common valug°" by

b b
/ @(x)dp(x) or simply by / odp.
a a

Let.#*([a,b],P) denotes the set of all cone integrable
functions.

Lemma 1[22] Let f,g € #*([a,b],P). The following two
statements hold.

—1) If [ab] C [ac], then [Pfdp < [Sfdp, for
f ¢ Z%([a,b],P).

—2) [P(af +Bg)dp=a [P fdp+ B [Pgdp, fora,B e
R.

Definition 2.11[22] The function¢ : P — P is called
subadditive cone integrable function if and only if for all
c,deP

c+d c d
where @ : [0,+®) — [0,+) is nonnegative and /o ¢0|P§/0 ¢0|P+/O ¢dp
Lebesgue-integrable mapping which is summable (i.e.;

with finite integral) on each compact subset [0f+o)

such that for eacke > 0, [§ ¢(t)dt > 0, then f has a
unique fixed point & Y, such that for each x Y,

limpe f(X) = a

In [22], Khojasteh et al. presented the new concept of
integral with respect to a cone and introduced the

Branciaris result in cone metric spaces.

Definition 2.7Suppose that P is a normal cone@ Let
a,b e P and a< b. We define

[a,b] :={xe G :x=tb+ (1—t)a, for some te [0,1]},
[a,b) :={xe G:x=tb+ (1—t)a, for somete [0,1)}.
Definition 2.8The set{a = xg,X1,...,Xxn = b} is called a
partition for [a, b] if and only if the setg [x;_1,x)]}{L; are

pairwise disjoint anda, b] = {UiL [%-1,%)) } U{b}.
Definition 2.9For each partition P of[a,b] and each

increasing functionp : [a,b] — P, we define cone lower
summation and cone upper summation as

n-1
LEM@P) = 3 @0l =l
1=

n—-1
Us*(e.P) = 3 o0)l X
1=
respectively.

Definition 2.10Suppose that P is a normal cone (.
@ : [a,b] — P is called an integrable function ofa, b]

Example 2.1222) LetQ =Y =R, d(u,v) = lu—V|, P=
[0,+), and @ (t) = Hil forallt > Othenforallcd e P,

c+d dt | q
/0 g = Inle+d+1),

¢ dt
/0 g = In(e+ D)

d dt
/0 g = In@+)

since cd> 0, thenct+d+1<c+d+1+cd=(c+1)(d+
1) Therefore,

In(c+d+1) <In((c+1)(d+1))=In(c+1)+In(d+1).

Which showing thatp is subadditive cone integrable
function.

Lemma 2][1] Let (Y,D*) be a generalized Dmetric
space, P be a normal cone. Lftn} be a sequence in Y.
Then{un} converges to u if and only if Dum, un,u) — 0
asmn — oo,

Lemma 3[1] Let(Y,D*) be a generalized Dmetric space
then the following are equivalent.

(i) {un} is D*-convergent to u.

(i) D*(Un,Un,u) — 0, as u— oo,

(iii ) D*(up,u,u) — 0, as u— oo.

Lemma4[1] Let (Y,D*) be a generalized Dmetric
space, P be a normal cone. Lt} be a sequence in V. If

with respect to cone P or to simplicity, Cone integrable {Un} converges to u angu,} converges to v, then+ v.

function, if and only if for all partition P ofa, b]
i Con _ Con__ |; Con

where §°"must be unique.

That is limit is unique.

Lemma5]1] Let (Y,D*) be a generalized Dmetric
space{un} be sequencein Y. {lun} converges to u, then
{un} is a Cauchy sequence.
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Lemma6[1] Let (Y,D*) be a generalized Dmetric ~ Proof. Letug € Y. Chooseu; € Y such thatHug = Mu;
space, P be a normal cone. Lft,} be a sequence in Y. With Hun_1 = Mun.
Then {u,} is a Cauchy sequence if and only if Wehave

D*(Um, Un,u;) — 0as mn,| — oo, D* (MunMup  1.Mun 1) D* (Huy_1.Hun.Hun)
) o = |, b
Proposition 1./3] Let f and g be weakly compatible self - /D*(M“n—IMUn:M“m 0
maps of a set Y. If f and g have a unique point of -
coincidence w= fu = gu, then w is the unique common N b/‘D (-3t 18-
0

fixed point of f and g.

