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1 Introduction spaces. Quite recently, in her PhD thesis, Zelfrhas
essentially studied both the theory of topological double
Throughoutw, " and A denote the classes of all, entire sequence spaces and the theory of summability of double
and analytic scalar valued single sequences, respectivelysequences. Mursaleen and Edely &nd Tripathy have
We write w? for the set of all complex sequenceﬁm) independently introduced the statistical convergence and
wherem,n € N, the set of positive integers. Then? isa  Cauchy for double sequences and given the relation
linear space under the coordinate wise addition and scaldsetween statistical convergent and strongly ates’
multiplication. summable double sequences. 18] [the notion of
Some initial works on double sequence spaces isonvergence of double sequences was presented by A.
found in Bromwich [L]. Later on, they were investigated Pringsheim.
by Hardy P], Basarir and Solankar8], Tripathy [4] and We need the following inequality in the sequel of the
many others. paper. Foa,b,> 0 and 0< p < 1, we have

(a+b)P<aP+bP (1)

We procure the following sets of double sequences:

%U = { an E W2 SUpnneN |an| m< OO}

The double serie§, ,_; Xmn is called convergent if and

{(xmrbewz P — [iMim1soo [ X[ = 1f0rsomde(C} only_if trng d.quble seguencésm) is convergent, where
Gop(t) = { Xmn) €W2 p—|lmmnéoo|an| = 1}, S = 2 -1 (mneR).
fu() { (nn) € WP S 1 S [Xenn[ ™ < 00 A sequencex = (Xmn)is said to be double analytic if
Gop(t) :=Cp () N Au(t) and%ot;p( ) =%op(t )ﬂ///u( )i SUPnn|Xmn| Y™ < . The vector space of all double

wheret = (tmn) is the sequence of strictly positive
realstmp for all mn € N and p— limmn_» denotes the
limit in the Pringsheim’s sense. In the cdsg= 1 for all
mn € N.Z(t),6p(t),%op (), Zu(t), 6op(t) and
%bp( ) reduce to the set%/u,%p,%p,fu,%p and%onp,

analytic sequences will be denoted By¥. A sequence
X = (Xmn) is called double gai sequence if
((M+n)! X )Y ™™ — 0 asm,n — . The double gai
sequences will be denoted by x% Let

@ = {finite sequences

respectively. Now, we may summarize the knowledgeLet M and @ are mutually complementary Orlicz
given in some document related to the double sequenc&inctions. Then, we have:
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(i) Forallu,y > 0, X[ = [x2| 4+ sup1]Ax| and

Uy < M (u)+ @ (y), (Youngsinequality[Seég]]  (2) Xy = (20" (1 p < o).

Later on the notion was further investigated by many
others. We now introduce the following difference double

n <
(i) Forallu =0, sequence spaces defined by

un(u)=M(u)+@(n(u)). 3
(iii) For all u> 0, and 0< A < 1, where z = A%x? and
AXmn = (Xmn—Xmnr1) — (Xmpin—Xmpinel) =
M (Au) <AM (u) (4)  Xmn—Xmnt1— Xmyin + Xmp1nes forallmneN.
Lindenstrauss and TzafrirkP] used the idea of Orlicz
function to construct Orlicz sequence space 2 Def|n|t|0n al‘ld Pre“mlnanes
= ye M (R f . .
fm {xe W 2k ( p ) < o, forsomep > 0}’ Letn e N andX be a real vector space of dimensiom
The spacéy with the norm where n < m A real valued function
" dp(X1,..., %) = [[(di(X1,0),...,dn(Xn,0))||[p on X
1 . [ X H H . " )
x| = inf {p >0:52 M (%) < 1}7 satisfying the following four conditions:

(i) 1](d1(x1,0),...,dn(*%n,0))|[p = O if and and only if
becomes a Banach space which is called an Orliczli(x1,0),...,dn(Xs,0) are linearly dependent,
sequence space. FM (t) =tP(1< p< ), the spaces (i) [[(di(x1,0),...,0n(Xn,0))|[p is invariant under

¢m coincide with the classical sequence spgge permutation,
A sequencef = (fmn) of Orlicz function is called a  (iii) [(adi(xq,0),...,adn(%n, 0))lp =
Musielak-Orlicz function. A sequenag= (gmn) defined |q| [|(d1(x1,0),...,dn(Xn,0))||p, 00 € R
by (iv) dp((X1,Y1)a(X27YZ)"'/(Xn,)’n)) =
1/p .
Omn (V) = SUP{M U~ (frn) (U) :U> 0}, MmN =12, - Eg);)(xl’xb'"Xn)p‘f'dY(YL)’zr"Yn)p) forl < p < e;
is called the complementary function of a (v) d((x1,Y1), (X2,¥2), -+ (Xn,Yn)) =

