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Abstract: It is the purpose of this paper to give oscillation criteia the third-order neutral differential equation with donbusly
distributed mixed arguments

[ +/ p(t, X[ (t, p)]dp]") V} +/ a(t, &) f(X[eu(t,&)]) d6+/ a2(t,n)9(X[ex(t,n)])dn =0,

wherey > 0 is a quotient of odd positive integers. By using a genegdlRiccati transformation and integral averaging techaigue
establish some new sufficient conditions which ensure tretesolution of this equation oscillates or converges toze
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1 Introduction (H2) p(t, u) € C([to, ) x [a,b], R),

_ b
We are concerned with the oscillatory behavior ofo— P(t) = Ja Pt W)du <P <1,

third-order neutral differential equation with continisby

distributed mixed arguments (H3) (t, 1) € C([to, ) x [a,b],R) is not a decreasing

function for u and such that

[ +/ p(t, p)x[T(t u)]du] ) T(t, 1) <tand lim_emin,cap T(t, 1) = o,
(H4) @(t, &) € C([to,») x [c,d],R) is not a
+/c qu(t, &) F (@ (t,&)))d¢ decreasing function fof a(r)1d such that
d
+ [ aalt maixige(tml)dn =0, @u(t,€) <t and lim e ming.q @(t. &) =
t>to. 1) (H5) f(x) € CR,R), W > 5 >0, u#o0,

Throughout this paper, we will assume the following 9(x) € C(R,R) and(x),g(x) has the same

hypotheses: properties,
1
HD (1) € C(fto, ), (0,)). (H6) @(t.n) € Cllto, ) x [c,d|,R) is not an
increasing function fon and such that
1 .
r'(t) > 0and (%) "dt = oo, @) @(t,n) = tand liMm_emax,cicq @(t,n) =«
to
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(H7) au(t, §),a2(t,n) € C([to, ) x [¢,d], (0, 0)).

Define the function by

b
2(t) = X(0)+ [ plt. x(r(t. ). ©
Furthermore, the equatiof)(is being like following:
4 ' d
ro0)] + [ at o ixae o)
d
+ [ aelt.mgixigett.m))dn =0, @

A solutionx(t) of equation 1) is said to be oscillatory if it
is neither eventually positive nor eventually negative,
otherwise it is non-oscillatory.

2 Several lemmas

Lemma 2.1.Let x(t) be a positive solution oflj, z(t) is
defined as inJ). Thenz(t) has only one of the following
two properties:

() z(t) > 0,Z(t) > 0,Z (t) >0,
() z(t) > 0,Z(t) < 0,2 (t) > 0,
wheret > t;, t; sufficiently large.

Proof. Let x(t) be a positive solution ofl) on [ty, ). We
see thag(t) > x(t) > 0, and

- d
FO00)] == [ at.&)iKat.§)d

_/cd a2(t, m)g(X[gx(t,n)])dn <O.

In recent years, there has been much research activity

concerning the oscillation theory and
applications of differential equations[1,2,12,13].

Thenr(t)([z(t)]")Y is a decreasing function and therefore
eventually of one sign, sa (t) is either eventually

Especially, the study content of oscillatory criteria of positive or eventually negative dn> t; > to. We assert
second order differential equations is very rich. Inat 7'(t) > 0 ont > t; > to. Otherwise, assume that

contrast, the study of oscillatory criteria of third-order _» ;
differential equations is relatively less, but most of them* (t) <0, then there exists a constait> 0, such that

are about delay equation; there are few results dealing
with the oscillation of the solutions of third order neutral
differential equations with continuously distributed ael

rt)(Z (t)Y < -M <O0.

By integrating the last inequality froiq to t, we obtain

in [2-11].
In recent years, B. Baculikova, J. Dzurina [12], are , / 1t 1 1
studied asymptotic properties of the couple of third orderZ (1) < Z (t1) —MY 8 (@)Vds

neutral differential equations

Lett — . Then from (H1), we have (t) — —, and
therefore eventually (t) < 0.

Sincez (t) < 0 andZ(t) < 0, we havez(t) < 0, which
contradicts our assumptiazit) > 0. Therefore, z(t) has
only one of the two properties (I) and (I1).

This completes the proof.

Ry
[a(t) ([x(t) . p(t)x(é(t))]“) } LA =0,

where a(t), q(t), p(t) are positive functiong,> 0 is
quotient of odd positive integers am¢t) <t, d(t) <t.