-D* (Mun,Hun,Hun)
+c ¢d,
Theorem 2.1322] Let (Y,d) be a complete regular cone /0 * (M HuHun)

metric space and H be a mapping on Y. Suppose that + d/ ¢dp

there exist a functio® from P into itself which satisfies: °

D* (Mup_1.Mun,Mun)
(i) 6(0)=0andO(t) > 0forallt > 0. - a./o d
(i) The function® is nondecreasing and continuous. . b/o*wunfl.mn,wn)d)d
Moreover, its inverse is also continuous. Jo P
(ii ) For all 0# € € P, there exis® > 0 such that for all N C/'D*(M“"*M“nﬂ*“”“nmd,d
abeyY 0 P
? -D* (Mun,Mupn 1.Mup ;1)
+ d/ dp

6(d(a,b)) < £+ & impliesB(d(Ha,Hb)) < &.  (2.1) L o v
. - (a+b)/ $dp
(iv) Foralla,beY

0

D*(Mun,Mup 1,Mup 1)
+ (c+d) /

B(a+b)<6(a)+0(b). (2.2) -
This implies

¢dp

Then the function H has a unique fixed point.

Remark 2.1422] If ¢ : P — P is a non-vanishing map and X X

a sub-additive cone integrable on edehb] c P such that /D (M, Mun--1,MUp-2) by < q/D (M1, Mun, Mun) éd
for eache > 0, [§ ¢dp > 0and6(x) = [§ ¢dp musthave Jo =" P
the continuous inverse, théhis satisfies in all conditions

in Theoren?.13 whereq = &2

1—(c+d)’

repeating this process, we get

D*(Mun,Mup11,Mupy1) n D*(Mug,Muy,Muy)
3 Main Results /0 ¢dp <q /0 ¢dp

. . ' , Then for allm,n € N, n < m. we have,
In this section, we prove some fixed point and common en forafim,n e < €

fixed point theorems in generaliZe*-metric space by o e o M)
using integral type contractive mappings. Our first main/0 ¢dy, < / "
result is stated as:

o P

/D* (Mun 1. Mup 3. Mup, 2)
0

: . +
Theorem 3.1et (Y,D*) be a generalized Dmetric ’
space and P be a normal cone. Let: Y — Y be two . /D*<M“"+2’M“n+2“”n+3)
mappings which satisfy the following conditions, Jo P
(HH(Y) CM(Y) o [T g
(ihH(Y) or M(Y) is complete and Jo o e o
(iii ) < (q”+q"“+---+q’“*1)/o T b,

-D*(Hu,Hv,Hw) -D* (Mu,Mv,Mw) D*(Mu,Hv,Hv) n -D* (Mug,Muq,Muy)

A p<af b [ o < l‘iq/{) T gd, 0

D* (Mv,HV,Hv) D* (Mw,Hw,Hw)
+ c‘/o ¢dp+d‘/0 6d, Thus

for all u,v,w e Y, where ab,c.d >0, a+b+c+d< 1. mmD*(MUmMUm,MUm) =0.

Supposep : P — P is a Lebesgue integrable mapping "

which is summable, non-negative and such that for eactso, {Mu,} is D*- Cauchy sequence, sindé(Y) is D*
£ >0, [5 ¢dy > 0 having continuous inverse. Then M complete, there exist € M(Y) such thatfMu,} — j as
and H have a unique point of coincidence in Y. Moreovern — o, there existl € Y such thatM, = j. If H(Y) is
if M and H are weakly compatible, then M and H have a complete, then there exigte H(Y) such thatMu, — j,
unigue common fixed point. asH(Y) Cc M(Y), we havej € M(Y). Then there exist
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| €Y such thatV; = j. We claim thatH, = j, Proof. The proof uses Resul8.1 by replacing M by
wan o identity mapping.
L e = [ 9dy
D* (Hy,H; Hun) (Hun,j.j)
</ o+ | o0 Theorem 3.3 et (Y,D*) be a generalized Dmetric
oo [P O space and P be a normal cone. LetiM: Y — Y be two
= a/ Pap+ / vdo mappings which satisfy the following conditions,
D* (M) H| H) D* (Mun,Hun,Hun) (|)H (Y) C M(Y)
+ef ddp+d | o (il )H(Y) or M(Y) is complete and
D* (Mun; 1.J.)) (i)
+ [ ¢d,