Musielak-Orlicz functionf. For a given Musielak Orlicz  sup{dx (X1,X2," - Xn), 0y (Y1,¥2,"*-¥n) },
function f, the Musielak-Orlicz sequence spatge is for Xi,Xo, X0 € X,¥1,¥2,---¥n € Y is called thep

defined as follows product metric of the Cartesian productroietric spaces
1/men is the p norm of the n-vector of the norms of then
ty = {XEWZ:Mf (|Xmnl) —>Oasmnaoo}, subspaces.

A trivial example of p product metric ofn metric
space is the norm space iX = R equipped with the
following Euclidean metric in the product space is e

whereM; is a convex modular defined by

Mt (X) = Y1 S ne1 fran (Xennl) Y™, X = (Xmn) € t.

norm:
We considet; equipped with the Luxemburg metric
[[(d1(x1,0),...,0dn(X%n, 0))[|e = sup(|det(dmn(Xmn, 0))) =
d(xy) = d11(X11,0) d12(X12,0) ... d1n (X1n,0)
1 n
su pnn{inf (Eﬁﬁbl 52 1 fn (%)) < 1} 01 (X21,0) d22(X22,0) ... don (X1n,0)
sup ’

The notion of difference sequence spaces (for single
sequences) was introduced by Kizmaz as follows Oy ();nl 0) dnz (Xn2,0) .. dnn (Xan, 0)

Z(8) = {x= (%) ew: (Ax) € Z} wherex; = (X1, -+ Xin) € R" for eachi = 1,2,---n.

for Z = ¢,cp and 4, Where Axg = Xk — X1 for all If every Cauchy sequence kK converges to some € X,
keN. then X is said to be complete with respect to tpe
Here c,cp and /» denote the classes of convergent,null metric. Any completegp— metric space is said to beg—
and bounded scalar valued single sequences respectiveanach metric space.
The difference sequence spamng of the classical space The notion of ideal convergence was introduced first
p is introduced and studied in the case<lp < o by by Kostyrko et al.l1] as a generalization of statistical
Basar and Altay and in the case<Op < 1 by Altay and  convergence which was further studied in topological
Basar. The spaceg(A),cy(A),l»(A) and bvy, are  spaces by Kumar et al,13] and also more applications
Banach spaces normed by of ideals can be deals with various authors by B.Hazarika
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[?], B.C.Tripathy , B. Hazarikaq] and Shyamal Debnath
etal. 32).

Definition 2.1.

A family | ¢ 2¥ of subsets of a non empty s¥tis
said to be an ideal i if
Doel
(2)A,Be |l imply AUBe |l
(B)Ael,BC AimplyBel.

while an admissible ideal of Y further satisfies
{x} €| for eachx € Y. Givenl c 2N be a non trivial
ideal inN x N. A sequenceXmn) ey IN X is said to
bel— convergentto & X, if for eache > 0 the set
A(e) =
{mneNxN:|(di(x1,0),...,dn(%1,0)) — Ol|p > €}
belongstd.

Definition 2.2.
A non-empty family of set§ c 2X is a filter onX if
and only if
DeeF
(2) for eachA,B € F, we have implyANB € F
(3) eachA € F and eactA C B, we haveB € F.

Definition 2.3.

An ideall is called non-trivial ideal if # @andX ¢ 1.
Clearly | ¢ 2% is a non-trivial ideal if and only ifF =
F(l)={X—-A:Ac|}is afilter onX.

Definition 2.4.

A non-trivial ideall ¢ 2X is called (i) admissible if
and only if {{x} : x e X} C I. (ii) maximal if there cannot
exists any non-trivial ideal # | containingl as a subset.

If we take
| =1; ={ACNxN:Ais a finite subse}. Thenl; is a
non-trivial admissible ideal oN and the corresponding
convergence coincides with the usual convergence. If w
takel =15 = {ACNxN:d(A) =0} whered (A) denote
the asymptotic density of the seh. Then I5 is a
non-trivial admissible ideal of R x R and the

corresponding convergence coincides with the statistica

convergence.

|amn =+ Bmn|P™ < D (|amn| "™ + |bmn| P™) for all m;n € N
andamn, bmn € C.