Zhang, Gao, Yu [13] are concerned with oscillatory | emma 2.2. Let x(f) be a positive solution of 1j,
behavior of third order neutral differential equation with correspondingly(t) has the propertil ). If

continuously distributed delay

{r(t)[x(t)+/ab D(t,u)X[T(t,u)]du]”]/ /to°° /v°° {% /UM(Q3(5)+Q4(S))dS Vdudv: o, (5)

then lim_e X(t) lim¢_e z(t) 0, where
Ga(t) = KY3 [dau(t, £)dE, qa(t) = K¥3 [Cap(t,n)dn.

Proof. Let x(t) be a positive solution of 1). Since
z(t) > 0 andz (t) < 0, then there
Our results improve the results established in [13]€Xists finite lim . 2(t) = I. We assert that= 0. Assume
because of/ > 0 is quotient of odd positive integers and that!l > 0, then we havé +¢ > z(t) > | for all £ > 0.
®(t,n) >t. Choosinge < '2P) we obtain

d
+ [ at.&)f (Kot £))de =0
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b
—/ptu YX(T(t,p))]dp

> | —/ p(t, 1| u))du
(t)[z(t(t, a))]
> 1 —P(l 4 &) > Kz(t), (6)

whereK = "',Dfril:” > 0. Using (H5) and @), we find
from (1) that

>l-p

-/ dqla,f P.(1,8)])dE
—/sz t.n)g ,n)dn
< [(wt o, £)) 7508
/ Ga(t, n) (X[ (t,n)])Yédn

<K' / ot €)(Zu(t, €)])VdE

d
K5 [ plt.m) Eleult. ) Yan.
Note that z(t) has property (l1), (H4) and (H6), we have

FOG ©)] < K78 @Rt [ wu.od

—KY.3.(Z @ (t,c)] / 02(t,n)d
= —03(t) (Z(@s(1)))" — da(t) (z(@u(t)))" @)
wheregs(t) = @u(t,d), u(t) = @ (t,c).

Integrating inequality{) fromt to o, we obtain
O ©) > [ (@SR +u(E) Ea(s)")ds
Using (z(¢s(s)))Y > 1Y, (z(g(s)))¥ > 1Y, we obtain

202 [ [+ o) os ®

ry

Integrating inequalityg) fromt to o, we have

2wz [ [ﬁ / w(q3(5)+q4(s>>ds] '

Integrating the last inequality froig to c, we obtain

t1>I/H/[ /

§) -+ qu( ))ds]  dudv

This contradictsg). Thenl = 0; moreover the inequality
0 < x(t) < z(t) implies lim_»X(t) = 0. This completes
the proof.

Lemma 2.3 [12, Lemma 3]. Assume thati(t) > O,
u(t) >0, u’(t) <0 on(ty,). Then for eack € (0,1)
there exists &, > tg such that
u(r(v) _ ,u)

T(t) — t

fort > T,.

Proof. It follows from the mean value theorem and the
monotone properties af (t) that

u(t) —u(r(t) < u'(T(®)(t - 7(t)) or

u(r(t)
u(z(t))

Using the mean value theorem once more, we see that

<1+

(t—1(1)). (9)

u(T(t)) > u(T(t)) — u(to) > u'(T(t))(T(t) —to).

So for eacH € (0,1) there is al; > tp such that

% >0T(t),t > T,
Combining @) with (10), we get

(10)

u(t) 1 t
sy S rp T s 7o

and the proof is complete.

Lemma 2.4 [12, Lemma 4]. Assume that(t) > O,
Z(t)>0, Z(t)>0, Z (t) <0on(T;,). Then

% > t_ZT‘ fort>T,.
Proof. Set

~T)?,
Z(t) == (t—T))z(t) — ( ZT”) Z(t).
Thenz(T,) =0, and
Z(t) =z(t)— @z”(t).

We shall prove thaZ(t) > 0. By Taylor’s theorem, since
Z (t) is non-increasing, we have

(t —ZT[)ZZ// (t).

2t) > 2(T) + (t=T)Z (T +

This implies

20 =20 - L () > 2T + (-T2 (T) > 0.

SinceZ(T;) =0, one getZ(t) > 0 fort > T, which implies
the desired inequality.

T)
2
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3 Main results

In this section we give some new oscillation criteria for

(2.