D*(j.j,Mun) D*(j.H.Hp)
<a / ¢dp b / od,
Jo Jo
D (j.H Hy) D* (Mun,Mup 4 1.Mup 1)
tc /0 ¢dy+d /0 ¢d,

-D* (Mup1.].1) b(
i /0 4100 ¢dp +
[D* (Mu,Hw,Hw)+D*(Mw,Hu,Hu)|
+ c(/
0

D*(Hu,Hv,Hw) [D*(Mu,HV,HV)+D*(Mv,Hu,Hu)]
/O ¢dp < a</0 ¢dp)

[D*(Mv,HwW,HW)-+D*(Mw,HV,HV)|
J %)

This implies that ¢dp)

D*(Hy Hy.j) a4 < a D*(j,j,Mun) q
/o ¢p—1—(b+c)/o ¢dy
for all u,vyw €Y, where ab,c >0, 2a+ 2b+2c < 1.

I d /D (Ml Muln.1,Mt1) d Supposep : P — P is a Lebesgue integrable mapping
1—(b+c)Jo P which is summable, non-negative and such that for each

1 D*(Mun1.j.)) € >0, [§ ¢dp > 0 having continuous inverse. Then M
+ m/o p and H have a unique point of coincidence in Y. Moreover

if M and H are weakly compatible, then M and H have a

This implies, unique common fixed point.

D*(Hi,H,j) =0asn — . So,H, = j.i.e.H =M, and |

is a point of coincidence point of M and H. Next we show
the uniqueness.

For this, suppose that there exists a point q in Y such th
Mg = Hg. Now

roof. Let ug € Y. Chooseu; € Y such thatHup = Muy
ith Hup = Mup1.

We have
D* H| Hy, Hq) M| My Mq) (M| Hj.Hy)
Jo 0 D*(Mun,Mup 1,.Mup 1) D*(Hup_1.Hun.Hun)
l <af b %
* (M H. H|) D* (Mg,Hg.Hg) q /0 dp = /0 P
/ /0 ¢ P [D*(Mup_1.Hun.Hun)+D* (Mun,Hup_1.Hup 1))
/ *(HyH Hq) < a(/o ¢dp)
~[D*(Mun,Hun,Hun)+D* (Mun,Hun.Hun)]
we have + b(/o 9dy)
D*(Hy,H,Hq) D*(Hy,H,Hg) +[D* (Mup,_1,Hun,Hun)+D* (Mun,Hup_1,Hup_1)]
/ ¢dp§a/ ¢dp +c</0 ¢dp)
0 0 [D* (Mup_1.Mun,Mun)+D* (Mun,Mup { 1.Mup, 1)]
Sincea+b+c+d < 1. HenceD*(Hj,Hj,Hq) = 0 i.e. :(a“’)/o b
H| = Hq. Thusl is a unique point of commdence of Mand gy 7 MM M)
H. So, M and H have a unique common fixed point. " / ¢dp

Corollary 3.2Let (Y,D*) be a generalized Dmetric o
space and P be a normal cone. Let:lY — Y be a  Thisimplies that
mapping which satisfy condition,

D*(Hu,Hv,Hw) D* (u,v,w) D*(u,Hu,Hu) D*(Mun,Mup:1,Mup1) D*(Mup_1,Mun,Mun)
/O ¢dp < a/o ¢dp+b/ ¢dp / ¢dp < q/ ¢dp
0 0

D*(v,Hv,HvV) D* (w,Hw,Hw)
Y /0 ¢dp+d / od

for allu,vywe Y, where ab,c.d >0, a+b+c+d< 1
Suppose¢ P—Pisa Lebesgue integrable mapping get

which is summable, non-negative and such that for each

€ >0, [§¢dp > 0 having continuous inverse. Then H /D" (Mun.Mup.1.Mun.1) o [P (Muo,Muy,Muy)
have a unique fixed pointin Y. /o ¢dp<q / p

where 5 (a+h)

T(araprg 9 € [0,1), repeating this process, we
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Thenforallmne N,n<m.

we have,

D* (Mum,Mun,Mun) D*(Mum,MUp 1, MU 1)
/ b < [ b
0 J0

-D* (Mupm4-1,Mun,Mun)
+ b
0
/~D*(Mum.Mum+1.Mum+1)
o P
D* (MUpp1,MUm 2. MUy 2)
+ b
0