AlSO |amp|P™ < max{l, |a|G} forallae C.

First we procure some known results; those will help
in establishing the results of this article.

Lemma 2.6.

A sequence spade is normal impliesE is monotone.
(For the crisp set case, one may refer to Kamthan and
Gupta B], page 53).

Lemma 2.7.

(Kostyrko et al., 11], Lemma 5.1). Ifl c 2V is a
maximal ideal, then for each C N we have eitheA € |
orN—Aecl.

Definition 2.8.

Let d be a mapping fromR(l) x R(l) into
R() x R(l) and let the mappings
L,f : [0,1] x [0,1] — [0,1] x [0,1] be symmetric,

non-decreasing Musielak Orlicz in both arguments and
satisfy L x L 0 and f x f 1. Denote

[d (XaY)]a = [/\C! (XvY)v(XaY)]v for XvY € R(I) X R(I)
andO< o < 1.

The (R(l) xR(l),d,Lx L, fx f) is called a fuzzyp—
metric space and a fuzzy translation metric, if
(1)d(X,Y)=0ifand only if X =Y,

(2)d(X,Y)=d(Y,X) forall X,Y € X,

38 for al X)Y,Zz € R() x R(), ()
dX.Y)(s+t) > L x L(d(X,2)(5).d(Z.Y)(1))
whenever s < A1(X,Z2),t < A1(Z)Y) and
(s+1) < Az (X,Y),

(i) dX.Y)(s+t) < f x £(d(X,2)(5),d(ZY) (1)
whenever s > A1(X,Z),t > A1(Z)Y) and

e(S—I—t) <A1 (X)Y).

A Riesz space is an ordered vector space which is a lattice

at the same time. It was first introduced by F. Riesz in

1928. Riesz spaces have many applications in measure
heory, operator theory and optimization. They have also
ome applications in economics.

Let D denote the set of all closed and boundedDefinition 2.9.

intervalsX = [x1, %] on the real linéR x N. ForX,Y € D,
we defineX <Y if and only if X3 <y; andx < yp,
d(X,Y) = max{|x1 —yi|, %2 — y2|}, where X = [X1,X2]
andY = [yl,yz].

Then it can be easily seen tithtlefines a metric ob
and (D,d) is a complete metric space. Also the relation
" <"is a partial order orD. A fuzzy numbeiX is a fuzzy
subset of the real lineR x R ie. a mapping
X :R— J(=[0,1]) associating each real numbewith
its grade of membershd(t).

Definition 2.5.
A sequence spack is said to be monotone iE
contains the canonical pre-images of all its step spaces.
The following well-known inequality will be used
throughout the article. Lep = (pmn) be any sequence of
positive real numbers with
0 < Pmn < SUnAPmn = G,D = max{1,2G — 1} then

Let E C N. Then the natural density & is denoted
by o (E) and is defined by
O(E) = limpgsw|[{mne E:m< p,n<q}|, where the
vertical bar denotes the cardinality of the respective set.
Definition 2.10.

A sequence = (Xmn) in @ topological spac¥ is said
to be statistically convergeftif for every neighbourhood
V of 0

O({mneN:xmm¢V}) =0.

In this case, we writ&— limx = 0 andS denotes the
set of all statistically null sequences.

Definition 2.11.
A sequence = (Xmn) in @ topological spac¥ is said
to bel — convergen@ if for every neighbourhood of O

{MneN:xm¢V}el

(@© 2016 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

1960

N. Kavitha, N. Subramanian: The ideal gf in a vector lattice of...

In this case, we writé — limx = 0 and| denotes the
set of all ideally null sequences.
Let X be a real vector space ardbe a partial order

4 x%— |deal topological convergence in a
vector lattice

on this space. TheK is said to be an ordered space if it Definition 4.1.

satisfies the following properties:
()if x,y € X andy < x, theny+ z< x+ zfor eachz € X.
(i) if x,y € X andy < x, thenay < axfor eacha > 0.

Let [X?7,11(d 04,0).d (3, 0) -+, d (%1, 0)) | be
vector lattice of Musielak. A sequen@qm) of points in

If, in addition, X is a lattice with respect to the partially x?is said to be (1) — convergentto an elemefitof x? if
ordered, therX is said to be a vector lattice, if for each for eachr— neighbourhood of zero,

pair of elementsqy € X the supremum and infimum of

the set x;y both exist in X. We shall write
xVy=sup{x,y} andxAy=inf {xy}.