Theorem 3.1. Assume that%) and &) hold and there
exists a positive function
p € CY([tg, ), (0,)). Letx(t) be a solution of ). If

i ‘ GOSN I
Iu;n_}swup T lpé(s) - m} ds= oo, (11)
where
14 TN
P(t) = gs(t)p(t)¢¥ (%t(t)> <(l§(t)2 T£>
14 TN
(e <%t(t)> (M)z TE) (12)

andgs(t) = 8(1—P)Y [dqu(t, &)dE,

5(t) = @i(t, ), do(t) = 8(1—P)" [ aa(t, n)dn,

@(t) = @(t,d), then every solution of equatiorL)(is
either oscillatory or tends to zero.

Proof. Assume {) has a nonoscillatory solutiox(t). We
may assume without loss of generality
X(t) > 0t > t;x(t(t, 1)) > 0,(t,4) € [t1,o0) x [a,b] and
X(@u(t,€)) > 0, (t.€) € [tr,%0) x [c.d].X(gu(t.n)) > O,
(t,n) € [t1,0) x [c,d] for all t; € [to, ). z(t) is defined as

in (3). By Lemma 2.1, we have thaft) has the property

() or the property (11).

Whenz(t) has the property (1), we obtain
(0 = 200~ [ plt )

> 200~ [ ot wein(t o

> 20 211 b)] [ plt b

> (1- /: p(t,u)du>2(t)

> (1-P)z(t). (13)

Using (H4), (H5) and (H6), we have

P d
rO@0) =~ [ @t (K. &)dE
- [t matienteman

d
< _5(1— P)V/C au(t,§)Z/(@(t,€))dE

that

d
~5(1=P)" [ celt. )2 (@u(t. )
d
< —5(1-P)Z(@(t,0) [ w(t.E)de

d
~5(1-P)'2(@(t.0)) [ azlt.mydn
< ()2 (@s(1) ~ Bl (@(1). (14
Furthermore

[r(t)([zt)]")" <o.

The last inequality together withr'(t) > 0 gives
Z'(t) < 0. So there exists @ > to such that z(t) satisfies

21(t, 1)) > 0, Z@u(t,€)) > 0, Zu(t,n) > 0,Z(t) >0,
z(t)>0,z (t) <0, forte [T, o).

Define the functiomw(t) by Riccati substitution

"

r(t)([20)')

wt) =P =7y (15)
We see thatv(t) is positive and satisfies

/ . p(t) ' ” /YN p(t)
Wit = (F ) rOEO] Y + O S

_ PO ([z0)])Y) pM)rt)z®)] )Y
(ZM)Y ([z0)])
/RN p(t)
= 00 Fe

WO < Z((tt))w(t)_ y(z (t))yl[Z((EZ)gt)f])l()tz)yr(t)([Z(t)] )Y
— [as()2(5(t)) + ds(t))ZY (@5(1))] (zp ((tt)))y
- FI’J/((:))WU) vp(t)r(tzg?t(;i]y:)lwl
20+ 02 () ((f)))y
<73((tt))w(t) (p(t)lyr/(t))%Why1

p(t)
(Z()r

From Lemma 2.3 withu(t) = Z (), we have for € (0,1)

— [as(t)2/(5(t)) + As(1)) 2 (g (1))] (16)

1 T 1
70 =0 ey 2T
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which with (16) gives

) < POy - y : e
Y= 00" o
B y(BON 2(s)
s0p0 (%) G
3 v B0 2 (es(t)
o0 (%) iy
Using the fact from Lemma 2.4 thaft) > %z/(t), we
have
< PO Y .
YO0 "
y _ y
— as( )p(t)W(%t(t)) (Q’(t)z T‘)
y _ y
~anpe (BY) (BUZT)L ar)
From (12), we obtain
W) < p+ 0wy Y (18)
Pl (pO)r(t)Y
where A = ﬂyl Define A > 0 and B > 0 by
AN W, BN 1= #()rV%I(t)l( )ﬁ_
(PO (y+1p% (1)

Then using the inequality[14]

Remark 3.1.From Theorem 3.1, we can obtain different
conditions for oscillation of equationl) with different
choices ofp(t).

Theorem 3.2. Let D = (t,5):t>s>t;

Do = (t,s) :t > s>tp. A functionH € C(D,R) is said to
belong toX class(H € X) if it satisfiesH (t,t) = 0, t > to;
H(t,s) > 0, (t,5) € Do; 2849 < 0,  there exist
p € Cl([to, ), (0,)) andh € C(Dy,R) such that

dH(t,s) p'(s) _ hity ¥
“os e =g S (20)
Assume that ) and 6) hold and there exist
p € C(Jto,»), (0,»)) and(H € X) such that
. 1 (h-(t,8)""'r(s)
imsupzs [ [Hies(e) - -

— oo, (21)

where h_(t) := max{0,—h(t)}. Then every solution of
equation 1) is either oscillatory or tends to zero.