D* (Mup_1.Mun.Mun)
ot ¢d,
JOo
D* (Mug.Muq,Muq)
< (qm+q"‘“+»~+q"*1>/o b

<

m  D*(Mug,Mup,Muyp)
g / $dy 0.
0

1-q

Thus

lim D*(Mum, Mup,Mu,) = 0.

n,m—co

So, {Mun} is D*- Cauchy sequence, sindé(Y) is D*
complete, there exist € M(Y) such that{Mu,} — j as
n — oo, there existl € Y such thatM; = j. If H(Y) is
complete, then there exigte H(Y) such thatMu, — j,
asH(Y) C M(Y), we havej € M(Y). Then there exist
| €Y such thatvi = j. We claim thaH, = j,

D*(H|’H|-,J)¢d - D*(H|,H|,HUn)¢d D*(HUn-,J,J')(Pd
_|_
J o<, ot ;
(/[D*(M|-,H|,H|)+D*(M|-,H|-,H|)]¢d )
a
0 p

[D* (M ,Hun,Hun)+D* (Mun,H ,H; )]
+ b( /0 ¢dp)

[D* (M Hun,Hun)+D* (Mun,Hi H )]
(4 &)

IN

+C

0
D* (Hun.J.J)
+ /0 odp

This implies that

D* (H|.H|.j) b+c [D*(j,MUp+1.Mup+ 1)+D* (j,Mun,Mun)]
L e s mmeg )
JOo -

2a+b+c) Jo P
1 'D*(Mupy1.).)
+ 17(2a+b+c)/o ¢
This implies,
D*(H,H,,j) =0asn— . So,H, = j. i.e.H = M, andI

is a point of coincidence point of M and H. Next we show Jo

the uniqueness.

For this, suppose that there exists a point g in Y such that

D*(H H qu
J

*(MyHp Hp)+D* (M, H L H)) )
p

M| 7Hq,Hq +D Mq7H| 7H|

+b ¢dp)

M|7Hq7Hq +D Mq,H| ,H|
)

éd

—+
O

[D*(H; .Hy, Hq )+D*(H.Hy, Hq

<a(f,
(F
()
()

o\o\o\o\

—b ¢dp)
[D (H.H, Hq)+D* H.H, Hq
+ c( /O ¢dp)

D*(Hy,Hi . Hq)
— (2b+2¢) / 9dy
0

we have

D* (Hy,Hi.Hg) D*(Hj,Hy .Hg)
/ ¢dy < (20+ 2c)/ odp.
0 0

since &+ 2b+ 2c < 1. HenceD*(H,,H;,Hq) = 0. Thus
H = Hq. Also M; = Mg, sinceH, = M;. Hencel is a
unique point of coincidence &fl andH andl is a unique
common fixed pointoM andH in Y.

Corollary 3.4Let (Y,D*) be a generalized Dmetric
space and P be a normal cone. Let:F¥ — Y be a
mappings which satisfy the condition,

D*(Hu,Hv,Hw) [D*(u,Hv,HV)+D* (v,Hu,Hu)]
JA odp<a( [ b

[D* (vHWHW)+D* (WHV,HV)]
g #ds)

[D* (u,HW,HW)+D* (w,Hu,Hu)]
+of /O ddy)

for all u,v,w €Y, where ab,c > 0, 2a+ 2b+ 2c < 1.
Supposep : P — P is a Lebesgue integrable mapping
which is summable, non-negative and such that for each
€ >0, 5 ¢dy > 0 having continuous inverse. Then H
has a unique fixed pointin.

Proof. The proof follows from Theorer3.3 by replacing
M by identity mapping.

Theorem 3.89.et (Y,D*) be a generalized Dmetric
space and P be a normal cone. LetiM:Y — Y be two
mappings which satisfy the following conditions,
(HH(Y) c M(Y)

(iH(Y) or M(Y) is complete and

(iii )

D*(Hu,Hv,Hv) [D*(MV,HV,HV)+D* (Mu,Hv,HV)]
/ ddp < a( /0 #d)

D*(Mv,Hu,Hu)
+b /O oy
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for all u,vyw e Y, where ab > 0, 3a+ b < 1. Suppose

¢ : P — P is a Lebesgue integrable mapping which is
summable, non-negative and such that for eack 0,

Js 9dp > 0 having continuous inverse. Then M and H
have a unique point of coincidence in Y. Moreover if M
and H are weakly compatible, then M and H have a
unigue common fixed point.