For an element of a vector latticeX, the positive part
of x is defined byx™ = xV 0, the negative part ok is
defined byx™ = —xV_ 8, and the absolute value ofby
IX| = xV (—X), wheref is the zero element of.

A subsetS of a vector lattice spac¥ is said to be
solid if y € Sandly| < |x| impliesx e S.

A topological vector spacéX, 1) is a vector spacX

{m,n €N ((M+n)! X )™~ 0 ¢ v} e

(i.e).,
{m,n <uVv: (M4 X)) Y™ -0 ¢ V} S

In this case we write
| (T) = liMmnseo (M+1)! ¥ )™ = 0.
Definition 4.2.

Let [X27,1(d (x4,0),d (%2,0),+,d (xa-1,0))l|.| be

which has a topology (linear), such that the algebraic vector lattice of Musielak. A sequencﬁ:emn) of points in

operations and addition and scalar multiplicatiorXiare

X if for eacht— neighbourhood/ of zero, there is some

continuous. Continuity of addition means that thek>0,{mneN:kxm¢V}el.

function f : X x X — xx X defined byf (x,y) =x+vyis
continuous on X x X, and continuity of scalar
multiplication means that the
f:CxC— X x X. defined byf (a,x) = axis continuous
onC x X.

Every linear topologyr on a vector spacX has a
base N for the neighbourhoods of satisfying the
following properties:

(1) EachY € N is a balanced set, that isx € Y holds for
all x e Y and for everya € R with |a| < 1. (2) EachY € N
is an absorbing set , that is , for evetye X, there exists
a > 0 such thatax € Y. (3) For eachy € N there exists
someE e NwithE+ECY.

A locally solid Riesz spacéX;1) is a Riesz space
equipped with a locally solid topolog.

3 x2— Ideal topological convergence in a
vector lattice

Definition 3.1.
Let [x?7,11(d 04,0).d (3, 0) -, d (%:1,0) ] be
vector lattice of Musielak. A sequen¢gy) of points in

X7 is said to beS(1) — convergent to an eleme@tof x? if
for eacht— neighbourhood of zero,

5 ({m,n €N ((M+n)! X)) Y™~ 0 ¢ v}) -0

(i.e).,
Iimu\l,u—:, ({mn<uv: (memt xm) ™" -0V }) =
0.

In this case

W write
S(7) = liMmn-se0 (M+1)! e ) /™" = 0.

function

Theorem 4.3.

Let [X?7.)1(d(1,0),d (x2,0). -+ .d (xs-1.0) |, be a
vector lattice of Musielak. Every1 (1)— convergent
sequences iy? has only one limit.

Proof. Suppose thax = (xmn) iS a sequence ix? such
that .

(1) — liMmnseo (M4 N)! [Xina]) Y™ = 0.

LetV be anyt— neighbourhood of zero. Also for each
T— neighbourhoo® of zero there exist¥ € NyecL such
thatY C V. Choose anyV € NyecL such thatw +W CY.
We define the following set:

A= {m,n eN: ((Mm+n)! xmn) Y™ —0 € W}
since | (1) — liMmnse ((M+N)! X)) ™" = 0 we
getA; € L. Now, letA= AN A:1. Then we have
0 — 0 = 0 — ((M+n!xn)’™" +
((M+M)! X )Y ™" = 0 € W+ W C Y C V. Hence for
eacht— neighbourhood/ of zero we haveé € V. Since
(x?,1) is Hausdorff, the intersection of allr—

neighbourhood¥ of zero is the singleton séte_}. Thus
we get the result.
Theorem 4.4.

Let [ x7",11(d (x1,0).d(2,0) -+ . (x0-1.0)) | be a
vector lattice of Musielak. If a sequenaﬁ&hn) in x2is

| (T) — convergent, then it i5(T) — bounded.
Proof. Suppose thatxmn) is | (T) convergent to a point

0e Xx2. LetV be an arbitraryr — neighbourhood of zero,
there existsY € NyecL such thatY C V. We choose
W € Nye such that W + W C Y. Since

1 (T) — liMmnseo (M4 N)! i)Y/ ™" = 0, the set

A= {m,neN: ((m+n)! |xmn|)1/m+”—6¢w} el.
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SinceW is absorbing, there exis®@ > 0 such that
acW. Let b be such thatb] < 1 andb < a. SinceW is
solid and|b| < |a|, we haveb € W. Also, sinceW is

balanced ((M+n)! [Xma)Y™" — 0 € W implies
b (((m+ )Y X)) /™ —Q €W. Then we have
b((M+ ! [Xeun) ™ =
b(((m+ n)! |xmn|)1/m+"—6) +b0 e W+W CV, for
each m,n € N - A Thus
{m,n € N:b((m+n)! [xpp) Y™ ¢W} € |. Hence
(Xmn) is | (T) — bounded.
Theorem 4.5.