Proof. Suppose thax(t) is a non-oscillatory solution of
(1) andz(t) is defined as inJ). If case (I) of Lemma 2.1

holds then proceeding as in the proof of Theorem 3.1, we

see that 18) holds fort > tp. Multiply both sides of {8)
by H(t,s).t >t, > tg such that integrating from to t, we
get

AAB* T AN < (A —1)B (19) t
H(t,s)P(s)ds< — [ H(t,s)w (s)ds
which yields 2 2 ,
! p(s)
/ , + [ H(t,s)—=w(s)ds
PO Y _ et t Pl
p(t) (prd)y (DTN - H(t,s)%w*(s)ds
. : : . 2 (p(s)r(s))”
From this last inequality and.8), we find tAH (t
H(t,t2)w +/
/ r)(e’ )"+
w(t) < —PR(t)+ Y+ vt + g H(t S)p_(SS)) (s)ds
Integrating both sides from tot , we get t H (t,s)%m/\ (s)ds
t " Q) y+L 2 (p(s)r(s)¥
/T lpg(s) - % ds<w(T) —w(t) <w(T), = H(t,)W(t)
t|oH(ts) P9
which contradicts to assumptiorld). If z(t) has the +/tz l s +EH(LS)] w(s)ds
property (II). Since %) holds, then the conditions in .
Lemma 2.2 are satisfied. Hence {im, x(t) = 0. This H(t,s)*vv\(s)ds
completes the proof of Theorem 3.1. t2 (p(s)r(s))%
(@© 2016 NSP
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Using (19), we obtain

tH(t,s)Pg(s)ds::

t2

H(t,t2)w(tz)

Hts)——
E (P(s)r(s))¥
Therefore, as in Theorem 3.1, by
h_(t.9)(r(t)y)
(y+1)(p(1))

w (s)ds (22)

B 1=

> ﬂ._‘

AN = H(t,s) —X—w (1),
(p®r )Y
Then using the inequality
AAB 1AM < (A —1)B

We have

—/tH(t,s)ilw)‘(s)ds
t (P(9)r(s)) ¥
t(h_(t,9)""*r(s)

<G o

From this last inequality an@@), we find

t(h_(t,9)""r(s)

tH(t7S)Pg(S)dSS H(t, t)w(tz) + AT

t2 t2

and this implies that

1 t (h_(t,s))¥*1r(s)
H(t’tz)/tz [H(t,S)Pé(S)_W]dSSW(tz),

The last inequality contradict®(). This completes the
proof of Theorem 3.2.

Example 3.1.Consider the following third order neutral

differential equation

(@[(xaw/:e-txewu)” )+ Lol
ot

2t))dn =0,

letting

wherer(t) =t?, y=3, p(t,u) =e™,

T(tu) = @té) =5 @t =t @tn) =2,
gz2(t,n) =t. Itis clear that conditionZ) and 6) hold. We

obtain
3
I () or=e

(9 + aul >>ds] " dudv

A/[ e
:/to/v {?/u 2ksd%dudv:oo,

where

gs(t) = KVéfcdql(t,E)dE =K.ot.(d—c) =kt (kisa
constant),

qu(t) =KY8 [dau(t,n)dn =K.t.(d—c) =kt (kisa
constant).

Therefore, by Theorem 3.1, pigkt) =t, we have

, ' r(s)(p'(s)"**
s ! P02 o
t T\® ¢
:/T [ks?(s—ZT@%(s—E” _W] ds= o,

where

)

2

) - T

2
= ktt. (%)B(t —2T;)* +ktt. (%)3 (t - %)3
et

Gs(t) = 8(1—P)Y J¢ a(t. €)dE = L.(1—3)* [§'td¢
~kt (k |saconstant)
ds(t) = 8(1—P)" J¢'ga(t,n)dn = L.(1— 3)° [¢'tdn
=~ kt (kis aconstant).

Hence, by Theorem 3.1 every solution oR3| is
oscillatory or tends to zero.

4 Conclusion
In this paper,

behavior of third-order neutral differential equation hwit
continuously distributed mixed arguments

[ +/ptu

T(t, p))dp)")

(23)
(@© 2016 NSP
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d
+ / o (t, &) (X[gn(t, €)])dE —

d
+/c d2(t,n)9(X[ex(t,n)])dn = 0.

We have used generalized Riccati transformation and
integral averaging technique and have established some
new sufficient conditions which ensure that every solution
of equation (1) is either oscillatory or tends to zero.
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