Proof. Let up € Y. Chooseu; € Y such thatHug = Mu;
with Hup = Mup 1.
We have

D*(Mun,Mup 1,.MUp 1) D*(Hup_1.Hun.Hun)
h o = || dp

[D* (Mun.Hun,Hun)+D* (Mup_1,Hun,Hun)]

<
<a(/ o)

D*(Mun.Hup_1,Hup 1)
+b /0 ods

[D*(Mun,Mup 1,Mup 1 1)+D* (Mup_1,MUp 1. MU 1)]
<a(f 0d;)
0

+

D*(Mun.,Mun,Mun)
/ .

D*(Mun,Mup_ 1,Mup. 1)
a/
0

P

D* (Mup_1.Mun.Mun)

S—

+
Q

P

+ a

D*(Mun.Mup; 1,.Mup 1)
/ bdp
0

This implies that

D*(Mun,Mup1,Mup 1) D*(Mup_1,Mun,Mup)
/O /

ddp<r dyp

wherer =
get,

1555 andr € [0,1), repeating this process we

D*(Mun,Mup:1,Mup1) D*(Mug,Muy,Muy)
¢d, <" d
0 p p

Then for allm,n € N, n < mwe have,

/D*(Mum-,Mun-,Mun) /D*(Mum.Muwl.Muwl)
0

P P

Jo

+

-D* (MUpp41,Mun,Mun)
P
/0

"D* (Mum,Mup 4 1.MUm 1)
A :

D* (MUp+-1. MU 2, MU 2)
/
0

D* (Mup_1.Mun,Mun)
o / ¢dy
JOo

P

D* (Mug.Muq,Muq)

< <rm+rm+1+”'+rn—1>/0 b
rm  rD*(Mug,Muy,Muy)
i /o b — 0.
Thus
||m D*(MUm, '\/lun7 MUn) == O
n,m—o0

So, {Mup} is D*- Cauchy sequence, sindé(Y) is D*
complete, there exist € M(Y) such that{Mu,} — | as
n — oo, there existl € Y such thatM, = j. If H(Y) is
complete, then there existe H(Y) such thatMu, — j,

asH(Y) C M(Y), we havej € M(Y). Then there exist
I €Y such thatV; = j. We claim thatH, = j,

(H| 7H] 7J) D*(H| Hi 7Mun—1) D*(Mun—bj vJ)
o < [ pot | o

[D* (M Hy ,H ) +D* (M H H) )] q
a( 635)

D*(Hy,H ,HI) D*(Mun_1.j,])
+b /0 odp+ /0 ody

[D*(HyHy,))+D* (Hi,HL )]
0

IN

dp

D*(H| Hi vJ) D*(Mun—lej)
) b+ | ody

This implies that

D) 1 DM i)
/o ¢dp < 1—(2a+b)/o odp

This implies,

D*(H|,H,,j) = 0asn— . So,H, = j.i.e.H =M, andl

is a point of coincidence point of M and H. Next we show
the uniqueness.

For this, suppose that there exists a point q in Y such that
Mg = Hg. Now

‘D*(Hlququ>¢d - ( '[D*(M|,H|,H|)+D*(M|,H|,H|)]¢d)
a
A p<a( ] :
-D* (Mg,HiHI)
+b /O odp
D* (Hi,Hg,HO) D* (Hi,Hg,HO)
:a/ o ¢dp+b/ T b,
0 0
D*(HI-,anHQ)
— (a+b) /O odp

HenceD*(H;,Hg,Hq) = 0. HenceH; = Hg. Also M = Mg,
sinceH, = M. Hencel is a unique point of coincidence of
M andH andl is a unique common fixed point & and
HinY.

Corollary 3.6Let (Y,D*) be a generalized Dmetric
space and P be a normal cone. Let:FY — Y be a
mappings which satisfy the condition,

(iii )
D*(Hu,Hv,Hv) [D*(v,HV,HV)+D* (u,Hv,HV)]
/O #dp < a /O #d)

D*(v,Hu,Hu)
+b /0 9dy

for all u,vyw e Y, where ab > 0, a+ b < 1. Suppose
¢ : P — P is a Lebesgue integrable mapping which is
summable, non-negative and such that for eack- O,

/s 9dp > 0 having continuous inverse. Then H has a
unique fixed pointin'Y.

Proof. The proof follows from Theorer.5 by replacing
M by identity mapping.
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