X2 01(d(x1,0),d 0, 0) -+ d (x0-1,0)) ;] be @
vector lattice of Musielak. If a sequen¢@nn) , (Ymn) and

(znn) be three vector lattice of points ig? such that

() %Xmn < Ymn < Zmn, forallmn e N,
()1(T) — liMmnse ((M+N)! X)) Y™ =
(1)~ liMmnse ((M-+N)!Za) V™"

|(T) iMoo (M 0)! [ymn]) ™"
Proof. LetV be an arbitraryr— neighbourhood of zero,

there existsY € Nyec. such thatY C V. We choose
W € NyecL such thatW +W C Y. From given condition
(i), we haveP,Q € [, where

P= {m,n eN:((M+n)! o)™ —0 € W} and

Q = {m,neN: ((m+n)! |zmn|)l/m+”—5ew}. Also
from the given condition (i), we have 3
(M=)t %)™ = 0 < (M)t ymn) V™" = 0 <
((M+ !z )™~ 0

= ()t yme) ™" ) <
‘ (m—|— n)' |an|)1/m+n_6‘ +
\((m+ n)! |zmn|)1/m+”—q €W +W CY. SinceY is

solid, we have((m-+n)! |yma)Y™" =0 €Y C V. Thus,
{m,n eN: ((M+n)! ym)Y™"—0€ V} € O, for each
T— neighbourhood of V of zero. Hence
1 (T) = liMmnseo (M4 N)! yima) Y™ = 0.

0
0

51(r)— and|* (1) — convergence in vector
lattice of Musielak

Definition 5.1.

Let X2, 1(d (x1,0),d (x2,0),+++,d (xq-1,0))]] | be a
vector lattice of Musielak. A sequeng®nn) of points in
X2 is said to bel (1) — Cauchy inx? if for each 1—

I 1liMmn-se (M4 N)! Xma) Y™ = 0, then

(1) —  liMmnse (((m+ n)! |xmn|)1/m+n+® _
liMmn_s0 (M4 N)! i)Y/ ™"
Proof. Let V be anyt— neighbourhood of zero. Then

there existy € NyecL such thaty CV. ChooséV € NyecL
such that W + W C Y. Since

liMmn—e ((M+N)! Xmn )Y ™" = 0, then there exists an
integerpoo such thaim, n > pogp implies that

((M=+N)! [Xma)Y ™" — 0 € W. Hence
{m,n €N ((M+n)! X )™~ 0 ¢ w} c
N—{podo} -
Thus
{m,n eN: (((m+ n)! |xmn|)1/m+”—5) +0¢ V} el.

This implies that
(@) = limmnse (M) )™ 40) =
liMmnse (M4 N)! [Xeno )™,
Theorem 5.3.

(D) = limmnoe (M) ) ™)

liMmn_se0 ((M+N)! [Xmn]) Y™ be a vector lattice and let
X = (xmn) be a sequence ix?. If there is al (1) —
convergent sequenge= (Ymn) € x2 such that

{mne N ((met )l Y™ 2 (M) lynnl) V™ gV €
I thenx s alsol (1) — convergent
Proof. Suppose that

{mne N ((me )l Y™ 2 (M) lynnl) V™ gV €
I and

(1) — liMmpse (((m+ n)!lymn) ) = 0. Then for
an arbitraryr— neighbourhoo® of zero, we have

{m,n eN: (((m+ n)! |ymn|)1/m+“_6) ¢V} cl.
Now,
mneN: (((m+n)! Xenn )Y/ —6) ¢v} C
m.n € N ((m-+0)! pennl) ™" £ ((m-+0)!lymnl) V™" ¢V U
mneN: (((m+ n)! |ymn|)l/m+”—5) gév}
herefore we
mneN: (((m+ ! Y)Y ™0 —0) ¢V} .

1/m+n

have
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neighbourhoo® of zero, there is an integgr,q € N,
{m,n €Nz ((M+n)! [Xenn )Y ™" = xpq ¢V} el.

Theorem 5.2.
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